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1 Auxiliary lemmas about lists

theory MoreList
imports Main
begin

lemma ex-list-of-set:

assumes finite A

shows 3 [. distinct I A setl = A
using assms
proof (induct A)

case empty

thus ?Zcase

by auto

next

case (insert z A)

then obtain [ where distinct [ set | = A’
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by auto
hence distinct (z # 1) set (z # 1) = insert z A’
using insert(2)
by auto
thus “case
by blast
qed

lemma map-of-sort-key:
assumes distinct P
shows map-of (sort-key snd (zip P (map f P))) = map-of (zip P (map f P))
proof (rule ext)
fix z
show map-of (sort-key snd (zip P (map f P))) x = map-of (zip P (map f P)) z
proof (cases z € set P)
case True
hence (z, f z) € set (zip P (map f P))
(z, fx) € set (sort-key snd (zip P (map f P)))
by (auto simp add: set-zip in-set-conv-nth)
moreover
have distinct (map fst (sort-key snd (zip P (map f P))))
using (distinct P>
by (auto simp add: distinct-map inj-on-def set-zip intro: distinct-zipl1)
ultimately
show ?thesis
using (distinct P»
using Some-eg-map-of-iff [of zip P (map f P) f z x]
using Some-eq-map-of-iff [of sort-key snd (zip P (map f P)) fz x]
by simp
next
case Fulse
hence *: map-of (zip P (map f P)) x = None
map-of (sort-key snd (zip P (map f P))) x = None
using map-of-eq-None-iff [of zip P (map f P) z]
using map-of-eq-None-iff [of sort-key snd (zip P (map f P)) z]
by auto
show ?thesis
by (subst *, subst *) simp
qed
qed

lemma sorted-first-min:
[sorted (z # zs); z' € set xs] = z < z’
by (induct zs arbitrary: z)(auto, force)

lemma sorted-tl:
sorted (z # xs) = sorted xs



by (induct zs) auto

context linorder
begin
inductive sorted-desc :: 'a list = bool where
Nil [iff]: sorted-desc ||
| Cons: Yy€set xs. © > y = sorted-desc xs = sorted-desc (z # xs)
end

lemma sorted-desc-single [iff]:
sorted-desc [z]
by (rule sorted-desc.Cons) auto

lemma sorted-desc-many:
z > y = sorted-desc (y # zs) = sorted-desc (x # y # 2s)
by (rule sorted-desc.Cons) (cases y # zs rule: sorted-desc.cases, auto)

lemma sorted-desc-many-eq [simp, code]:
sorted-desc (z # y # zs) «— x > y A sorted-desc (y # zs)
by (auto intro: sorted-desc-many elim: sorted-desc.cases)

lemma sorted-desc-first-maz: [sorted-desc (z # xs); z' € set xs] = z > z’
by (induct zs arbitrary: z)(auto, force)

lemma sorted-desc-il:
sorted-desc (z # xs) = sorted-desc xs
by (induct zs) auto

lemma sorted-sorted-desc-rev: sorted xs = sorted-desc (rev xs)
by (induct zs rule: rev-induct) (auto simp add: sorted-append elim: sorted-desc.cases)

lemma sorted-negate: sorted xs = sorted-desc (map (A z::'a::linordered-ab-group-add.
— z) x8)
proof (induct xs)
case Nil
thus ?Zcase
by simp
next
case (Cons z 1s)
thus Zcase
using sorted-tl[of z xs] sorted-desc-tl[of —x map uminus xs]
using sorted-first-min|of x xs] sorted-desc-first-maz[of —x map uminus s)
by (auto intro!: sorted-desc.Cons sorted.Cons) force
qed

lemma sorted-rev-uminus:
fixes l::('a x 'b::linordered-ab-group-add) list
shows sorted (rev (map (A(a, b). — b) (sort-key snd 1)))
apply (subst sorted-sorted-desc-rev)



using sorted-negate[of map snd (sort-key snd 1)]
by (simp add: comp-def split-def)

lemma sorted-take While-snd-neg:
fixes f :: 'a = 'b::linordered-ab-group-add
assumes U = sort-key snd (zip P (map f P)) and A € set Pand fA < 0
shows (4, f A) € set (takeWhile (X (a, b). b < 0) U)
proof—
have sorted (rev (map (M(a, b). — b) U))
using sorted-rev-uminus (U = sort-key snd (zip P (map f P))
by simp
thus ?thesis
using filter-equals-take While-sorted-rev[of A (a, b). —b U 0, THEN sym)|
using (A € set P) <f A < 0) «<U = sort-key snd (zip P (map f P))
unfolding split-def
by (auto simp add: zip-map2 zip-same-conv-map)
qed

lemma sorted-map:
assumes sorted land V zy. 2 <y — fz < fy
shows sorted (map f1)

using assms

by (induct 1) (auto simp add: sorted-Cons)

lemma subset-card-length:
assumes A C set [ length | = card A
shows A = set [
using assms
by (metis List.finite-set card-length card-seteq)

lemma length-sorted-list-of-set’:
assumes finite X and sorted | and distinct [ and set | = X
shows length | = card X
using assms
proof (induct X arbitrary: 1)
case empty
thus ?case
by simp
next
case (insert a 1)
have length | # 0
using insert(6)
by auto
show ?Zcase
using insert(1) insert(2) insert(3)[of removel al] insert(4) insert(5) insert(6)
apply (auto simp add: sorted-removel length-removel)
using (ength | # O)



by arith
qed

lemma length-sorted-list-of-set:
assumes finite X
shows length (sorted-list-of-set X) = card X
using assms
using sorted-list-of-set[of X] length-sorted-list-of-set’[of X sorted-list-of-set X
by simp

lemma sorted-list-of-set-inj:
assumes finite x and finite y
assumes sorted-list-of-set x = sorted-list-of-set y
shows z = y
proof—
have z = set (sorted-list-of-set z) y = set (sorted-list-of-set y)
using sorted-list-of-set|of x| sorted-list-of-set]of y]
using (finite x> (finite vy
by simp-all
thus ?thesis
using (sorted-list-of-set © = sorted-list-of-set )
by simp
qed

lemma length-filter-less [simp]: length [l<list . P 1] < Suc (length list)
using length-filter-le[of P list]
by arith

lemma exists-zip: V (x, y) € set L'. y = fo = L' = zip (map fst L') (map f
(map fst L")
proof (rule nth-equalityl)
assume V (z,y) € set L.y = fz
show V i < length L'. L' i = (zip (map fst L') (map f (map fst L'))) i
proof (safe)
fix ¢
assume i < length L’
hence snd (L' i) = f (fst (L' %))
using vV (z, y) € set L.y = f o
using in-set-conv-nth[of L' ! i L]
by auto
thus L'! i = zip (map fst L") (map f (map fst L)) ! i
using i < length L
using surjective-pairing[of L' i]
by simp
qed
qed simp



lemma inj-on-fst:
assumes V (z, y) € set l. y = fx distinct |
shows inj-on fst (set l)

using assms

unfolding inj-on-def split-def

by auto (subgoal-tac b = f aa, auto)

lemma distinct-list-distinct-sorted-elems:
assumes i # j and i < length F and j < length F
distinct F' and V | € List.set F. distinct | A\ sorted [
shows List.set (F | i) # List.set (F ! j)

using assms

using nth-eq-iff-indez-eqlof F i j] (distinct F)

using sorted-distinct-set-unique[of F'! i F'! j]

by auto

definition drop-nth :: nat = 'a list = ’a list where
drop-nth n 1 = (take n 1) @ (drop (n + 1) )

lemma distinct-drop-nth:
assumes distinct S
shows distinct (drop-nth i S)
using assms
unfolding drop-nth-def
by (auto simp add: set-take-disj-set-drop-if-distinct)

lemma length-drop-nth:
assumes i < length [
shows length (drop-nth i 1) = length | — 1
using assms
unfolding drop-nth-def
by auto

lemma set-drop-nth:
assumes i < length [
shows set (drop-nth i 1) U {l ! i} = setl
proof
show set (drop-nth i 1) U {l! i} C setl
using assms
unfolding drop-nth-def
by (auto dest: in-set-takeD in-set-dropD)
next
show set | C set (drop-nth i l) U {l! i}



using assms

unfolding drop-nth-def

by (subst id-take-nth-drop[of i l]) auto
qed

lemma set-drop-nth-distinct:
assumes i < length [ distinct |
shows set (drop-nth i 1) = set 1 — {l ! i}
proof—
have distinct (take i 1 Q@ [ i # drop (Suc i) 1)
using <distinct ) @ < length D
by (subst (asm) id-take-nth-drop[of i l]) auto
hence I ! i ¢ set (take i 1) 1! i ¢ set (drop (Suc i) 1)
by auto
thus ?thesis
using set-drop-nthlof i l] « < length I
unfolding drop-nth-def
by (auto dest: in-set-takeD in-set-dropD)
qed

definition spread where
spread w | = concat (map (A (w, a). replicate w a) (zip w 1))

lemma length-spread:
assumes length w = length [
shows length (spread wl) = sum-list w
proof—
have map (length o (A(z, y). replicate z y)) (zip wl) = w
using assms
proof (induct w arbitrary: 1)
case (Cons w0 w’)
thus ?case
by (cases 1) auto
qed simp
thus ?thesis
using assms
unfolding spread-def
by (auto simp add: length-concat)
qed

lemma set-spread:

set (spread wl) C set |
unfolding spread-def
by (auto simp add: set-zip)

lemma [simp]: spread (w # w') (I # ') = (replicate w 1) Q spread w' 1’
unfolding spread-def



by auto

lemma [simp]:
sum-list (replicate wi li) = int wi x li
by (induct wi) (auto simp add: int-distrib(1))

lemma listsum-spread:
assumes length w = length |
shows sum-list (spread w 1) = sum-list (map (A (z, y). int  * y) (zip w 1))
using assms
proof (induct w arbitrary: 1)
case Nil
thus ?case
by (simp add: spread-def)
next
case (Cons wi w’)
from dength (wi # w') = length D
obtain /i I’ where [ = i # I’
by (cases 1) auto
show ?Zcase
using Cons(1)[of I'] Cons(2)
using (I = li # 1)
by auto
qed

lemma map-spread:
map [ (spread w 1) = spread w (map f1)
unfolding spread-def
by (auto simp add: map-concat comp-def split-def zip-map2)

abbreviation inc-nth where
inc-nth L n = L[n := Suc (L n)]

lemma take-inc-nth [simp]:

assumes k < length L

shows take k (inc-nth L k) = take k L
using assms
by simp

lemma take-prefiz:
assumes k < k' take k' L = take k' L’
shows take k L = take k L'

using assms

by (metis min.absorb1 take-take)

end



2 Auxiliary lemmas about (finite) sets

theory MoreSet
imports Main MoreList
begin

lemma finite Un-iff :
shows finite (|J F) +— finite F A (V S € F. finite S)
proof (auto dest: finite-UnionD)
fix S
assume finite ((J F) S € F
hence S C | F
by auto
thus finite S
using (finite (|J F)
by (auto simp add: finite-subset)
qed

lemma card-1-iff-singleton:
shows card A = 1 +— (3 a. A = {a})

proof
assume card A = 1
hence A # {}
by auto
then obtain a« where a € A
by auto
hence A = {a}

using card-Diff-singleton[of A a] (card A = 1)
using card-0-eq[of A — {a}]
by (auto simp add: card-ge-0-finite)
thus 3 a. A = {a}
by simp
qed auto

lemma card-2-iff-dubleton:
shows card A = 2 «— (3 ab. A= {a, b} N a # D)
proof
assume card A = 2
hence A # {}
by auto
then obtain ¢ where a € A
by auto
hence card (A — {a}) = 1
using (card A = 2)
using card-Diff-singleton[of A a]
by (auto simp add: card-ge-0-finite)
then obtain b where A — {a} = {b}
using card-1-iff-singleton[of A — {a}]
by auto



hence a # b
by auto

moreover

hence A = {a, b}
using @ € A (A — {a} = {dp
by auto

ultimately

show (3 ab. A={a, b} A a#D)
by auto

qed auto

lemma subset-eq-card:
assumes finite F' and card F > n
shows 3 F. F'C F ANcard F'=n
using assms
proof (induct F rule: finite-induct)
case empty
thus ?case
by simp
next
case (insert a F)
thus ?Zcase
proof (cases n < card F)
case True
thus ?thesis
using insert(3)
by auto
next
case Fulse
hence n = card (insert a F')
using insert
by auto
thus ?thesis
by auto
qed
qed

lemma card-le:
assumes m < n card A = n
shows 3 B. BC A A card B=m
using card-eq-0-iff [of A]
using subset-eq-card[of A m]
using assms
by (cases n = 0) auto

lemma card-Suc:
assumes card A = n + 1
shows 3 A’a. A=A"U{a} ANa¢ A" ANcard A'=n

using assms
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by auto (metis card-eq-SucD)

lemma card-Suc’:
assumes card A=k + 1a€ A
shows card (A — {a}) =k
using assms
using card.insert[of A — {a} a] card-eq-0-iff [of A]
by auto

lemma subset-card-eq:
assumes A C B and card A = card B and finite B
shows A = B
proof—
obtain i where bij-betw h B A
using finite-same-card-bij[of B A] assms
by (auto simp add: finite-subset)
thus ?thesis
unfolding bij-betw-def
using endo-inj-surj[of B h|
using <A C B) (finite B)
by auto
qed

lemma card-n-n-auz:
assumes A # B and card A = card B and finite A and finite B
shows card (A U B) # card A

apply (rule ccontr)

using assms

using subset-card-eqlof A A U B]

using subset-card-eq[of B A

by auto

lemma card-n-n:
assumes card A = n and card B=nand n > 0 and A # B
shows n < card (AU B) A card (AU B) < 2xn

using assms

using card-monolof A A N B

using card-Un-Int[of A B]

using card-gt-0-iff [of A] card-gt-0-iff [of B]

using card-n-n-auz[of A B

by auto

This should hold for every infinite type — for our applications, it suffices to
consider only nat.
lemma finite-disjoint-set:

fixes X :: nat set

assumes finite X

shows 3 Y. finite Y Acard Y =d ANX NY ={}
using assms

11



proof (induct d)
case ()
thus ?case
by force
next
case (Suc d)
then obtain Y where card Y = d X N'Y = {} finite Y
by auto
moreover
obtain ¢ where a ¢ X U Y
using finite-nat-set-iff-bounded[of X U Y]
using (finite X) (finite Y)
by auto
ultimately
show ?Zcase
by (rule-tac z=Y U {a} in exl) auto
qged

lemma map-fam-cong:
assumesV z € (|J F). g’z =gz
shows op ‘g ‘F =op ‘g’ ‘F
using assms
by auto (metis (lifting) image-cong image-iff )+

Remove n-th element of an ordered set

definition set-drop-nth :: nat = ’a::linorder set = ’a set where
set-drop-nth n s = set (drop-nth n (sorted-list-of-set s))

lemma set-drop-nth-subset:

assumes finite X

shows set-drop-nth s X C X
unfolding set-drop-nth-def drop-nth-def
using assms
using sorted-list-of-set[of X]
by (auto dest: in-set-takeD in-set-dropD)

lemma card-set-drop-nth:
assumes i < card S finite S
shows card (set-drop-nth i S) = card S — 1
using assms
using distinct-card[of drop-nth i (sorted-list-of-set S)]
using distinct-card|[of sorted-list-of-set S|
using distinct-drop-nth|of sorted-list-of-set S i]
using sorted-list-of-set[of S] length-drop-nth|of i sorted-list-of-set S]
unfolding set-drop-nth-def
by auto

lemma set-drop-nth-drops:
assumes i < card S finite S

12



shows 3 z € S. z ¢ set-drop-nth i S
using assms
unfolding set-drop-nth-def
using sorted-list-of-set[of S] length-sorted-list-of-set[of S| (finite S
using set-drop-nth-distinct[of i sorted-list-of-set S|
using in-set-conv-nth[of sorted-list-of-set S ! i sorted-list-of-set S]
by (rule-tac x=sorted-list-of-set S | i in bexl, simp-all) force

lemma set-drop-nth-ing:
assumes finite A i < card A j < card A set-drop-nth i A = set-drop-nth j A
shows i = j
using assms
unfolding set-drop-nth-def
using set-drop-nth-distinct|of - sorted-list-of-set A]
using distinct-sorted-list-of-set[of A]
using nth-eg-iff-indez-eq|of sorted-list-of-set A
using length-sorted-list-of-set[of A]
by (metis insertE insert-Diff nth-mem set-drop-nth-def set-drop-nth-drops sorted-list-of-set)

end

3 Auxiliary lemmas about sum of set operator

theory MoreBigOperators
imports Main Rat
begin

lemma sum-mono-single-lt:
assumes finite K and
Ni. ieK = f (i::'a) < ((g 1):rat) and
a € Kand fa < ga
shows (> zeK. fz) < D zeK. g x)
proof—
have (> zeK. fz) = (O ze(K — {a}). fz) + fa
using (@ € K> «(finite K)
by (auto simp add: sum-diff1-ring)
also have ... < > ze(K — {a}). gz) + fa
using assms(2)
by (simp, rule sum-mono, simp)
also have ... < (3 ze(K — {a}). gz) + ga
using <a € K) (fa < g @
by simp
finally show ?thesis
using assms
by (auto simp add: sum-diff1-ring)
qed

lemma sum-mono-single-lt-nat:
assumes finite K and
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Ni. ieK = f (i:'a) < ((g 7)::nat) and
a€ Kand fa < ga
shows (> zeK. fz) < (Y z€K. g x)
proof—
have (3} zeK. fz) = O ze(K — {a}). fz) + fa
using <a € K (finite K»
by (auto simp add: sum.remove)
also have ... < (3 ze(K — {a}). gz) + fa
using assms(2)
by (simp, rule sum-mono, simp)
also have ... < > ze(K — {a}). gz) + ga
using (¢« € K) (fa < g
by simp
finally show ?thesis
using assms
by (auto simp add: sum.remove)
qed

lemma sum-mod:
assumes finite X andV z € X. fxmod k = 0
shows (" zeX. fz) mod k = (0::nat)

using assms

by (induct rule: finite-induct) auto

end

4 Auxiliary lemmas about mappings

theory MoreMap
imports HOL— Library. Mapping
begin

definition tabulate :: (‘a x 'b) list = ('a, 'b) mapping where
tabulate | = foldl (A m a. Mapping.update (fst a) (snd a) m) Mapping.empty |

lemma tabulate-map-of:
distinct (map fst 1) = tabulate | = Mapping. Mapping (map-of 1)
unfolding tabulate-def
apply (induct | rule: rev-induct)
apply (auto simp add: Mapping.empty-def Mapping.update-def)
by (metis dom-map-of-conv-image-fst empty-map-add lookup.abs-eq lookup.rep-eq
map-add-upd-left)

find-theorems Mapping.lookup Mapping.tabulate

lemma lookup-tabulate [simp]:
Mapping.lookup (Mapping.tabulate ks f) = (Some o f) |* set ks
by (induct ks) (auto simp add: Mapping.tabulate.abs-eq Mapping.lookup.abs-eq
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restrict-map-def fun-eq-iff)

end

5 Auxiliary lemmas about natural numbers

theory MoreNat
imports Main
begin

lemma power-mod: [k > (1:nat); z > 0] = (k "z) mod k = 0
by (induct z) auto

end

6 Auxiliary lemmas about bijective functions

theory MoreFun
imports Main MoreSet
begin

6.0.1 Extending bijective functions

lemma bij-betw-extend:
fixes X X' :: 'asetand Y Y':: b set
assumes bij-betw f X Y and card X' = card Y' and finite X' finite Y’ and
XnNnX'={}YnYy' ={}
shows 3 f/. bij-betw f' (X UX) (YU YNANVNzeX. fz=f"x)
proof—
obtain fa where bij-betw fa X' Y’
using finite-same-card-bijlof X' Y| (finite X" (finite Y <card X' = card Y
by auto
let ?of = A z. ifx € X then fz else fa x
have bij-betw 7f X Y
using «bij-betw f X Y)
unfolding bij-betw-def inj-on-def
by auto
moreover
have bij-betw f X' Y’
using <bij-betw fa X' YH X N X' ={p
unfolding bij-betw-def inj-on-def
by auto
ultimately
show ?thesis
apply (rule-tac z="2f in exl)
using bij-betw-combine[of f X Y X' Y] X N X'={h ¥ nY' ={}p
by auto
qed
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This should hold for every infinite type — for our applications, it suffices to
consider only nat.

lemma nat-set-extend:
assumes finite X
shows 3 X ':nat set. finite X' A card X' =n A XN X' ={}
proof—
let X' = {(Maz X) + 1 ..< (Maz X) + 1 + n}
have X N X’ = {}
proof (auto)
fix z
assume z € X z > Suc (Mazx X)
have z < Max X
using «finite X) « € X) Maz-ge[of X x]
by simp
show Fulse
using «z > Suc (Maz X)» «x < Mazx X»
by simp
qed
thus ?thesis
by (rule-tac z=%X"1in exl) simp-all
qed

lemma bij-betw-inj-extend:
fixes X::'a set and Y::nat set
assumes bij-betw f X YV and finite Y and finite X’
shows 3 [’ injon f' (X UX)ANNVzeX. flz=[fz)
proof—
let 2X'=X'— X
obtain Y’ where card ?X’' = card Y’ finite Y'Y N Y' = {}
using nat-set-extend[of Y card ?X]
using (finite X (finite ¥)
by force
thus ?thesis
using assms
using bij-betw-extend[of f X YV ?X' YV
unfolding bij-betw-def
by auto
qed

lemma bij-betw-complement:
assumes B C X B’ C X A C X finite X
bij-betw f B B’ card A < card X
shows 3 A’ card (A — B) = card (A'— BYNA'C X
proof—
have finite B finite B’ finite A
using (B’ C X) (B C X») (A C X (finite X»
by (auto simp add: finite-subset)
have card B = card B’
using (bij-betw f B B
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unfolding bij-betw-def
by (metis card-image)
hence card (X — B') = card X — card B
using (finite B" (B’ C X»
using card-Diff-subset[of B’ X]
by auto
have card (A — B) = card A — card (A N B)
using card-Diff-subset-Int[of A B
using finite-subset[of A N B A] (finite A
by simp
have card B — card (AN B) = card (B — A)
using card-Diff-subset-Int[of B A] finite-subset[of A N B A] (finite A
by (auto simp add: Int-commute)
have card B < card X
using card-monolof X B] (B C X)) (finite X
by auto
have card (AN B) < card A
using card-monolof A A N B] (finite A
by simp
have card (AU B) < card X
using <A C X» (B C X» (finite X»
using card-monolof X A U B
by auto
have card B — card (AN B) < card X — card A
using card-Un-Int[of A B] (card (A U B) < card X» (finite A> (finite B>
by auto
have 3F'CX — B’. card F' = card (A — B)
proof (rule subset-eg-card)
show finite (X — B’)
using finite-subset[of X — B’ X| (finite X>
by auto
next
show card (A — B) < card (X — B’)
using «card B — card (AN B) = card (B — A)
using <card (X — B') = card X — card B) (card (A — B) = card A — card
(AN B) <card B < card X) (card (A N B) < card A
using (card B — card (AN B) < card X — card A <card A < card X>
by auto
qed
then obtain F’ where F' C (X — B’) card F' = card (A — B)
by auto
thus ?thesis
apply (rule-tac z=B’ U F'in exl)
apply (subgoal-tac B’ U F' — B' = F')
using (B’ C X)) <card F' = card (A — B))
by auto
qed

<
-
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6.0.2 Bijections between the domain of a set family and natural
numbers.

lemma bij-card:
assumes bij-betw h (J F) {0..<card (U F)}
assumes A € F
shows card A = card (h “ A)

using assms

using card-image[of h A]

unfolding bij-betw-def inj-on-def

by auto

lemma bij-card-Int:
assumes bij-betw h (J F) {0..<card (U F)}
assumes A € FFand B € F
shows card (AN B) = card (h “ANh ‘B)
proof—
have AC|U FBC | F
using (A € F)» (B € F)
by auto
thus ?thesis
using assms
using inj-on-image-Int[of h ] F A B, THEN sym]
using card-imagelof h A N B]
unfolding bij-betw-def inj-on-def
by simp
qed

lemma bij-card-Un:
assumes bij-betw h (J F) {0..<card (U F)}
assumes A C F
shows card (|J A) = card (I (op ‘h “ A))
proof—
have h * (I A) =U (op “h A
by auto
moreover
have inj-on h (| A)
using «bij-betw h (J F) {0..<card (J F)p A C F»
unfolding bij-betw-def
using subset-inj-on[of h |J F |J 4]
by auto
ultimately
show ?thesis
using card-imagelof h |J A]
by simp
qed

lemma bij-card-image-ing:

assumes bij-betw h (|J F) {0..<card (J F)}
shows inj-on (op ‘h) F
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unfolding inj-on-def
proof (rule balll, rule balll)
fix xy
assume z € F'y € F
thus h ‘2 =h‘y —z=y
using inj-on-Un-image-eq-iff [of h = y] assms
unfolding bij-betw-def inj-on-def
by auto
qed

6.0.3 Bijections betwen distinct lists’ elements and natural num-
bers

definition swap where
swap fab=f (a:=fb,b:=fa)

lemma bij-betw-swap:
assumes bij-betw fA Band a € Aand b € A
shows bij-betw (swap fa b) A B
proof (cases a = b)
case True
thus ?thesis
unfolding swap-def
using assms
by simp
next
case Fulse
show ?thesis
unfolding bij-betw-def
proof
let 2f = swap fa b
show inj-on ?2f A
unfolding inj-on-def
proof (safe)

fix zy
assume z € Ay € A %z =%y
thus z = y

using assms
unfolding swap-def bij-betw-def inj-on-def
by (auto split: if-split-asm)

qed

show swap fa b ‘A =B
unfolding swap-def
using assms
unfolding bij-betw-def
proof (auto)
fix z
assume z € A
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show fz € f(a:=fb,b:=fa) ‘A
proof (cases z = a)
case True
show ?thesis
apply (rule rev-image-eqI[of b])
using . = a b € A a # b
by simp-all
next
case Fulse
show ?thesis
proof (cases x = b)
case True
show ?thesis
apply (rule rev-image-eql[of a))
using «<x = b @ € A @ # b
by simp-all
next
case Fulse
show ?thesis
apply (rule rev-image-eql [of 1))
using (z € A @ # @ @ # b
by simp-all
qged
qed
qed
qged
qed

lemma ex-bij-betw-nat-finite-list:
assumes distinct [ and set | C X and finite X
shows 3 b. bij-betw b {0..<card X} X N (¥ 4. i < lengthl — b i =114%)
using assms
proof (induct I rule: rev-induct)
case Nil
from <finite X) obtain b where bij-betw b {0..<card X} X
using ez-bij-betw-nat-finite
by auto
thus Zcase
by auto
next
case (snoc a l’)
then obtain b where bij-betw b {0..<card X} X Vi<length l’. bi=1"114
by auto

have a € b ‘ {0..<card X}
using (bij-betw b {0..<card X} X snoc(?)
unfolding bij-betw-def
by auto

then obtain k£ where k € {0..<card X} bk = a
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by auto
let ?n = length '

have ?n € {0..<card X}
using snoc(2) snoc(8)
using distinct-card[of I’ Q [a]]
using card-mono[of X set (I’ Q [a])] finite X>
by auto

show ?Zcase
proof(rule exl, rule conjl)
let 2b = swap b k ?n
show bij-betw 2b {0..<card X} X
apply (rule bij-betw-swap)
using (big-betw b {0..<card X} X <?n € {0..<card X} <k € {0..<card X}
by simp-all

have length I’ < k
apply (rule ccontr)
using Vi<length . bi=1"1 % b k = @ snoc(2)
by auto

show Vi<length (I’ Q [a]). ?bi = (I'"Q [a]) !
using Vi<length l’. bi=1'"!D b k = a <k > length 1)
unfolding swap-def
by (auto simp add: nth-append)
qed
qed

lemma ex-bij-betw-nat-finite-list-inv:
assumes distinct [ and set | C X and finite X
shows 3 b. bij-betw b X {0..<card X} AN (¥ i. i <lengthl — b (1 !1i) = 1i)
proof—
from assms
obtain b where bij-betw b {0..<card X} X Vi<length l. bi =111
using ez-bij-betw-nat-finite-list[of | X]
by auto
let ?b = inv-into {0..<card X} b
show ?thesis
proof (rule-tac x="2b in exl, safe)
show bij-betw ?b X {0..<card X}
using (bij-betw b {0..<card X} X»
by (rule bij-betw-inv-into)
next
fix ¢
assume i < length [
hence [ !i=b1
using Vi<length l. bi=1!%
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by simp
moreover
have i € {0..<card X}
proof—
have length | < card X
using assms
using distinct-card|of l| card-mono[of X set ]
by simp
thus ?thesis
using « < length D
by auto
qed
ultimately
show 2b (1) =1
using <bij-betw b {0..<card X} X
unfolding bij-betw-def
by auto
qed
qed

end

theory MoreBinomial

imports Binomial

begin

lemma choose-mono-Suc:
shows Suc n choose k > n choose k
using binomial-Suc-Suc[of n k—1]
by (cases k=0) auto

lemma choose-mono:
assumes m > n
shows m choose k > n choose k
using assms
proof (induct m—n arbitrary: m n)
case ()
thus ?case
by auto
next
case (Suc r)
show ?Zcase
using Suc(1)[of m Suc n] Suc(2) Suc(3)
using choose-mono-Suc|of n k|
by force
qed

lemma n-subsets-ub:

assumes |JF C {0..<n}

shows card {A € F. card A = k} < n choose k
proof—
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have {A € F. card A=k} C{B.BCJF A card B =k}
by auto

hence card {A € F. card A =k} < card {B. BCJF A card B = k}
using card-monolof {B. B CJF A card B =k} {A € F. card A = k}] assms
by (auto simp add: finite-subset)

moreover

have card (|JF) choose k < n choose k
using assms choose-mono card-monolof {0..<n} |J F]
by simp

ultimately

show ?thesis
using assms
using n-subsets[of |J F k|
by (auto simp add: finite-subset)

qed

end
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