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1 Combinatorics

theory Combinatorics

imports Main
HOL— Library. Permutation
HOL- Library.List-lexord
More.MoreList

begin

1.1 Generating all permutations

primrec interleave :: 'a = 'a list = 'a list list where
interleave z || = [[z]]
| interleave © (h # t) = (x # (b # t)) # (map (M 1. h # 1) (interleave x t))

For example, interleave 1 [2, 3, 4] = [[1, 2, 3, 4], [2, 1, 3, 4], [2, 3, 1,
41, (2, 3, 4, 1]].

primrec permute :: 'a list = 'a list list where
permute [] = [[]]
| permute (h # t) = concat (map (X l. interleave h 1) (permute t))

For example, permute [1, 2, 3] = [[1, 2, 3], [2, 1, 3], [2, 3, 1], [1, 3, 2],
[37 17 2]’ [3’ 27 1]].

lemma multiset-interleave:
shows p € set (interleave h a) = mset p = mset a + {#h#}
proof (induct a arbitrary: p)
case Nil
thus Zcase
by simp
next
case (Cons h' t')
thus “case
using add.commute[of {#h#} {#h'#}]
using add.assoc [of mset t’ {#h#} {#h'#}]

using add.assoc [of mset t’ {#h'#} {#h#}]
by auto
qed

lemma interleave-hd [simp]: h # t € set (interleave h t)
by (cases t) auto

lemma interleave-append [simp]: t1 Q [h] Q t2 € set (interleave h (t1 Q t2))
by (induct t1) auto

lemma isPermutation-permute:

shows p € set (permute ) = p <~~> 1
proof (induct I arbitrary: p)

case Nil

thus ?case



by (simp add: mset-eq-perm)
next
case (Cons h t)
thus ?case
unfolding mset-eq-perm| THEN sym)|
by (auto simp add: multiset-interleave)
qed

lemma mset-append:
assumes mset p = mset t + {#h#}
shows 3 t1t2. p = t1 Q [h] Q t2 A mset t = mset t1 + mset 12
using assms
proof (induct p arbitrary: t)
case Nil
thus ?case
by simp
next
case (Cons a p')
show Zcase
proof (cases a = h)
case True
thus ?thesis
using Cons(2)
by (rule-tac =[] in exl) auto
next
case Fulse
hence h €# mset p’
using Cons(2) insert-noteg-member|of a mset p'|
by auto
hence mset p’ = mset p’ — {#h#} + {#h#}
using insert-DiffM2[of h mset p’]
by simp
thus ?thesis
using Cons(1)[of removel h p’| Cons(2)
by (auto, rule-tac x=a#t1 in exl, auto)
qed
qed

lemma permute-isPermutation:
p <~V> 1= p € set (permute 1)
proof (induct | arbitrary: p)
case Nil
thus ?case
by simp
next
case (Cons h t)
obtain ¢! {2 where p = t1 Q [h] @ {2 mset t = mset tI + mset t2



using Cons(2)
unfolding mset-eg-perm[THEN sym]
using mset-append[of p t h]
by auto
thus ?Zcase

using Cons(1)[of t1 @ t2] Cons(2)
using add.assoc [of mset t1 mset t2 {#h#}]
using interleave-append|of t1 h t2]
unfolding mset-eq-perm|[ THEN sym)
by auto

qed

lemma permute-bij:

assumes p € set (permute )

shows 3 f. bij-betw f {..<length p} {..<length I} A
(V i<lengthp.p ! i =1 (f1))

using assms

using isPermutation-permutelof p [

using permutation-Ez-bij[of p ]

by auto

1.2 Generating all combinations

fun combine-auz :: 'a list = nat = nat = 'a list list where
combine-auz I n k =

(if k = 0 then [[]] else

if k = n then [I] else

(case 1 of

=1
| (h #t) =
(map (A U'. h # 1U') (combine-aux t (n—(1::nat)) (k—(1:nat)))) Q
combine-auz t (n—(1::nat)) k))

declare combine-auz.simps[simp del]

lemma combine-auz-induct:
assumes
ANln. P[]]Iin0
ANln.0<n= Pll]lnn
Nkn [0<kk#n]=P][[Ink
ANhtnk. |
P (combine-auz t (n—(1::nat)) (k—(1::nat))) t (n—(1::nat)) (k—(1::nat));
P (combine-auz t (n—(1:nat)) k) ¢t (n—(1:nat)) k] =
P (map (op # h) (combine-auz t (n—(1::nat)) (k—(1::nat))) Q
combine-auz t (n—(1:nat)) k) (h # t) n k
shows P (combine-aux I n k) I n k
using assms
proof (induct I n k rule: combine-auz.induct)
case (I 1lnk)



show ?Zcase
proof (cases k=0)
case True
thus ?thesis
using 1(3)
by (simp add: combine-auz.simps)
next
case Fulse
show ?thesis
proof (cases k = n)
case True
thus ?thesis
using &k # O
using 1(4)
by (simp add: combine-auz.simps)
next
case Fulse
show ?thesis
proof (cases | = [])
case True
thus ?thesis
using &k # O &k # n 1(5)
by (simp add: combine-auz.simps)
next
case Fulse
then obtain & t where | = h # t by (auto simp add: neg-Nil-conv)
let 2l1 = combine-auz t (n—(1::nat)) (k—(1::nat))
let 212 = combine-auz t (n—(1::nat)) k
have P 211 t (n—(1::nat)) (k—(1::nat))
using 1(I)[ofht] 1(3—6) k£ O &k F#n d=h#1b
by auto
moreover
have P 212 t (n—(1:nat)) k
using 1(2)[of ht] 1(3—6) k£ Ok £ d=h# D
by auto
ultimately
show ?thesis
using d=h# bk # 0 <k #mn
using combine-auz.simps[of I n k| 1(6)
by simp
qed
qged
qed
qed

definition combine :: 'a list = nat = 'a list list where
combine | k = combine-auzx | (length 1) k

For example, combine [1, 2, 3] 2 = [[1, 2], [1, 3], [2, 3]]-



lemma combine-auz-subset:
shows V A. A € set (combine-auz I n k) — set A C set |
by (rule combine-auz-induct) (auto, force)

lemma combine-subset:
assumes A € set (combine | k)
shows set A C set |
using assms
using combine-auz-subset|rule-format, of A 1 length | k]
unfolding combine-def
by simp

lemma combine-auz-sublist:
shows V A. A C set L A n = length L A m = card A — (z€set (combine-aux
Lnm). A= setz)
proof (rule combine-auz-inductjwhere P = A clnm. (V A. A Csetl A n =
length L A m = card A — (Jz € set c. A = set 1))])
fix | :: 'a list and n :: nat
show VA. A C setl An=lengthl N 0 = card A — (Fz€set [[]]. A = set z)
by (auto simp add: card-eq-0-iff finite-subset)
next
fix | :: 'a list and n :: nat
assume n > (0:nat)
thus VA. A C set I An = lengthl A n = card A — (Fz€set [I]. A = set z)
using subset-card-length
by auto
next
fix h :: ‘/a and ¢ :: 'a list and n :: nat and k :: nat
let 2l1 = combine-auz t (n — 1) (k — 1) and
212 = (combine-aux t (n — 1) k)
assume x: VA. A Csett An— 1 =lengtht Nk — 1 = card A — (Fz€Eset
?11. A = set ) and
sxk: VA. ACsett Am— 1 =lengtht ANk = card A — (Jz€set ?12. A = set
7)

show VA. A C set (h# t) A n =length (h # t) Nk = card A —
(Jzeset (map (op # h) (?11) Q@ ?12). A = set x)
proof (rule alll, rule impl, (erule conjE)+)
fix A’
assume A’ C set (h # t) n = length (h # t) k = card A’
show Jzeset (map (op # h) (211) Q@ 212). A’ = set x
proof (cases h € A')
case Fulse
hence A’ C set t
using (A’ C set (h # t)
by auto
thus ?thesis
using xx[rule-format, of A’ «n = length (h # t)» <k = card A"
by auto
next



case True
hence Jzeset ?11. (A" — {h}) = set z
using x[rule-format, of A’ — {h}] < = length (h # t)) <k = card A" (A’
C set (b # t)
using card-Diff-singleton]of A’ h] finite-subset[of A’ set (h # t)]
by auto
then obtain = where z€set 211 (A" — {h}) = set x
by auto
thus ?thesis
using <h € A
by (rule-tac z=h # z in bexl) auto
qed
qed
qed simp

lemma combine-sublist:
assumes A C set L
shows Jzeset (combine L (card A)). A = set x
using assms
using combine-auz-sublist[rule-format, of A L length L card A
unfolding combine-def
by simp

lemma combine-auz-combines:
assumes sorted | and distinct | and n = length |
shows A € set (combine-auz I n k) «— sorted A A distinct A A length A = k A
set A C setl
using assms
proof (induct I n k arbitrary: A rule: combine-auz.induct)
case (I 1lnk)
show ?Zcase
proof (cases k = 0)
case True
thus ?thesis
by (auto simp add: combine-auz.simps)
next
case Fulse
show ?thesis
proof (cases k = n)
case True
thus ?thesis
using (& # 0) <sorted D (distinct ) (n = length D
using distinct-card[of 1] distinct-card|[of A]
using card-seteq[of set | set Al
using sorted-distinct-set-unique[of A ]
by (auto simp add: combine-auz.simps)
next
case Fulse
show ?thesis



proof (cases I = [])
case True
thus ?thesis
using &k # 0) k # n
by (auto simp add: combine-auz.simps)
next
case Fulse
then obtain h ¢t where [ = h # t by (auto simp add: neq-Nil-conv)
let 211 = combine-auz t (n—(1::nat)) (k—(1::nat))
let 212 = combine-auz t (n—(1::nat)) k
have sorted t
using 1(8) d =h # b
by (auto simp add: sorted-Cons)

have A € set (combine-auz In k) = (A € set (map (MN1. h # 1) 211)V A
€ set ?212)
using <k £ O <k #nm d=h# b
by (simp add: combine-auz.simps)
moreover
have A € set 212 = (sorted A N\ distinct A A length A =k A set A C set t)
using 1(2)[of ht A] &k # Ok #n A =h#b sorted t) 1(4) 1(5)
by simp
moreover
have A4 € set (map (A 1'. h # 1') ?11) = (sorted A A distinct A A length A
=kA-set AC sett A set AC setl)
proof—
have ({l A € set ?l1) =
(sorted (tl A) A distinct (t1 A) A length (21 A) =k — 1 A set (1l A)

N

set t)
using 1(1)[of h t tl A] d = h # t «sorted © 1(4) 1(5) <k # O) <k # n
by simp
moreover
have A € set (map (AU h # 1) 2l1)=(A=h# (L A) AN (Hl A € set
211))
by auto
moreover
haveV x € sett. h <z h ¢ sett
using (sorted ) «distinct > <l = h # ©
by (auto simp add: sorted-Cons)

have (A = h # tl A A sorted (tl A) A distinct (tl A) A length A — 1 = k
— 1 A set (tl A) C sett) =
(sorted A A distinct A A length A =k N — set A C set t A set A C
insert h (set t)) (is ?lhs = %rhs)
proof (rule iffl, (erule-tac[!] conjE)+)
assume A = h # tl A sorted (tl A) distinct (tl A) length A — 1 =k —
1 set (1 A) C set t
show ?rhs
proof (safe)

10



show length A = k
proof—
have length A # 0
using (A = h # tl A
by auto
show ?thesis
using <ength A — 1 =k — 1) (k # O dength A # O
by arith
qed
next
show sorted A
apply (subst (A = h # tl A, subst sorted-Cons)
using (sorted (tl A)) set (1 A) C set t» vV z € set t. h < o
by auto
next
show distinct A
apply (subst (A = h # tl A)
using «distinct (tl A)) <h ¢ set t» «set (tl A) C set
by auto
next
assume set A C set t
thus Fulse
apply (subst (asm) (A = h # tl A)
using «h ¢ set O
by auto
next
fix z
assume z € set A © ¢ set t
thusz = h
apply (subst (asm) (A = h # tl A)
using «set (¢ A) C (set t)
by auto
qed
next
assume sorted A distinct A length A = k — set A C set t set A C insert
h (set t)
show ?lhs
proof (safe)
show sorted (tl A)
using (sorted A
by (rule linorder-class.sorted-tl)
next
show distinct (¢l A)
using «(distinct A»
by (rule distinct-tl)
next
show A=h # tl A
proof—
have h € set A A # |]

11



using (— set A C set ) set A C insert h (set t)
by auto
have A = hd A # tl A
using (A # [
by simp
show ?thesis
proof (cases hd A = h)
case True
thus ?thesis
using A # [
by auto
next
case Fulse
from b € set A have h = hd AV h € set (tl A)
by (subst (asm) (A = hd A # tl A) auto
hence h € set (¢l A)
using hd A # b
by auto
have hd A < h
using (sorted A
apply (subst (asm) (A = hd A # tl A)
using «h € set (t1 A)) <hd A #
by (auto simp add: sorted-Cons)
moreover
have hd A € set t
using (set A C insert h (set t)
apply (subst (asm) (A = hd A # tl A)
using hd A # b
by simp
hence h < hd A
using vV z € sett. h < o
by simp
ultimately
show ?thesis
by simp
qed
qged

fix z
assume z € set (tl A)
show z € set t
proof—
have z € set A
using «z € set (tl A)
by (subst (A = h # tl A)) simp
hence = € insert h (set t)
using «set A C insert h (set t)
by auto
have z # h

12



using (distinct A)
apply (subst (asm) (A = h # tl A)
using (@ € set (tl A
by auto
show z € set t
using «x € insert h (set t)) @ # h
by auto
qed
next
show length A — 1 =k — 1
using (ength A = kb
by simp
qed
qed
ultimately
show ?thesis
using d{ =h #
by simp
qed
ultimately
show ?thesis
using d = h # O
by auto
qed
qed
qged
qed

lemma combine-combines:
assumes
sorted | and distinct |
shows
A € set (combine 1 k) <— (sorted A A distinct A A length A =k A set A C set
D
using assms
unfolding combine-def
using combine-auz-combines|of | length | A k]
by simp

lemma combine-auz-length:
assumes A € set (combine-auz I n k) and length | = n
shows length A = k
using assms
proof (induct I n k arbitrary: A rule: combine-auz.induct)
case (11lnk)
show Zcase
proof (cases k = 0)
case True
thus ?thesis

13



using 1(3)
by (simp add: combine-auz.simps)
next
case Fulse
show ?thesis
proof (cases k = n)
case True
thus ?thesis
using &k # 0y 1(3) 1(4)
by (simp add: combine-auz.simps)
next
case Fulse
show ?thesis
proof (cases 1)
case Nil
thus ?thesis
using k& # O &k £ n 1(3)
by (simp add: combine-auz.simps)
next
case (Cons h t)
thus ?thesis
using k& # O &k # n 1(3) 1(4)
using combine-auz.simps[of I n k]
using 1(1)[of h t tl A] 1(2)[of h t A]
by auto
qed
qed
qed
qed

lemma combine-length:
assumes A € set (combine | k)
shows length A = k
using assms
using combine-auz-length|of A 1 length | k]
unfolding combine-def
by simp

lemma distinct-combine-auzx:
assumes n = length [ and distinct |
shows distinct (combine-auz I n k)
using assms
proof (induct I n k rule: combine-auz.induct)
case (11nk)
show ?Zcase
proof (cases k = 0)
case True
thus ?thesis
by (simp add: combine-auz.simps)

14



next
case Fulse
show ?thesis
proof (cases k = n)
case True
thus ?thesis
by (simp add: combine-aux.simps)
next
case Fulse
show ?thesis
proof (cases [)
case Nil
thus ?thesis
using <k # 0 <k # n
by (simp add: combine-auz.simps)
next
case (Cons h t)
thus ?thesis
using & # 0) &k #
using combine-aux.simps|of | n k]
using 1(1)[of h t] 1(2)[of h t] 1(83) 1(4)
apply (auto simp add: distinct-map inj-on-def)
using combine-auz-subset[rule-format, of - t length t k]
by force
qed
qged
qed
qed

lemma distinct-combine:
assumes distinct |
shows distinct (combine | k)
using assms
using distinct-combine-auz|of length 1 1 k]
unfolding combine-def
by simp

lemma sorted-prepend: sorted | = sorted (map (op # h) 1)
by (induct 1) (auto simp add: sorted-Cons)

lemma sorted-combine-auz-lemma:
fixes h :: 'a::linorder
assumes Vzeset t. h < z and h ¢ set t and set I’ C set t and [’ # |]
shows h # 1 < I’
proof—
have hd I’ € set t
using (' # [ set I’ C set
by auto
hence h < hd I’

15



using Vz€set t. h < z) h & set b
by (cases h = hd 1) auto
thus ?thesis
using I’ # []» Cons-le-Cons[of h I hd 1’ t1 1]
by simp
qed

lemma sorted-combine-auzx:
assumes n = length | and sorted | and distinct |
shows sorted (combine-aux I n k)
using assms
proof (induct I n k rule: combine-auz.induct)
case (11lnk)
show ?Zcase
proof (cases k = 0)
case True
thus ?thesis
by (simp add: combine-auz.simps)
next
case Fulse
show ?thesis
proof (cases k = n)
case True
thus ?thesis
by (simp add: combine-auz.simps)
next
case Fulse
show ?thesis
proof (cases [)
case Nil
thus ?thesis
using & # 0) &k #
by (simp add: combine-auz.simps)
next
case (Cons h t)
thus ?thesis
using &k # 0) k # n
using combine-aux.simps|[of | n k]
using 1(1)[of h t] 1(2)[of ht] 1(8) 1(4) 1(5)
apply (auto simp add: distinct-map inj-on-def sorted-Cons sorted-append)
apply (subst sorted-prepend| THEN sym], simp)
apply (rule sorted-combine-aux-lemmalof t])
apply (simp add: combine-auz-subset)+
apply (subst length-0-conv[THEN sym)])
using combine-aux-length
by force
qed
qed
qed

16



qed

lemma sorted-combine:
assumes sorted | and distinct [
shows sorted (combine | k)
using assms
using sorted-combine-auz|of length 1 1 k|
unfolding combine-def
by simp

1.3 Generating all nonempty subsets

definition all-nonempty-subsets where
all-nonempty-subsets F' = concat (map (A k. combine F k) [1..<length F + 1])

lemma all-subs-set: set (all-nonempty-subsets 1) C {A. set A C set I A length A
> 1)

unfolding all-nonempty-subsets-def

using combine-subset combine-length

by force

1.4 Generating all m-elements subsets of n-element set

definition all-mn-subsets where
all-mn-subsets n m = combine [0..<n] m

lemma all-mn-subsets:
set (map set (all-mn-subsets n m)) = {A. card A = m N A C {0..<n}} (is ?lhs
= ?rhs)
unfolding all-mn-subsets-def
using combine-combines[of [0..<n] - m]
by (auto simp add: distinct-card) (metis distinct-card finite-atLeastLess Than finite-sorted-distinct-unique
image-iff rev-finite-subset)

lemma all-mn-subsets-completeness:
assumes card A = m A C {0..<n}
shows 3 Al € set (all-mn-subsets n m). set Al = A
proof—
from assms have A € set (map set (all-mn-subsets n m))
using all-mn-subsets[of n m]
by auto
thus ?thesis
by auto
qed

lemma all-mn-subsets-sorted-distinct:
assumes A € set (all-mn-subsets n m)
shows sorted A A distinct A

using assms

unfolding all-mn-subsets-def
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by (metis combine-combines distinct-upt sorted-upt)

lemma [simp]: A € set (all-mn-subsets n m) = set A C {0..<n}
using all-mn-subsets[of n m]
by auto

end

2 Representing lists of natural numbers by natural
numbers

theory ListNat
imports Main More.MoreNat More. MoreBigOperators More. MoreList
begin

In this section, we define of representation of sets of natural numbers by
single natural numbers. The set {ag,a1,...,a,} is represented by 2% +
201 4+ | 4 2%,

2.1 sumpows

If the set is stored in a distinct list, the function sumpows2 returns the
natural number that represents it.

abbreviation sumpows2 where
sumpows2 | = sum-list (map (op = (2::nat)) 1)

lemma sumpows2-mod:
assumes finite X
shows (sum (op " 2) X) mod 2 # (0::nat) «— 0 € X
proof
assume 0 € X
hence X = (X — {0}) U {0}
by auto
hence sum (op * (2::nat)) X = sum (op "~ 2) (insert 0 (X — {0}))
by simp
also have ... = sum (op " 2) (X — {0}) + 1
by (subst sum.insert, simp-all add: (finite X))
finally have sum (op " (2:nat)) X = ...

moreover
have sum (op * 2) (X — {0}) mod 2 = (0::nat)
by (subst sum-mod, auto simp add: finite X) power-mod)
ultimately
show sum (op "~ 2) X mod 2 # (0::nat)
by auto
next
assume sum (op " 2) X mod 2 # (0::nat)
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show 0 € X
proof (rule ccontr)
assume 0 ¢ X
have sum (op " 2) X mod 2 = (0::nat)
proof (subst sum-mod, auto simp add: (finite X))
fix z
assume z € X
with (0 ¢ X> have z # 0
by simp (rule ccontr, simp)
thus 2 "z mod 2 = (0::nat)
using power-mod
by simp
qed
thus Fulse
using sum (op * 2) X mod 2 # (0:nat)
by simp
qed
qed

lemma unique-sumpows2:
fixes n:nat
shows 31X. finite X A sum (op " 2) X =n
proof (induct n rule: nat-less-induct)
fix n:nat
assume hyp: Vm<n. 31X. finite X A sum (op " 2) X =m
show 31X . finite X A sum (op " 2) X =n
proof (cases n = 0)
case True
show ?thesis
proof
show finite {} A sum (op " 2) {} =n
using (n = )
by simp
next
fix X
assume finite X A sum (op " 2) X =n
hence finite X sum (op * 2) X = (0::nat)
using in = O
by simp-all
henceV a € X. 2 " a = (0::nat)
apply (subst sum-eq-0-iff [ THEN sym))
by simp
thus X = {}
by auto
qed
next
case Fulse
hence n div 2 < n
by auto
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show ?thesis
proof—
obtain X’ where finite X' sum (op "~ 2) X'=n div 2
V X" finite X" A sum (op " 2) X" =ndiv2 — X"=X'
using hyp (n div 2 < n
apply (erule-tac x=n div 2 in allFE)
by auto
show ?thesis
proof (cases n mod 2 = 0)
case True
let X' = (op + 1) ‘X’
show ?thesis
proof (rule, rule conjl)
show finite 2X'
using <finite X"
by simp
next
show sum (op " 2) 2X'=n
proof (subst sum.reindex, simp-all)
show sum (A z. 2% 2 "2) X'=n
using sum (op " 2) X' = n div 2
apply (subst sum-distrib-left{ THEN sym))
using (n mod 2 = O
by auto
qed
next
fix X
assume finite X A sum (op “2) X =n
hence finite X sum (op " 2) X =n
by simp-all
hence 0 ¢ X
using sumpows2-mod[of X]| (n mod 2 = 0)
by simp

let 2 X =ANz.z—1) ‘X
have ?X = X’
proof (rule & X". finite X" A sum (op " 2) X" =n div 2 — X" =
X hrule-format], rule congl)
show finite ?X
using (finite X»
by simp
next
show sum (op “ 2) ?X = n div 2
proof (subst sum.reindex, simp-all)
show inj-on (A\z. © — Suc 0) X
unfolding inj-on-def
proof (safe)
fix zy
assume z € Xy € X
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hence = # 0y # 0 using 0 ¢ X)
by — (rule ccontr, auto)+
assume z — Suc 0 = y — Suc 0
thus z =y
using x # 0 <y # O
by auto
qged
next
have (2::nat) * sum (A z. 2 " (x — Suc 0)) X = sum (op
proof (subst sum-distrib-left, rule sum.cong, simp-all)
fix z::nat
assume z € X
have z # 0
apply (rule ccontr)
using 0 ¢ X> @ € X)
by auto
thus (2:nat) x 2 " (x — Suc 0) = 2 "z
by (simp add: power-eqg-if)
qed
thus sum (A z. 2 " (z — Suc 0)) X = n div 2
using sum (op " 2) X = m
using (,n mod 2 = O)
by auto
qed
qed

show X =op + 1 ‘X’
proof (safe)
fix z
assume z € X
hencez # 0z — 1 € X’
using 0 ¢ X» dmage (Az. z — 1) X = X/
by auto (rule ccontr, simp)
thus z € op + 1 * X’
by (rule-tac =z — 1 in rev-image-eql) auto
next
fix z':nat
assume z’ € X'
then obtain z where z € Xz' =2z — 1z # 0
using «mage (A\z.z — 1) X = XH 0 ¢ X
by auto
thus 1 + 2’ € X
by simp
qed
qged
next
case Fulse
let ?X'=(op+ 1) ‘X'U{0}
show ?thesis
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proof (rule, rule conjI)
show finite ?X’
using «finite X"
by simp
next
show sum (op " 2) ?X'=n
proof (simp, subst sum.insert)
show finite (op + (Suc 0) * X')
using <finite X
by simp
next
show 0 ¢ op + (Suc 0) * X'
by auto
next
show 2 " 0 + sum (op "~ 2) (op + (Suc 0) ‘X') =n
proof—
have sum (op “ 2) (op + (Suc 0) ‘X)) =n — 1
proof (subst sum.reindezx, simp-all)
show (> zeX' 2% 2 "z)=n — Suc 0
apply (subst sum-distrib-left{ THEN sym))
using sum (op * 2) X' = n div 2) <(n mod 2 # O»
using div-mult-mod-eq[of n 2]
by auto
qed
thus ?thesis
using (n # O
by simp
qed
qed
next
fix X
assume finite X A sum (op " 2) X =n
hence finite X sum (op " 2) X =n
by simp-all
hence 0 € X
using sumpows2-mod[of X] <n mod 2 # 0
by simp

let X = (Az.z — 1) ‘(X — {0})
have ?X = X'

proof (rule v X". finite X" N\ sum (op " 2) X" =n div 2 — X" =

X hrule-format], rule congl)

show finite 7X
using (finite X)
by simp

next

show sum (op " 2) ?X = n div 2

proof (subst sum.reindex, simp-all)
show inj-on (A\z. z — Suc 0) (X — {0})
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unfolding inj-on-def
by auto
next
have (2::nat) * sum (A z. 2~ (z — Suc 0)) (X — {0}) = sum (op °
2) (X —{0})

proof (subst sum-distrib-left, rule sum.cong, simp-all)
fix z::nat
assume z € X A 0 <z
thus (2:nat) * 2 " (x — Suc 0) = 2 "z

by (simp add: power-eq-if)

qged

moreover

have sum (op ~ 2) (X — {0}) = sum (op ~ 2) X — (1::nat)
apply (subst sum-diff1-nat)
using 0 € X»
by simp

ultimately

show sum (A z. 2~ (z — Suc 0)) (X —{0}) =n div 2
using sum (op “2) X = n
using n mod 2 # 0)
by auto

qed
qed

show X = 2X’
proof (safe)
fix z
assume z € Xz ¢ op + 1 ‘ X'
show z = 0
proof (rule ccontr)
assume z # 0
hence z — 1 € X'
using z € X» «?X = X
by auto
hence z € op + 1 * X’
using x # O
by (rule-tac z=x — 1 in rev-image-eql) auto
thus Fulse
using ¢ ¢ image (op + 1) X
by simp
qed
next
fix x":nat
assume z’ € X'
then obtain z where z € Xz' =2z — 1z # 0
using (?X = X" 0 € X»
by auto
thus 1 + z'€ X
by simp
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next
show 0 € X

using (0 € X»
by simp

qed

qged
qed
qed
qed
qed

lemma sumpows2-ing:
assumes sorted | and distinct | and sorted 1" and distinct 1’
sumpows? | = sumpows2 1’
shows [ = [’
proof—
have sumpows2 | = Sum ((op " (2:nat)) * set )
apply (subst distinct-sum-list-conv-Sum)
using (distinct D
by (auto simp add: distinct-map inj-on-def )
moreover
have sumpows2 ' = Sum ((op " (2::nat)) * set 1)
apply (subst distinct-sum-list-conv-Sum)
using (distinct 1
by (auto simp add: distinct-map inj-on-def)
ultimately
have > (op " (2:nat) ‘setl) => (op " (2:nat) setl’)
using (sumpows2 | = sumpows2 1
by simp
hence sum (op * (2::nat)) (set 1) = sum (op " 2) (set l’)
by (subst (asm) sum.reindex, simp-all add: inj-on-def )+
hence set | = set I’
using unique-sumpows2[of sum (op " (2:nat)) (set )]
by auto
thus ?thesis
using (distinct ) <sorted 1) (distinct 1" <sorted 1"
using sorted-distinct-set-unique
by auto
qed

lemma sumpows2-shift:

shows 2 x sumpows2 | = sumpows2 (map (op + 1) 1)
by (induct 1) auto

2.2 nat2list

The function nat2list deconstructs the natural number back to the set it
represents (for executability, given by a sorted, distinct list).

fun nat2list-aux :: nat = nat = nat list where
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nat2list-aux n k =
(if n = 0 then
(
else if n mod 2 = 0 then
natllist-auz (n div 2) (k + 1)
else
k # nat2list-auz (n div 2) (k + 1))

definition nat2list where
nat2list n = nat2list-aux n 0

lemma sumpows2-nat2list-aux:
sumpows?2 (nat2list-aur n k) = n x 2°k
proof (induct n k rule: nat2list-aux.induct)
case (1 n k)
show ?Zcase
proof (cases n = 0)
case True
thus ?thesis
by simp
next
case Fulse
show ?thesis
proof (cases n mod 2 = 0)
case True
thus ?thesis
using (< # O
using nat2list-aux.simps|[of n k]
using (1)
by (auto simp del: nat2list-auz.simps)
next
case Fulse
thus ?thesis
using (<n mod 2 # 0xn # O
using mult-eq-if [of n 2 " k]
using mod-mult-div-eq[of n 2, THEN sym)|
using nat2list-auz.simps|[of n k]
using 1(2)
by (auto simp del: nat2list-auz.simps)
qed
qed
qged

lemma sumpows2-nat2list:
sumpows?2 (nat2list n) = n

unfolding nat2list-def

using sumpows2-nat2list-auz[of n 0]

by auto
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lemma nat2list-aux-empty:
(natllist-aur z k = []) = (z = 0)
by (induct z k rule: nat2list-auz.induct) auto

lemma nat2list-auz-shift:
natllist-auz n (k + 1) = map (op + 1) (natllist-aux n k)
by (induct n k rule: nat2list-auz.induct) auto

lemma sorted-distinct-nat2list-aux:
sorted (nat2list-aux n k) A
distinct (natllist-auz n k) A
(V a € List.set (nat2list-auz n k). a > k)
proof (induct rule: nat2list-auz.induct)
case (1 n k)
show ?Zcase
proof (cases n = 0)
case True
thus ?thesis
by simp
next
case Fulse
show ?thesis
proof (cases n mod 2 = 0)
case True
thus ?thesis
using (n # )
using nat2list-auz.simps[of n k]
using (1)
by (auto simp del: nat2list-auz.simps)
next
case Fulse
thus ?thesis
using (n # O
using nat2list-aux.simps[of n k]
using 1(2)
by (auto simp del: nat2list-auz.simps introl: sorted.Cons)
qed
qed
qed

lemma
sorted-nat2list: sorted (nat2list n) and
distinct-nat2list: distinct (nat2list n)
using sorted-distinct-nat2list-auz|of n 0]
unfolding nat2list-def
by auto

lemma sumpows2-nat2list-unique:
assumes sumpows2 | = n and sorted | and distinct [
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shows | = nat2list n
using assms
using sumpows2-nat2list|of n)
using sumpows2-inj|of natllist n I
using sorted-nat2list distinct-nat2list
by simp

lemma inj-nat2list-auz’”:
assumes nat2list-aur ¢ k = nat2list-auz y k
shows =z =y
using assms
proof (induct x k arbitrary: y rule: nat2list-auz.induct)
case (1 z k)
show ?Zcase
proof (cases = 0)
case True
thus ?thesis
using 1(3)
using nat2list-auz-empty|of y k|
by simp
next
case Fulse
show ?thesis
proof (cases x mod 2 = 0)
case True
hence nat2list-auz (z div 2) (Suc k) = natllist-auz y k
using @ # ) 1(3)
using nat2list-aux.simps|of z k]
by simp
show ?thesis
proof (cases y = 0)
case True
hence nat2list-auz (z div 2) (Suc k) = |]
using «natllist-auz (z div 2) (Suc k) = natllist-auz y k»
using nat2list-auz.simps|of y k|
by (simp del: nat2list-auz.simps)
hence z div 2 = 0
using nat2list-auz-empty|of « div 2 Suc k|
by simp
thus ?thesis
using «x mod 2 = O
using «(y = O)
by auto
next
case Fulse
show ?thesis
proof (cases y mod 2 = 0)
case True
hence nat2list-aux (z div 2) (Suc k) = natllist-auz (y div 2) (Suc k)

27



using y # )
using «natllist-auz (z div 2) (Suc k) = natllist-aux y k>
using nat2list-auz.simps|of y k|
by (simp del: nat2list-auz.simps)
hence z div 2 = y div 2
using ¢ # 0) «xmod 2 = O) 1(1)[of y div 2]
by simp
thus ?thesis
using & mod 2 = 0) <y mod 2 = O
by auto
next
case Fulse
hence nat2list-auz (z div 2) (Suc k) = k # natllist-auz (y div 2) (Suc k)
using y # O
using «natllist-aux (z div 2) (Suc k) = natllist-aux y k>
using nat2list-auz.simps|of y k|
by (simp del: nat2list-auz.simps)
thus ?thesis
using sorted-distinct-nat2list-auz|of x div 2 Suc k]
by auto
ged
qed
next
case Fulse
hence k # nat2list-aux (z div 2) (Suc k) = nat2list-auz y k
using «x # 0 1(3)
using nat2list-auz.simps|of x k]
by simp
show ?thesis
proof (cases y = 0)
case True
thus %thesis
using <k # natllist-aux (z div 2) (Suc k) = natllist-auz y k>
by simp
next
case Fulse
show %thesis
proof (cases y mod 2 = 0)
case True
hence k # nat2list-auz (z div 2) (Suc k) = natllist-auz (y div 2) (Suc k)
using y # O
using <k # natllist-aux (z div 2) (Suc k) = natllist-aux y k
using nat2list-auz.simps|of y k|
by (simp del: nat2list-auz.simps)
have k € set (natllist-auz (y div 2) (Suc k))
using (& # nat2list-aux (x div 2) (Suc k) = natllist-auz (y div 2) (Suc
k)[THEN sym]
by simp
thus ?thesis
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using sorted-distinct-nat2list-auz|of y div 2 Suc k]
by auto
next

case Fulse

hence nat2list-aux (z div 2) (Suc k) = natllist-aux (y div 2) (Suc k)
using y # )
using &k # natllist-auz (z div 2) (Suc k) = natllist-auz y k
using nat2list-auz.simps|of y k|
by (simp del: nat2list-auz.simps)

hence z div 2 = y div 2
using 1(2)[of y div 2] «x # 0) <x mod 2 # O
by simp

thus ?thesis
using «x mod 2 # 0 <y mod 2 # 0
using mod-mult-div-eq[of © 2, THEN sym)
using mod-mult-div-eq[of y 2, THEN sym]
by simp

qed
qed
qed
qged
qged

lemma inj-nat2list:

inj nat2list
unfolding inj-on-def
proof (auto)

fix zy
assume nat2list x = nat2list y
thus z =y

unfolding nat2list-def
using inj-nat2list-auxTof = 0 y]
by simp

qed

lemma nat2list-even:
nat2list (2xn) = map (op +1) (natllist n)
using sumpows2-nat2list-unique[of map (op + 1) (nat2list n) 2xn]
using sumpows2-nat2list|of n]
using sumpows2-shift[of nat2list n|
by (auto simp add: sorted-nat2list sorted-map distinct-nat2list distinct-map inj-on-def)

lemma nat2list-odd:
natllist (2xn + 1) = 0 # map (op +1) (nat2list n)
proof—
have Suc (2 * n) div 2 = n
by auto
thus ?thesis
unfolding nat2list-def
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using nat2list-auz-shift
by auto
qed

2.3 list2nat

Although the function sumpows2 converts a set (given by a distinct list) to
its representing natural number, we define the function list2nat that does
the same, but is somewhat more efficient.

fun list2nat-auz-measure where
list2nat-auz-measure (I, i, s, r) =
(case 1 of
=0
| (h # t) = if i > h then 0 else Max (setl) — i + 1)

function list2nat-auzx :: nat list = nat = nat = nat = nat where
list2nat-auz [ i s =1
| list2nat-auz (h # t) i sr =
(if i = h then
list2nat-auz t (i+1) (2xs) (s + )
else if i < h then
list2nat-auz (h # t) (i+1) (2xs) r
else r)
by pat-completeness auto
termination
proof (relation measure list2nat-auz-measure)
show wf (measure list2nat-auz-measure)
by simp
next
fix hisr: nat and t
assume i = h
have list2nat-auz-measure (¢, 1 + 1, 2 x s, s + r) <
list2nat-auz-measure (h # t, i, s, 1)
proof (cases t)
case Nil
thus ?thesis
using ¢ = h
by simp
next
case (Cons h' t')
thus ?thesis
using ¢ = h
using Maz-insert|of set t' h']
by (cases t' # []) auto
qged
thus ((¢, 94+ 1, 2 xs, s+ 1), (h#t,14, s, 7)) € measure list2nat-aux-measure
by simp
next
fix hisrinat and t
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assume i £ hi < h
thus (h # t, i+ 1, 2 x s, r), (h # t, i, s, 1)) € measure list2nat-auz-measure
using Maz-insert|of set t h]
by (cases t = []) auto
qed

definition [list2nat where
list2nat | = list2nat-aux 1 0 1 0

lemma list2nat-auz-sumpows2:
assumes s = 2 " i and sorted | and distinct [ and
£ — i< hdl
shows list2nat-aux [ i s r = r + sumpows2 |
using assms
proof (induct 1 i s r rule: list2nat-auz.induct)
case (1isr)
thus ?case
by simp
next
case (2htisr)
show ?Zcase
proof (cases h = i)
case True
have t #[| — i+ 1 < hd ¢
using 2(4) 2(5) 2(6)
by (cases t) auto
thus ?thesis
using (h = O
using 2(1) 2(2) 2(3) 2(4) 2(5)
by (simp add: sorted-Cons)
next
case Fulse
show ?thesis
proof (cases i < h)
case True
thus ?thesis
using 2(2) 2(8) 2(4) 2(5) b # D
by (simp add: sorted-Cons)
next
case Fulse
thus ?thesis
using h # i» 2(6)
by simp
qed
qed
qed

lemma list2nat-sumpows2:
assumes sorted | and distinct [
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shows list2nat | = sumpows2 1
unfolding list2nat-def
using assms
using list2nat-auz-sumpows2[of 1 01 0]
by simp

lemma nat2list-list2nat:
assumes distinct [ and sorted [
shows nat2list (list2nat ) =1
using assms
using list2nat-sumpows2]of ]
using sumpows2-nat2list-unique|of 1 list2nat ]
by simp

lemma inj-list2nat:
assumes sorted [1 and distinct 1 and sorted [2 and distinct 12
assumes list2nat 11 = list2nat 12
shows 1 = 2
proof—
have sumpows2 11 = sumpows?2 12
using assms
by (auto simp add: list2nat-sumpows2[ THEN sym)])
thus ?thesis
using assms
by (simp add: sumpows2-inj)
qed

end

3 Union closed families

theory UnionClosed
imports Main
begin

3.1 Union closed families
definition sum-family (infixl & 100) where
AW B =(A(a,b).aUbd)  {(a,b).a€c ANDbe B}

definition union-closed :: 'a set set = bool where
union-closed F =V AB. Ae¢ FANBeF —AUBEcF

lemma union-closed F <— F W F = F
unfolding union-closed-def sum-family-def

by auto

abbreviation finite-union-closed where
finite-union-closed F = union-closed F A finite (J F)
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lemma union-closed-n:
assumes finite F' and F’' # {} and F' C F
assumes union-closed F
shows | J F'e F
using assms
proof (induct F)
case empty
thus ?Zcase
by simp
next
case (insert a F")
thus ?case
using insert
by (cases F'' = {}) (auto simp add: union-closed-def)
qed

lemma union-closed-insert:
assumes union-closed F andV B € F. AU B € F U {4}
shows union-closed (F U {A4})

using assms

unfolding union-closed-def

by (auto simp add: Un-commute)

3.1.1 Closure — minimal union closed family containing F

definition closure where
closure F = Union ¢ (Pow F — {{}})

lemma closure-closed:
union-closed (closure F)
unfolding union-closed-def
proof ((rule alll)+ , rule impl, erule conjE)
fix A B :: 'a set
assume A € closure F' B € closure F
then obtain za b where
A= za za € Pow F — {{}}
B =\J zbazb e PowF — {{}}
by (auto simp add: closure-def)
have |Jza U Jzb = J (za U xb)
by auto
moreover
have za U zb € Pow F — {{}}
using xa € Pow F — {{}}) @b € Pow F — {{}}
by auto
ultimately
show A U B € closure F
using (A =J za» (B = zb
unfolding closure-def
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by blast
qed

lemma closure-min-closed:
assumes finite F and F C F' and union-closed F’
shows closure ' C F’
proof
fix z
assume z € closure F
then obtain S where z = |J S S € Pow F — {{}}
unfolding closure-def
by auto
thus z € F'
using union-closed-n[of S F'] «union-closed F" (finite F» (F C F"
using finite-subset
by auto
qed

lemma closure-union-closed-id:
assumes finite F' and union-closed F
shows closure F = F

using assms closure-min-closed|[of F F]

by (auto simp add: closure-def)

lemma [simp]:

shows | (closure F) =J F
unfolding closure-def
by auto

lemma finite-closure:
assumes finite (|J F)
shows finite (|J (closure F))

using assms

by simp

lemma closure-mono:
assumes ' C F'/
shows closure F' C closure F'
using assms
unfolding closure-def
by auto

Iterative closure: insert set to closed family and close.
abbreviation insert-and-close :: 'a set = 'a set set = 'a set set where
insert-and-close A F = F U{A} U (opU A) ‘ F

lemma union-closed-insert-and-close:
assumes union-closed F
shows union-closed (insert-and-close A F)
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using assms
unfolding union-closed-def
by auto

lemma closure-insert:
assumes finite F'
shows closure (F U {A}) = insert-and-close A (closure F') (is ?lhs = ?rhs)
proof
show ?lhs C ?2rhs
using assms union-closed-insert-and-close|of closure F A]
using closure-closed[of F|
using closure-min-closed[of F U {A} ?rhs]
by (auto simp add: closure-def)
next
show ?rhs C ?2lhs
proof
fix z
assume z € ?rhs
hence z € closure FF U {A} V z € op U A ¢ (closure F)
by simp
thus z € ?lhs
proof
assume z € closure F' U {A}
thus z € closure (F U {A})
by (auto simp add: closure-def)
next
assume z € op U A ‘ (closure F)
then obtain y where z = y U A y € closure F
by auto
then obtain & where k € Pow Fy =J kk # {}
unfolding closure-def
by auto

show ?thesis
unfolding closure-def
apply (rule rev-image-eqI[of k U {A}])
using x =yU b y=U b &k #{p &k € Pow F»
by auto
qed
qed
qed

lemma closure-subset:

shows F C closure F
unfolding closure-def
by auto

lemma closure-empty:
shows {} € closure F <— {} € F
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using closure-subset|[of F]
unfolding closure-def
by force

lemma insert-and-close-empty:
shows insert-and-close {} F = F U {{}}
by auto

lemma closure-remove-empty:
assumes finite F'
shows closure (F — {{}}) = closure F — {{}}
proof (cases {} € F)
case True
hence F' = (F — {{}}) U {{}}
by auto
have closure F = closure (F — {{}}) U {{}}
apply (subst (F' = (F — {{}}) U {{}})
apply (subst closure-insert[of F — {{}} {}])
apply (simp add: assms)
apply (subst insert-and-close-empty)
by simp
thus ?thesis
using True closure-emptylof F — {{}}]
by simp
next
case Fulse
thus ?thesis
using closure-empty[of F]
by simp
qed

lemma insert-and-close-closure:
assumes finite F' and union-closed F
shows closure (F U {A}) = insert-and-close A F (is ?lhs = ?rhs)
using assms
using closure-insert[of F A]
using closure-union-closed-id|of F)
by simp

3.2 Union closed families closed to unions with an additional
family
definition union-closed-additional where

[simp]: union-closed-additional F Fc =
union-closed F N (Y A€ F. (op U A) ‘Fc CF)

lemma

shows union-closed-additional F Fc +— FWF =F ANF W Fec CF
unfolding union-closed-additional-def union-closed-def sum-family-def
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by auto force

lemma union-closed-additional:
shows (V A€ F.V Ai € Fc. AU Ai € F) +—
(VAe F.(opUA) ‘Fc CF)
by auto

abbreviation insert-and-close-additional where
insert-and-close-additional A F Fe = F U {4} U ((op U A) *F) U ((op U A) *
Fe)

lemma closure-additional-set:
assumes finite F' and A € closure F and
A’ € F' and union-closed F'andV A’ e F'. op UA' ‘F C F'
shows AU A’ € F’
proof—
have op U A’ ‘F C F'
using «V A’€F’. image (op U A) F C F) (A’ € F)
by simp
obtain X where A =y X X C F X # {}
using (A € closure F)
unfolding closure-def
by auto
hence finite X
using (finite F)
by (auto simp add: finite-subset)

have AU A" =1 ((op U A") ‘ X)
using (A =) X» X # {}p
by auto

show ?thesis
proof (subst <A U A’ =] image (op U A') X)), rule union-closed-n)
show finite (op U A’ * X)
using (finite X»
by simp
next
show op U A" “ X # {}
using (X # {}
by simp
next
show op U A’ ‘X C F’
using <mage (op U A') F C F)
using (X C F)
by auto
next
show union-closed F'
by fact
qed
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qed

lemma union-closed-additional-closure:
assumes finite Fc and union-closed-additional F Fc
shows union-closed-additional F (closure Fc)
unfolding union-closed-additional-def
proof (safe)
fix x y
assume z € F'y € closure Fc
thus z Uy € F
using closure-additional-set[of Fc y x F)|
using (union-closed-additional F' Fco) (finite Fo)
by (auto simp add: Un-commute)
next
show union-closed F
using (union-closed-additional F' Fe)
by simp
qed

3.2.1 TUnion closed extensions

definition union-closed-extensions where
[simp]: union-closed-extensions Fec =
{F. F C Pow (J Fc¢) N union-closed-additional F Fc}

syntax

-ungon-closed-extensions :: 'a set set = 'a set set set  ({-})
translations

{Fc} == CONST union-closed-extensions Fc

end

4 Families of sets

theory Family
imports Main
begin

definition count :: ‘a = 'a set set = nat where
count a F = card {S € F. a € S}

lemma count-Un-disjoint:
assumes A N B = {} and finite A and finite B
shows count a (A U B) = count a A + count a B
proof—
have {Se€ A. a e S} N{Se€B.ac S} ={}
{SeAUB.aeS}={Sc€Ad aecS}U{SeB.ac S}
using assms
by auto
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thus ?thesis
unfolding count-def
using assms card-Un-disjoint[of {S € A. a € S} {S € B. a € S}]
by auto
qed

end

5 Frankl’s condition

theory Frankl
imports Family UnionClosed More. MoreSet
begin

5.1 Frankl’s condition

Note that, in order to avoid using rational numbers, the following condition
is not formulated as count © F > (card F') / 2, what would be more expected.

abbreviation frankl-element :: 'a = 'a set set = bool where
frankl-element t F =z € |J F A 2 % count x F > card F

definition frankl :: 'a set set = bool where
frankl F = (3 z. frankl-element z F')

lemma obtain-frankl-element:
assumes frankl F
obtains z where z € |J F and 2 * count z F > card F
using assms
unfolding frankl-def
by auto

5.1.1 Frankl’s function

abbreviation frankl-fun :: 'a = ’a set set = int where
frankl-fun © F = 2 x int (count x F') — int (card F)

lemma
shows frankl-element x F <— (z € U F A frankl-fun z F > 0)
by auto

lemma frankl-fun-Un-disjoint:
assumes A N B = {} and finite A and finite B
shows frankl-fun a (A U B) = frankl-fun a A + frankl-fun o B
proof—
let PA={S.Sc ANacStand ?B={S. Se€ BAa€cS}
have «: {S. (S€ AUB)ANa€ S} =7AU ?B?AnN B = {}
using assms
by auto
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hence card {S. (S € AU B) Aa€ S} = card ?A + card ?B
using assms
using card-Un-disjoint[of YA ?B]
by auto

thus ?thesis
using assms
unfolding count-def
by (auto simp add: card-Un-disjoint)

qed

lemma frankl-fun-Un-disjoint-3:
assumes finite A and finite B and finite C
ANnB={tand AnC={}and BN C = {}
shows frankl-fun i (AU B U C) =
frankl-fun i A + frankl-fun i B + frankl-fun i C
using assms frankl-fun-Un-disjoint[of A U B C' i]
using assms frankl-fun-Un-disjoint[of A B 1]
by auto

lemma frankl-fun-UN-disjoint:
assumes finite (|J set [) and
Vij.i<lengthl Nj<lengthlNi#£j—1linllj={}
shows frankl-fun i (J set 1) = sum-list (map (frankl-fun i) 1)
using assms
proof (induct 1)
case Nil
thus ?Zcase
by (simp add: count-def)
next
case (Cons a l’)
have #: Vij. i <lengthl'ANj <lengthl' Ni#j—U1inl'lj={}
using Cons(3)
by force
show ?Zcase
proof—
have frankl-fun i (U set (a # 1)) = frankl-fun i (¢ U (J set l"))
by simp
also have ... = frankl-fun i a + frankl-fun i ((J set l’)
proof (subst frankl-fun-Un-disjoint[of a |J (set l’) i])
show a N Y set I’ = {}
using Cons(3)
by (auto simp add: nth-Cons) (metis Suc-less-eq Zero-not-Suc disjoint-iff-not-equal
in-set-conv-nth nth.simps nth-Cons-0 nth-Cons-Suc zero-less-Suc)
qed (insert Cons(2), auto)
finally
show ?thesis
using Cons(1,2) x*
by simp
qed
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qed

lemma frankl-fun-Pow:
assumes finite A and o € A
shows frankl-fun a (Pow A) = 0
proof—
have 3 A" A= A"U{a} Na ¢ A’ A finite A’
using assms
by (rule-tac z=A — {a} in exl) auto
then obtain A’ where A = A’ U {a} a ¢ A’ finite A’
by auto
let ?PA’ = Pow A’ and ?aPA’ = ((op U {a}) ¢ Pow A
have Pow A = ?PA’ U 2aPA’
using Pow-insert[of a A <A = A"U {a}
by (simp add: image-def)
moreover
have ?PA’' N 2aPA’ = {}
using <a ¢ A"
by auto
ultimately
have count a (Pow A) = count a ?PA’ 4+ count a ?aPA’
using (finite A"
by (subst count-Un-disjoint[symmetric]) simp-all
moreover
have {S. S C A'ANa€e S} ={}
using (a ¢ A"
by auto
hence count a ?PA’ = 0
using (finite A"
unfolding count-def
by auto
moreover
have count a 7aPA’ = card ?PA’
proof—
have {S € op U {a} ‘Pow A" a € S} = op U {a} ¢ Pow A’
by auto
hence count a (op U {a} ‘ Pow A") = card (op U {a} ‘ Pow A’)
unfolding count-def
by simp
also have ... = card (Pow A’)
using <a ¢ A"
by (subst card-image) (auto simp add: inj-on-def)
finally
show ?thesis

qed
ultimately
show ?thesis
using (A = A’ U {a} @ ¢ A}

41



using (finite A"
by (auto simp add: card-Pow)
qed

5.2 FC Families

definition FC-family where
FC-family Fc =
V F. F D Fc A finite-union-closed F —
(3 ael Fec. 2 count a F > card F)

lemma FC-family-frankl:
assumes FC-family Fc and Fc C F and finite-union-closed F
shows frankl F'

proof—
have |J FeC | F
using (Fe C F)
by auto

thus ?thesis
using assms
unfolding FC-family-def frankl-def
by blast
qed

lemma FC-family-mono:
assumes Fc¢c C Fc¢’ and FC-family Fc
shows FC-family Fc’
unfolding FC-family-def
proof (safe)
fix F
assume Fc¢’ C F union-closed F finite (J F)
hence Fc C F
using (Fc C Fch
by auto
then obtain « where a € |J Fc card F < 2 % count a F
using «(FC-family Fc¢) «union-closed F) <finite (J F)
unfolding FC-family-def
by blast
thus Ja€lJ Fe'. card F < 2 % count a F
using (Fc C Fc) (F¢' C F»
by blast
qed

lemma FC-family-empty-set-remove:
shows FC-family Fc «— FC-family (Fc — {{}})
proof
assume FC-family Fc
show FC-family (Fc — {{}})
unfolding FC-family-def
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proof (safe)
fix F
assume Fc — {{}} C F union-closed F finite (J F)
hence Fc C F U {{}} finite-union-closed (F U {{}})
by (auto simp add: union-closed-def)
then obtain a where a€|J Fc card (F U {{}}) < 2 x count a (F U {{}})
using (FC-family Fo)
unfolding FC-family-def
by blast
moreover
have card F < card (F U {{}})
using (finite (|J F)
by (auto simp add: finiteUn-iff card-insert-le)
moreover
have {A. (A={}VAeF)nac A} ={Ae€F.aec A}
by auto
hence 2 x count a (F U {{}}) = 2 * count a F
by (auto simp add: count-def)
ultimately
have card F < 2 % count a F a € |J(Fe — {{}})
by auto
thus JaelJ (Fe — {{}}). card F < 2 % count a F
by blast
qed
next
assume FC-family (Fc — {{}})
thus FC-family Fc
unfolding FC-family-def
by auto
qed

lemma FC-family-empty-set-insert:

shows FC-family (Fc U {{}}) <— FC-family Fc
by (metis FC-family-empty-set-remove Diff-insert-absorb Un-empty-right Un-insert-right
insert-absorb)

lemma FC-family-closure:
assumes finite Fc
shows FC-family Fc «— FC-family (closure Fc)
proof
assume FC-family Fc
moreover
have Fc¢ C closure Fe
by (auto simp add: closure-def)
ultimately
show FC-family (closure Fc)
unfolding FC-family-def
by auto
next
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assume FC-family (closure Fc)
thus FC-family Fc
unfolding FC-family-def
using closure-min-closed|of Fc| (finite Fc)
by auto
qed

end

6 Executable implementations of set families

6.1 Abstract representation of sets and families

theory FamilyImpl
imports Family
Frankl
More.MoreSet ListNat
HOL— Library.List-lexord
HOL— Library.Code-Target-Nat
begin

abbreviation map where map = List.map

Set operations are specified in the following locale. Families are always
represented as (distinct) lists of sets.

locale SetImpl =
fixes to-set :: 's = 'a set
fixes inv :: 's = bool
assumes to-set-inj: [inv s1; inv s2; to-set s1 = to-set s2] = sl = s2
assumes to-set-ex: finite a = 3 s. a = to-set s A inv s
assumes to-set-finite: finite (to-set s)
begin

definition f-to-set :: 's list = 'a set set where
[simp]: f-to-set F = set (map to-set F)

abbreviation fs-to-set :: ‘s list list = 'a set set set (O) where
O FF = set (map f-to-set F'F)

lemma to-set-inj-on:

shows V a € set A. inv a = inj-on to-set (set A)
unfolding inj-on-def
by (simp add: to-set-inj)

lemma set-set:
[V a€set A. inv a; inv h] =
h € set A < to-set h € f-to-set A
using to-set-inj
by auto
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lemma f-to-set-ex:
assumes finite (|J F)
shows 3 Fl. F = f-to-set FI A (¥ A € set Fl. inv A)
proof—
from assms
have finite F ¥V A € F. finite A
by (auto simp add: finite Un-iff )
thus ?thesis
proof (induct F)
case empty
thus ?case
by auto
next
case (insert A F)
then obtain Fl Al where F = f-to-set FI A (V A € set Fl. inv A) A = to-set
Al A inv Al
using to-set-ex[of A
by auto
thus ?case
by (rule-tac z=Al # Fl in exI) auto
qed
qed

abbreviation contains :: ‘a = 's = bool where
contains a S = a € to-set S

definition count :: 'a = 's list = nat where
count a F = length (filter (contains a) F)

lemma count-set:
assumes distinct 'V x € set F. inv x
shows count a F = Family.count a (f-to-set F)
proof—
have to-set ‘ {x € set F. a € to-set t} = {S € to-set ‘set F. a € S}
by auto
moreover
have inj-on to-set {x € set F. a € to-set z}
using to-set-inj vV = € set F. inv )
unfolding inj-on-def
by auto
ultimately
have card {z € set F. a € to-set z} = card {S € to-set ‘set F. a € S}
using card-image|of to-set {x € set F. a € to-set x}]
by auto
thus ?thesis
using assms distinct-card|of filter (contains a) F, symmetric]
unfolding count-def Family.count-def contains-def
by simp
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qed

definition franki-fun :: 'a = ’'s list = int where
frankl-fun x F = 2 % int (count z F') — int (length F)

lemma frankl-fun-set:
assumes distinct Fs V A € set Fs. inv A
shows frankl-fun a Fs = Frankl.frankl-fun a (f-to-set Fs)
proof—
have inj-on to-set (set Fs)
using assms to-set-inj
by (auto simp add: inj-on-def)
hence card (to-set ‘ set Fs) = card (set Fs)
by (rule card-image)
thus ?thesis
using distinct-card[OF assms(1)] count-set|OF assms, of a]
unfolding frankl-fun-def
by auto
qed

end

6.1.1 Implementation of sets by sorted and distinct lists

abbreviation sd where
sd A = sorted A A distinct A
abbreviation sdf where
sdf F =V A€ setF.sdA
abbreviation sdff where
sdff F =V F € set F. sdf F

For example, the family {{1, 2, 3}, {2, 3, 4} is represented by [[1, 2, 3],
2, 3, 4]].

global-interpretation SetImpl-lists: SetImpl set :: nat list = nat set sd
defines f-to-set-l = SetImpl-lists.f-to-set and
count-l = SetImpl-lists.count and
frankl-fun-l = SetImpl-lists.frankl-fun
proof (unfold-locales)
fix a :: nat set
assume finite a
thus ds. a = set s A sd s
apply (rule-tac z=sorted-list-of-set a in exl)
by simp
qed (auto simp add: sorted-distinct-set-unique)

abbreviation dm where
dm Fn =] fto-set-l F C {0..<n}
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abbreviation dmf where
dmf FFn =V F € set FF. dm F n

abbreviation fs-to-set-l where
fs-to-set-l F = set (map f-to-set-l F)

6.1.2 Implementation of sets of nats by nats

For example, the family {{1, 2, 8}, {2, 3, 4} is represented by [1/, 28].
Encoding and decoding funcions are defined in the theory ListNat.

global-interpretation SetImpl-nats: SetImpl set o nat2list X n. True
defines f-to-set-n = SetImpl-nats.f-to-set and
count-n = SetImpl-nats.count and
frankl-fun-n = SetImpl-nats.frankl-fun
proof (unfold-locales)

fix s1 s2
assume (set o nat2list) s1 = (set o nat2list) s2
thus s = s2

using sorted-nat2list[of s1] sorted-nat2list[of s2]
using distinct-nat2list[of s1] distinct-nat2list|of s2]
using sorted-distinct-set-unique|of nat2list s1 natllist s2]
using nj-nat2list
by (simp add: inj-on-def)
next
fix a :: nat set
assume finite a
thus 3 s. a = (set o nat2list) s A True
by (rule-tac x=list2nat (sorted-list-of-set a) in exl) (simp add: nat2list-list2nat)
qed simp-all

ML

(x Converts a term that represents a family (set of sets) to a corresponding list of
lists. If the

term represents a list of families, then the the transformation is applied to each
family in the

list and the term that represents the corresponding list of lists of lists is returned.

*)

fun sets-to-lists F =
let

val ¢c1 = Const (List.list. Cons, @Q{typ nat = nat list = nat list})

val ¢2 = Const (Set.insert, @{typ nat = nat set = nat set})

val ¢1’ = Const (List.list.Cons, Q{typ nat list = nat list list = nat list list})

val ¢2' = Const (Set.insert, Q{typ nat set = nat set set = nat set set})

val ¢8 = Const (List.list.Cons, Q{typ nat set set = nat set set list = nat set
set list})

val ¢3' = Const (List.list. Cons, Q{typ nat list list = nat list list list = nat list
list list})
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val subl = (¢2, cl)

val sub2 = (c2’, c¢1’)

val sub3 = (¢8, ¢3")

val subj = (Qfterm {}:nat set}, Q{term [|::nat list})

val subs = (Qfterm {}:nat set set}, @{term [|::nat list list})

val sub6 = (Q{term [|::nat set set list}, Q{term [|::nat list list list})
in

subst-free [subl, sub2, sub3, subj, subs, sub6] F
end;

(* Given a term that represents a family returns a theorem stating that it is obtained
by applying f-to-set-l to the corresponding list of list representation.
E.g. f-to-set-thm Q{term {{1}, {1, 2}}::nat set set} returns

{1}, {1, 2}} = f-to-set-l [[1], [1, 2]]: thm

*)

fun f-to-set-l-thm F =
let
fun mk-f-to-set-I-thm F =
let
val term-eq = @Q{term HOL.eq :: nat set set = nat set set = bool}
val term-f-to-set = Q{term f-to-set-l :: nat list list = nat set set}
in

Fl))

end

HOLogic.mk-Trueprop (list-comb (term-eq, [F, term-f-to-set $ sets-to-lists

m
Goal.prove @{context} || [| (mk-f-to-set-I-thm F) (fn - => (simp-tac Q{context}

1))

end

(x Similar as the previous one, except f-to-set-lis applied to every family i the given
list.
E.g. list-f-to-set-thm @{term [{{1}, {2}}, {{1, 2}, {1, 3}}]::nat set set list}
returns

{1}, {2}, {{1, 2}, {1, 3}}] = map f-to-set-1 [[[1], [2], [[1, 2], [1, 3]]] : thm

*)

fun list-f-to-set-I-thm F =
let
fun mk-list-f-to-set-lI-thm FF =
let
val term-eq = Q{term HOL.eq :: nat set set list = nat set set list = bool}
val term-map-f-to-set-1 = Q{term map f-to-set-l :: nat list list list = nat set
set list}
m
HOLogic.mk-Trueprop (list-comb (term-eq, [FF, term-map-f-to-set-1 § sets-to-lists
FF]))
end

48



mn
Goal.prove @{context} [] [] (mk-list-f-to-set-I-thm F') (fn - => (simp-tac Q{ context}

1))

end

(x Converts a term that represents a family (set of sets) to a corresponding list of
nats. *)

fun sets-to-nats t =
let
val cons-list = Const (List.list. Cons, Q{typ nat = nat list = nat list})
val insert-list = Const (Set.insert, Q{typ nat set = nat set set = nat set set})
in
case t of insert-list $ S $ L =>
cons-list $ (Q{term list2nat} $ sets-to-lists S) $ sets-to-nats L
| @{term {}:nat set set} => Q{term [|:: nat list}
| - => raise Fail (pattern not matched)
end

(* Given a term that represents a family returns a theorem stating that it is obtained
by applying f-to-set-n to the corresponding list of nats representation.
E.g. f-to-set-n-thm Q{term {{1}, {1, 2}}::nat set set} returns

{{1}, {1, 2}} = f-to-set-n [list2nat [1], list2nat [1, 2]]: thm

*)

fun f-to-set-n-thm F =
let
fun mk-f-to-set-n-thm F =
let
val term-eq = Q{term HOL.eq :: nat set set = nat set set = bool}
val term-f-to-set = @Q{term f-to-set-n :: nat list = nat set set}
in

£1))

end
val ss = put-simpset HOL-ss @Q{context} addsimps
([@{thm natllist-list2nat}, Q{thm SetImpl-nats.f-to-set-def}] Q
@{thms List.list. map} @
[@{thm comp-apply}] @
@{thms distinct.simps} Q@
@{thms List.list.set} @
[@{thm empty-iff }, Q{thm insert-iff }] Q
Q@Q{thms eg-numeral-simps} Q [@Q{thm zero-neg-one}] Q
@{thms Num.num.distinct} @Q Q{thms num.inject} @
[@{thm sorted.Nil}, @{thm sorted-single}, Q{thm sorted-many}] @
Q@{thms le-numeral-simps} @ Q@Q{thms le-num-simps} @ @Q{thms
less-num-simps} Q [@Q{thm le0}])
in
Goal.prove Q{context} || [| (mk-f-to-set-n-thm F) (fn - => (asm-full-simp-tac ss

HOLogic.mk-Trueprop (list-comb (term-eq, [F, term-f-to-set $ sets-to-nats
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end

theory UnionClosedImpl
imports UnionClosed FamilyImpl
begin

6.2 Abstract representation of union closed families

Sets that support empty set, unions and powerset.

locale SetUnionImpl = SetImpl to-set for to-set :: 's = 'a set +
fixes empty :: s
assumes empty-set: to-set empty = {}
assumes empty-inv: inv empty

fixes union :: 's = ‘s = s (infixl U 100)
assumes union-set: to-set (s1 U s2) = to-set s1 U to-set s2
assumes union-inv: [inv s1; inv s2] = inv (s1 U s2)

fixes pow :: 's = 's list

assumes pow-set: f-to-set (pow s) = Pow (lo-set s)

assumes pow-inv: inv s =V A € set (pow s). inv A

assumes pow-distinct: inv s = distinct (pow $)
begin

lemma subset-in-pow:
assumes inv A and inv S and to-set A C to-set S
shows A € set (pow S)
proof—
have to-set A € f-to-set (pow S)
using <to-set A C to-set S pow-set[of S]
by simp
thus ?thesis
using «nv A nv S
using pow-inv to-set-inj
by auto
qed

definition Union :: 's list = 's where
Union F = foldl union empty F

lemma Union-set:
shows to-set (Union F) = |J (f-to-set F)
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by (induct F rule: rev-induct) (auto simp add: Union-def empty-set union-set)

lemma Union-inv:
shows V A4 € set F. inv A = inv (Union F)
unfolding Union-def
by (induct F rule: rev-induct) (auto simp add: empty-inv union-inv)

abbreviation union-with-all :: 's = 's list = 's list where
union-with-all A F = (map (op U A) F)

lemma union-with-all-set:
shows map to-set (union-with-all A F) = map (op U (to-set A) o to-set) F
by (simp add: comp-def union-set)

lemma union-with-all-set’:
shows (to-set * (op U A ‘set F)) = (op U (to-set A) * to-set ‘ set I')
proof—
have set (map to-set (union-with-all A F)) = set (map (op U (to-set A) o to-set)
F)
using union-with-all-set[of A F)
by (auto simp add: comp-def)
thus ?thesis
by (simp add: image-comp|symmetric))
qged

definition insert-set :: 's = 's list = 's list where
insert-set A F = (if A € set F then F else A # F)

lemma insert-set-set [simp]:
shows set (insert-set A F) = {A} U set F'
by (auto simp add: insert-set-def)

definition insert-sets :: 's list = 's list = 's list where
insert-sets | F' = foldl (A F' a. insert-set a F') F'l

lemma insert-sets-set [simp]:

shows set (insert-sets | F') = set | U set F
unfolding insert-sets-def
by (induct I rule: rev-induct) auto

lemma insert-sets-remdups:
shows distinct F = insert-sets | F' = remdups (rev Q F)
unfolding insert-sets-def
by (induct | rule: rev-induct) (auto simp add: insert-set-def distinct-remdups-id)
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lemma insert-sets-distinct:

shows distinct F' = distinct (insert-sets | F)
using insert-sets-remdups|of F ]
by auto

definition insert-and-close :: 's = 's list = 's list where

[simp]: insert-and-close A F = insert-sets ([A] @ union-with-all A F) F

lemma insert-and-close-set:

assumes distinct F

shows f-to-set (insert-and-close h F) = UnionClosed.insert-and-close (to-set h)
(f-to-set F)

using assms

using insert-sets-remdups

using union-with-all-set'[of h F, THEN sym)|

by auto

lemma insert-and-close-inv:
assumes V [ € set F. inv [ and inv h and distinct F
shows V [ € set (insert-and-close h F). inv |

using assms

by (auto simp add: insert-sets-remdups union-inv)

lemma insert-and-close-subset:
assumes V | € set F. to-set | C S and to-set h C S and distinct F
shows V [ € set (insert-and-close h F). to-set | C S
proof (safe)
fix z !
assume [ € set (insert-and-close h F) z € to-set |
hence z € |J (f-to-set (insert-and-close h F))
by auto
hence z € |J (UnionClosed.insert-and-close (to-set h) (f-to-set F'))
using (distinct F»
apply (subst insert-and-close-set[of F h, THEN sym])
by simp-all
thusz € S
using assms
by (auto split: if-split-asm)
qed

definition insert-and-close-additional :: 's = s list = 's list = s list where
[simp]: insert-and-close-additional A F Fc = insert-sets ([A] Q union-with-all A
F @ wunion-with-all A Fc) F

lemma insert-and-close-additional-set:
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assumes distinct F

shows f-to-set (insert-and-close-additional A F' F'¢) = UnionClosed.insert-and-close-additional
(to-set A) (f-to-set F) (f-to-set Fc)

using assms

using insert-sets-remdups

using union-with-all-set'lof A F, THEN sym]

using union-with-all-set'[of A Fc, THEN sym)]

by auto

lemma insert-and-close-additional-subset:
assumes to-set A C S and
VI € setF. to-setl C S and
V [ € set Fe. to-set | C S
assumes distinct F'
shows V [ € set (insert-and-close-additional A F Fc). to-set | C S
proof (safe)
fix z 1
assume [ € set (insert-and-close-additional A F Fc) x € to-set |
hence z € |J (f-to-set (insert-and-close-additional A F Fc))
by auto
hence z € |J (UnionClosed.insert-and-close-additional (to-set A) (f-to-set F)
(f-to-set Fc))
using (distinct F»
apply (subst insert-and-close-additional-set[of F A Fc, THEN sym))
by simp-all
thus z € §
using assms
by (auto split: if-split-asm)
qed

lemma insert-and-close-additional-inv:
assumes inv A and V [ € set F. invland V [ € set Fc. inv [
assumes distinct F
shows V [ € set (insert-and-close-additional A F Fc). inv |
using assms
by (auto simp add: insert-sets-remdups union-inv)

lemma insert-and-close-additional-cong:
assumes set F' = set F' and distinct F' and distinct F'
shows set (insert-and-close-additional A F Fc) =
set (insert-and-close-additional A F' Fc)
using assms
by (simp add: insert-sets-remdups)

definition close :: s list = 's list where
close F = foldl (A F A. insert-and-close A F) || F

93



lemma close-snoc:

shows close (F' @ [A]) = insert-and-close A (close F)
unfolding close-def
by simp

lemma close-distinct:
shows distinct (close A)
unfolding close-def
by (induct A rule: rev-induct) (auto simp add: insert-sets-distinct)

lemma close-set:
shows f-to-set (close A) = UnionClosed.closure (f-to-set A)
proof (induct A rule: rev-induct)
case (snoc [ a)
let 2L = X\ z. foldl (AF A. local.insert-and-close A F) [| x
show ?case
using close-distinct[of a]
using insert-and-close-set[of ?L a|
using closure-insert|of f-to-set a to-set [
using snoc(1)
unfolding close-def
by simp
next
case Nil
thus Zcase
by (simp add: close-def closure-def)
qged

lemma close-completeness:
assumes inv A and V a € set F. inv a
assumes to-set A € UnionClosed.closure (f-to-set F)
shows A € set (close F)
using assms
proof (induct F arbitrary: A rule: rev-induct)
case Nil
thus Zcase
by (simp add: closure-def)
next
case (snoc a l)
from (to-set A € closure (f-to-set (I Q [a]))
have to-set A = to-set a V to-set A € closure (f-to-set l) V to-set A € op U
(to-set a) * closure (to-set ‘ set l)
using closure-insert|[of f-to-set [ to-set a)
by simp
thus Zcase
proof
assume to-set A = to-set a
thus ?thesis
using snoc(2) snoc(3)
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by (simp add: to-set-inj close-snoc)
next
assume to-set A € closure (f-to-set ) Vv
to-set A € op U (to-set a) ‘ closure (to-set ‘ set 1)
thus ?thesis
proof
assume to-set A € closure (f-to-set [)
thus ?thesis
using snoc(1) snoc(2) snoc(3)
by (simp add: close-snoc)
next
assume fto-set A € op U (to-set a) ‘ closure (to-set * set )
then obtain X where X € closure (f-to-set 1) to-set A = to-set a U X
by auto
hence finite X
using finiteUn-iff [of closure (f-to-set 1)]
using finite-closure[of f-to-set ]
by (auto simp add: to-set-finite)
then obtain Y where X = to-set Y inv YV
using to-set-ex[of X]
by auto
hence Y € set (close 1)
using snoc(1)[of Y] (X € closure (f-to-set 1)y snoc(3)
by simp
hence A=alU Y
using (to-set A = to-set a U X» <X = to-set V)
using snoc(2) snoc(8) <nv Y
by (auto simp add: union-set union-inv to-set-inj)
hence A € op U a ‘ set (close 1)
using (Y € set (close 1))
by simp
thus “thesis
by (simp add: close-snoc)
qed
qed
qed

lemma close-inv:
assumes V [ € set F. inv ]
shows V [ € set (close F). inv |
using assms
proof (induct F rule: rev-induct)
case (snoc a l)
thus ?case
using close-distinct|of ]
by (auto simp add: close-def insert-sets-remdups union-inv)
qed (simp add: close-def)

lemma close-subset:
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assumes V [ € set F. to-set ] C S
shows V [ € set (close F). to-set 1 C S
using assms
proof (induct F rule: rev-induct)
case (snoc al)
thus ?case
using insert-and-close-subset|of close | S a]
using close-distinct|of [
unfolding close-def
by simp
qed (simp add: close-def)

definition close-and-insert-empty :: 's list = 's list where
close-and-insert-empty F =
let X = close F
in (if empty € set X then X else empty # X)

lemma close-and-insert-empty-set”:
shows set (close-and-insert-empty F) = set (close F) U {empty}
by (auto simp add: Let-def close-and-insert-empty-def)

lemma close-and-insert-empty-set:
shows f-to-set (close-and-insert-empty F') =
(UnionClosed.closure (f-to-set F)) U {{}}
proof—
have to-set ‘ set (close F') = closure (to-set ‘ set F)
by (metis f-to-set-def close-set image-set)
thus ?thesis
unfolding close-and-insert-empty-def
by (auto simp add: empty-set Let-def) (metis empty-set image-eql)
qed

primrec union-closed :: 's list = bool where
union-closed [| = True
| union-closed (h # t) = (list-all (A z. h U x € set (h # t)) t N union-closed t)

lemma union-closed-set:
shows union-closed F = UnionClosed.union-closed (f-to-set F)
proof (induct F)
case Nil
thus ?Zcase
by (simp add: UnionClosed.union-closed-def)
next
case (Cons h t)
thus ?case
using union-closed-insert|of f-to-set t to-set h]
by (auto simp add: list-all-iff ) (metis imagel union-set)
qed
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primrec union-closed-additional’ :: 's list = 's list = bool where
union-closed-additional’ F | = True

| union-closed-additional’ F (h # t) = (list-all (A z. h U z € set F) F A

union-closed-additional’ F t)

lemma union-closed-additional’-set:
assumes union-closed-additional’ F Fc
shows V A € f-to-set Fc. ¥ B € (f-to-set F'). AU B € (f-to-set F)
using assms
proof (induct Fc)
case Nil
thus ?case
by simp
next
case (Cons h t)
thus ?case
by (simp add: list-all-iff ) (metis union-set imagel )
qed

definition union-closed-additional :: 's list = 's list = bool where
union-closed-additional F Fc <— union-closed F' N\ union-closed-additional’ F
Fe

lemma union-closed-additional-set:
assumes union-closed-additional F' Fc
shows UnionClosed.union-closed-additional (f-to-set F') (f-to-set Fc)
using assms
unfolding union-closed-additional-def
using union-closed-set[of F| union-closed-additional’-set|of F Fc]
by (auto) (metis sup-commute)

end

6.2.1 Implementation by sorted and distinct lists

Power set of a list

primrec Pow-l :: 'a list = 'a list list where
Pow-1 | = [[]]
| Pow-1 (h # t) =
(let X = Pow-lt
in X @ map (op # h) X)

lemma Pow-I-set:
shows set (map set (Pow-l X)) = Pow (set X)
proof (induct X)
case Nil
thus ?case
by simp
next
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case (Cons a l’)
thus ?case
using Cons|THEN sym)
by (auto simp add: Let-def comp-def Pow-insert)
qed

lemma Pow-I-distinct:
shows distinct A = distinct (Pow-l A)
proof (induct A)
case Nil
thus ?Zcase
by simp
next
case (Cons a A)
thus ?case
proof (auto simp add: Let-def distinct-map inj-on-def)
fix x
assume a ¢ set A
assume a # = € set (Pow-l A)
hence set (a # x) € Pow (set A)
using Pow-l-set[of A]
by (auto simp del: set-simps)
thus Fulse
using (a ¢ set A
by simp
qged
qed

lemma Pow-I-elems-distinct:
assumes distinct A and z € set (Pow-l A)
shows distinct
using assms
proof (induct A arbitrary: z)
case Nil
thus ?case
by simp
next
case (Cons h t)
thus ?case
proof (cases x € set (Pow-1 1))
case True
thus ?thesis
using Cons
by simp
next
case Fulse
then obtain y where y € set (Pow-lt) x = h # y
using Cons(3)
by (auto simp add: Let-def)
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thus ?thesis
using Cons(2) Cons(1)
using Pow-l-set[of t]
by auto
qed
qed

lemma Pow-I-elems-sorted:
assumes sorted A and z € set (Pow-1 A)
shows sorted z
using assms
proof (induct A arbitrary: z)
case Nil
thus ?Zcase
by simp
next
case (Cons t h)
show ?Zcase
proof (cases © € set (Pow-1t))
case True
thus ?thesis
using Cons
by simp
next
case Fulse
then obtain y where y € set (Pow-lt) x = h # y
using Cons(4)
by (auto simp add: Let-def)
thus ?thesis
using Cons(1) Cons(2) Cons(3)
using Pow-l-set[of t]
using sorted-Cons[of h y]
by auto
qed
qed

lemma Pow-I-no-perms:
assumes distinct A and sorted A
assumes z € set (Pow-l A) and y € set (Pow-l A)
assumes set T = set y
shows z = y

using assms

using Pow-l-elems-sorted[of A ]

using Pow-l-elems-distinct[of A x]

using Pow-l-elems-sorted|of A y]

using Pow-l-elems-distinct[of A y]

by (simp add: sorted-distinct-set-unique)

Merging two sorted lists
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fun merge :: 'a::linorder list = 'a::linorder list = 'a::linorder list (infix]l U 100)
where
merge [| 1 =1
| merge 1 [] =1
| merge (h1 # t1) (h2 # t2) =
(if h1 < h2 then
h1 # merge t1 (h2 # t2)
else if h1 > h2 then
h2 # merge (h1 # t1) t2
else
h1 # merge t1 t2)

lemma merge-set:
shows set (11 U 12) = set 11 U set 12
by (induct 11 12 rule: merge.induct) auto

lemma merge-sorted:
assumes sorted l1 and sorted 12
shows sorted (11 Ul i2)
using assms
by (induct 11 12 rule: merge.induct) (auto simp add: sorted-Cons merge-set)

lemma merge-distinct:
assumes distinct [1 and distinct [2 and sorted |1 and sorted 12
shows distinct (11 U 12)
using assms
by (induct 11 12 rule: merge.induct) (auto simp add: sorted-Cons merge-set)

global-interpretation SetUnionImpl-lists: SetUnionImpl A (l::nat list). sorted |
A distinct | set [| merge Pow-l
defines
close-1 = SetUnionImpl-lists.close and
insert-set-l = SetUnionImpl-lists.insert-set and
insert-sets-l = SetUnionlImpl-lists.insert-sets and
insert-and-close-l = SetUnionImpl-lists.insert-and-close and
Union-l = SetUnionImpl-lists. Union and
close-insert-empty-l = SetUnionImpl-lists.close-and-insert-empty and
union-closed-l = SetUnionImpl-lists.union-closed and
union-closed-additional -l = SetUnionImpl-lists.union-closed-additional” and
union-closed-additional-l = SetUnionImpl-lists.union-closed-additional
proof (unjfold-locales)
fix s :: nat list
show SetImpl.f-to-set set (Pow-1 s) = Pow (set s)
unfolding f-to-set-I-def [symmetric]
unfolding SetImpl-lists.f-to-set-def[of Pow-1 s
by (rule Pow-l-set)
qed (auto simp add: Pow-I-elems-sorted Pow-I-elems-distinct merge-set merge-sorted
merge-distinct sorted-distinct-set-unique Pow-I-distinct)
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6.2.2 Implementation by sets represented as natural numbers
For example, the family {{0, 1, 2}, {1, 2, 3}} is represented as [7, 1/].

Powerset

definition pow-n :: nat = nat list where
pow-n n = map list2nat (Pow-l (nat2list n))

Union is obtained by bitwise disjunction — this is a naive implementation

function bitor :: nat = nat = nat where
bitor x y =
(if z = 0 then y
else if y = 0 then x else
let (zd, xm) = Divides.divmod-nat x 2;
(yd, ym) = Divides.divmod-nat y 2 in
if (xm=11]ym=1)
then 1 + 2 x bitor xzd yd
else 2 * bitor zd yd)
by pat-completeness auto
termination
by (relation measure (X (z, -). x), auto simp add: divmod-nat-div-mod)
declare bitor.simps[simp del]

lemma bitor-set:
shows set (nat2list (bitor © y)) = set (nat2list x) U set (natllist y)
proof (induct x y rule: bitor.induct)
case (1 z' y’)
show ?Zcase
proof (cases ' = 0)
case True
thus ?thesis
by (simp add: bitor.simps nat2list-def)
next
case Fulse
show ?thesis
proof (cases y' = 0)
case True
thus ?thesis
using ' # 0
by (simp add: bitor.simps nat2list-def)
next
case Fulse
show ?thesis
proof (cases ' mod 2 # Suc 0 A y' mod 2 # Suc 0)
case True
hence bitor z' y' = 2 x bitor (z' div 2) (y' div 2)
using «z’ #£ O ' £ O
using bitor.simps|of ' y’]
by (simp add: split-def Let-def div-nat-def[THEN sym] mod-nat-def [ THEN
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sym)] split: if-split-asm)
hence nat2list (bitor ' y') = map (op + 1) (nat2list (bitor (z' div 2) (y’
div 2)))
by (simp add: nat2list-even)
moreover
have set (nat2list (bitor (z' div 2) (y’ div 2))) = set (natllist (x’ div 2))
U set (nat2list (y’ div 2))
using 1(2)[of Divides.divmod-nat x' 2 2" div 2 z’ mod 2
Divides.divmod-nat y' 2 y’ div 2 y’ mod 2]
using ' # ) «y' # 0 True
unfolding div-nat-def mod-nat-def
by (simp add: divmod-nat-div-mod)
moreover
from True
have z’ mod 2 = 0y’ mod 2 = 0
by auto
hence ¢/ = 2 % (z' div 2) y' = 2 * (y' div 2)
by auto
hence nat2list x' = map (op +1) (nat2list (z' div 2))
nat2list y' = map (op +1) (natllist (y' div 2))
using nat2list-even|of x’ div 2] nat2list-even[of y' div 2]
by auto
ultimately
show ?thesis
by auto
next
case Fulse
hence bitor z’ y' = 2 * bitor (z/ div 2) (y' div 2) + 1
using «z’ #£ O ' # O
using bitor.simps|of ' y’]
by (simp add: split-def Let-def div-nat-def[THEN sym] mod-nat-def [ THEN
sym)] split: if-split-asm)
hence nat2list (bitor 2’ y") = 0 # map (op + 1) (nat2list (bitor (¢’ div 2)
(4" div 2))
using nat2list-odd
by simp
moreover
have set (nat2list (bitor (z' div 2) (y’ div 2))) = set (natllist (x’ div 2))
U set (nat2list (y’ div 2))
using 1(1)[of Divides.divmod-nat x’ 2 2" div 2 ' mod 2
Divides.divmod-nat y' 2y’ div 2 y’ mod 2]
using &’ # 0) «y’ # 0 False
by simp (simp add: divmod-nat-div-mod)
moreover
from False
have *: ' mod 2 =0 ANy’ mod 2 =1V z'mod2=1ANy mod2=0V
' mod 2 =1 ANy mod2 =1
by auto
have set (nat2list ©") U set (nat2list y') = {0} U (op +1 ¢ (set (nat2list
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(z div 2)) U set (natllist (y' div 2))))
proof—
{
assume z’ mod 2 = 0 A y' mod 2 = 1
hence z' = 2 x (z' div 2) Ny’ = 2 * (y' div 2) + 1
using mod-mult-div-eq[of y' 2, THEN sym] mod-mult-div-eq[of z' 2,
THEN sym]
by simp
hence ?thesis
using nat2list-even|of x’ div 2] nat2list-odd|of y’ div 2]
by auto

}

moreover
{
assume z’ mod 2 =1 Ay’ mod 2 = 0
hence z' = 2 % (z' div 2) + 1 ANy’ ' = 2 x (y' div 2)
using mod-mult-div-eq[of y' 2, THEN sym] mod-mult-div-eq[of z' 2,
THEN sym]
by simp
hence ?thesis
using nat2list-even|of y’ div 2] natllist-odd[of z’ div 2]
by auto

}

moreover
{
assume z’ mod 2 =1 Ay’ mod 2 = 1
hence z' =2 (2 div2)+ 1 Ny’ ' =2 x (y' div 2) + 1
using mod-mult-div-eq[of y' 2, THEN sym] mod-mult-div-eq[of z' 2,
THEN sym]
by simp
hence ?thesis
using nat2list-odd[of x’ div 2] nat2list-odd[of y' div 2]
by auto
}
ultimately
show ?thesis
using *
by blast
qged
ultimately
show ?thesis
by simp
qed
qed
qged
qed

global-interpretation SetUnionImpl-nats: SetUnionImpl A n. True set o nat2list
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0 bitor pow-n
defines
close-n = SetUnionImpl-nats.close and
insert-set-n = SetUnionImpl-nats.insert-set and
insert-sets-n. = SetUnionImpl-nats.insert-sets and
insert-and-close-n = SetUnionImpl-nats.insert-and-close and
Union-n = SetUnionImpl-nats. Union and
close-and-insert-empty-n = SetUnionImpl-nats.close-and-insert-empty and
union-closed-n = SetUnionImpl-nats.union-closed and
union-closed-additional’-n = SetUnionImpl-nats.union-closed-additional’ and
union-closed-additional-n = SetUnionImpl-nats.union-closed-additional
proof (unfold-locales)
next
show (set o nat2list) 0 = {}
by (simp add: nat2list-def)
next
fix s1 s2
show (set o nat2list) (bitor s1 s2) = (set o nat2list) s1 U (set o natllist) s2
using bitor-set
by simp
next
fix s
show SetImpl.f-to-set (set o natllist) (pow-n s) = Pow ((set o natllist) s)
proof—
have (set o nat2list o list2nat) ¢ set (Pow-l (nat2list s)) = set © set (Pow-l
(nat2list s))
proof (rule image-cong, simp)
fix z
assume z € set (Pow-l (nat2list s))
thus (set o nat2list o list2nat) © = set x
using sorted-nat2list|of s| distinct-nat2list[of s]
using nat2list-list2nat|of ©] Pow-l-elems-sorted|of nat2list s x] Pow-I-elems-distinct|of
nat2list s x]
by simp
qed
thus ?Zthesis
unfolding f-to-set-n-def [symmetric]
unfolding SetImpl-nats.f-to-set-def
unfolding pow-n-def
using Pow-l-set[of nat2list s]
by simp
qed
next
fix s
show distinct (pow-n s)
unfolding pow-n-def
by (auto simp add: distinct-map distinct-nat2list Pow-l-distinct
inj-on-def inj-list2nat
Pow-l-elems-sorted|[of nat2list s| sorted-nat2list
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Pow-l-elems-distinct]of natllist s))
qed simp-all

end

7 Weights and shares

theory WeightsShares
imports Main Frankl
begin

7.1 Weight functions

A technique, introduced by Poonen, used for analyzing Frankl’s conjecture
is based on the concept of weights and shares.

definition weight-fun :: (‘a = 'b::{zero,ord}) = 'a set = bool where
weight-funw X =NV aeaeX. wa>0)AN 3B ac X. wa > 0)

definition set-weight :: ('a = 'b::{comm-monoid-add}) = 'a set = 'b (infix] >,
100) where
w>s S =0 zeS. wr)

definition family-weight :: (‘a = 'b:{comm-monoid-add}) ='a set set = b
(infix]l >; 100) where
w>p F =0 8eF. wp>,S)

lemma set-weight-cong:
assumesV v € S. wv =w'v
shows w >, S = w/ >y S

using assms

unfolding set-weight-def

by (subst sum.cong) auto

lemma family-weight-lemma:
assumes finite (|J F)
shows w >y F = (D aclUF. (w a) * count a F)
proof—
have w >y F = (3 S€F. Y a€S. wa)
by (simp add: family-weight-def set-weight-def)
also have ... = (3 aely F. (wa)x (O-€{S € F.a€ S}. 1))
proof—
let 2S5 =Xa. {S€F. ac S} x{a}
let 25'=Xz.{(S,a). S€E FANa€eS}
let 205 =25 ‘(U F)

have (> SeF. > a€S. wa) = (D (5, a)e(SIGMA S:F. S). w a)

using assms
by (simp add: sum.Sigma finite Un-iff')

65



also have ... = (32 (5, a) € 95" a. w a)
using Collect-case-prod-Sigmalof N z.x € F Az y. y € x, THEN sym|
by auto
also have ... = (> (5, a)elJ ?CS. w a)
by (rule sum.cong) auto
also have ... = (3. Ae?CS. (D> z€A. w(snd x)))
using assms
by (subst sum.Union-disjoint) (auto simp add: split-def finite Un-iff )
also have ... = (3 acly F. (3 z€?S a. w (snd z)))
proof (subst sum.reinder)
show sum (sum (Az. w (snd z)) o 25) (UF) = O_acl F. sum (A z. w
(snd z)) (%S a))
proof (rule sum.cong)
fix a
assume ¢ € |J F
have sum (A z. w (snd z)) (95 a) = sum (A z. (w a)) (25 a)
by (rule sum.cong) auto
thus (sum (Az. w (snd z)) o 25) a = (D ze{S € F.a € S} x {a}. w (snd
%)
using assms a € |J F)
by auto
qed simp
next
show inj-on 25 (|J F)
unfolding inj-on-def
by auto
qed
also have ... = > acUF. wax O ze{S € F.a € S}. 1))
proof (rule sum.cong)
fix a
assume ¢ € |J F
have sum (A z. w (snd z)) (95 a) = sum (A z. (w a)) (25 a)
by (rule sum.cong) auto
thus (Y.ze{S e F.ae€ S} x {a}. w (sndz)) =wax > ze{S € F.ac
S} 1)
unfolding count-def
using assms <@ € |J P
by (auto simp add: finite Un-iff)
qed simp
finally show ?thesis

qed

also have ... = (> ael F. (w a)x (count a F))
unfolding count-def
by simp

finally

show “thesis

qed
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lemma sum-card-reorder:

assumes finite (|J F)

shows (3" A€F. card A) = (3, aeJF. count a F)
using assms family-weight-lemmalof F X -. 1]
by (simp add: family-weight-def set-weight-def)

7.2 Shares

definition set-share :: 'a set = (‘a = nat) = 'a set = int where
set-share S w X = 2 * int (w >s S) — int (w >s X)
syntax
-set-share :: 'a set = ('a = nat) = 'a set = int (-5 - -)
translations
w g S X == CONST set-share S w X

definition family-share :: 'a set set = (‘a = nat) = 'a set = int where
family-share Fw X = (3.8 € F. (w5 S X))
syntax
-family-share :: 'a set = (‘a = nat) = 'a set = int (- >y - -)
translations
w iy F' X == CONST family-share F w X

lemma family-share-cong:
assumesV v e X. wv=w'v|J FCX
shows (w iy F X) = (w'p>p F X)
proof—
have w >, X = w' >, X
using set-weight-conglof X w w’]
using assms
by auto
moreover
{
fix S
assume S € F
hence w >, S = w/ >, S
using set-weight-conglof S w w’]
using assms
by auto
}
ultimately
show ?thesis
unfolding family-share-def set-share-def
by simp
qged

lemma family-share-Pow:

assumes finite (|J F)
shows (w >y (Pow (J F)) (U F)) =0
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proof—
let X = F
let P = Pow ?X
haveV S € ?P. (wx, S 7X) + (wi<g (2X — S) 2X) =0
proof
fix S
assume S € ?P
hence finite S finite (?X — S) SUl F=U F
using assms
by (auto simp add: finite-subset)
thus (w < S 2X) + (wix (2X — 5) 2X) =0
unfolding set-share-def set-weight-def
using sum.union-disjoint[of S ?X — S w]
by (auto simp add: field-simps)
qed
moreover
have (> S5€?P. (wixs S 2X)) + (D S€?P. (w i (?X — 85) 2X)) =
0o 85e?P. (wras S 2X) + (w =, (27X — 9) 2X))
using «finite (J F)
by (auto simp add: sum.distrib)
ultimately
have (> 5€?P. (wixs S ?X)) + (O_Se?P. (wixs (X —8) X)) =0
by auto
moreover
have (}°Se€?P. (w <, (?X — 85) 2X)) = (O S€Pow ?X. (w x5 S 2X))
proof—
have inj-on (op — (JF)) ?P
unfolding inj-on-def
by auto
moreover
have op — (UF) ‘7P = 2P
by auto
ultimately
show ?thesis
using sum.reindez[of X S. X — S Pow ?X X S. (w < S ?X), THEN sym]
by auto
qed
hence (> S€?P. (w <, S ?2X)) + (3. S€?P. (wixs (UF — 8) 7X)) = 2 «
(52 Se?P. (wg S 2X))
by auto
ultimately
show ?thesis
unfolding family-share-def
by simp
qed

lemma family-share-lemma:

shows (w i<y FX) =int (2% wbd>y F)—int (w>s X * (card F))
unfolding family-share-def set-share-def family-weight-def
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unfolding diff-conv-add-uminus
by (subst sum.distrib, subst sum-distrib-left[ THEN sym]) (auto simp add: int-sum)

7.3 Hypercube construction

definition hypercube :: ‘a set = 'a set = 'a set set where
hypercube K S = {L. (K C L) AN LC (K US)}
syntax
-hypercube :: 'a set = 'a set = 'a set set  ({-, -))
translations
(K, Sy == CONST hypercube K S

lemma hypercube-Pow: (K, S) = (op U K) ‘ Pow S (is ?H = ?KP)
proof
show ?H C ?KP
proof
fix M
assume M € (K, S)
then obtain L where L C S M = K U L
unfolding hypercube-def
by auto
thus M € ?KP
by auto
qged
show ?KP C ?H
unfolding hypercube-def
by auto
qed

lemma hypercube-inter:
assumes K1 # K2 and KI NS ={}and K2N S = {}
shows (K1, S) N (K2, S) = {}

using assms

unfolding hypercube-def

by auto

lemma hypercube- UN-Pow:
shows |J ((A K. (K, S)) ¢ (Pow K)) = Pow (K U S) (is ?lhs = ?rhs)
proof
show ?lhs C ?2rhs
unfolding hypercube-def
by auto
next
show ?rhs C 2lhs
proof
fix X
assume X € ?rhs
show X € ?lhs
proof—
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let Ko = X N K

let ?Cz = (?Kz, S)

have ?Kz € Pow K
by auto

moreover

have X € ?2Cx
using (X € ?rhs)
unfolding hypercube-def
by auto

ultimately

show ?thesis
by blast

qed
qed
qed

definition hyper-share where
hyper-share K S Fw X = (DL€ (K, S)NF. (w iy L X))
syntax
-hyper-share :: (‘a = nat) = 'a set = 'a set = 'a set set = 'a set = int (-
OfF ----)
translations
w©p KSFX == CONST hyper-share K S FF w X

lemma family-share-hyper-share:

assumes finite (|J F)

assumes K'U S =(J F)and K'Nn S = {}

shows (wiay F (| F)) = K € PowK' (w oy KSF (U F)))
proof—

let 2w =XS. (wxs S (J F))

let H = \K. (K, S) N F

let ?K = Pow K'

let C = ?H ‘ ?K

have |J ?C = F
using hypercube-UN-Pow[of S K| assms
by auto
moreover
have () K € 7K. (w oy KSF (J F))=O_Lel ?C. 2w L)
proof—
have (Y.L e | ?C. ?w L) = sum (sum ?w) ?C
proof (subst sum.Union-disjoint)
show V L € ?C. finite L
using (finite (|J F)
by (simp add: finiteUn-iff)
next
show VY A€?C.¥VBe?C. A4 B — AN B = {}
proof
fix A assume A € ?C
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then obtain Ka where *: Ka € ?K ?H Ka = A
by auto

show VBe?C. A# B — AN B={}
proof
fix B assume B € ?C
then obtain Kb where xx: Kb € ?K ?H Kb = B
by auto
show A #B — AN B={}
proof
assume A # B
hence Ka # Kb
using * sxx
by auto
moreover
have Ka N S ={} KbnNn S = {}
using (Ka € ?K) (Kb € ?K)
using assms
by auto
ultimately
have (Ka, S) N (Kb, Sy = {}
using hypercube-inter|[of Ka Kb S]
by simp
thus AN B = {}
using * xx
by auto
qed
qged
qed
qed simp
also have ... = (). Ke€?K. sum ?w (?H K))
proof (subst sum.reindex-nontrivial)
show finite 7K
using assms
using finite-subset[of K'|J F]
by auto
next
fix Kz Ky
assume Kz € ?K Ky € YK Kz # Ky ?H Kx = ?H Ky
hence (Kz, S) N (Ky, S) = {}
using hypercube-inter|of Kz Ky S] assms
by force
with ?H Kz = ?H Ky
have ?H Kz = {}
by auto
thus sum ?w (?H Kz) = 0
by auto
qed simp
finally show ?thesis
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unfolding hyper-share-def
by simp
qed
ultimately
show ?thesis
unfolding family-share-def hyper-share-def
by simp
qed

end

7.4 Frankl’s families characterization using weights

theory WeightsShares-Frankl
imports Main WeightsShares

More.MoreBigOperators
begin

lemma frankl-weight .
fixes w :: 'a = nat
assumes F' # {} and finite (| F) and weight-fun w (|J F) and
2% (wpy F) > (wps (U F)) * card F
shows 3 z. frankl-element © FF N wx # 0
proof (rule ccontr)
assume — ?thesis
hence x: Vz.z e |J FAwz #0 — 2 % count x F < card F
by force
obtain a0 where a0 € |J Fwal > 0VaeJF. 0 <wa
using «weight-fun w (U F)
unfolding weight-fun-def
by auto

have 2 x (w >y F) = 2 % (3 aclJ F. (w a)* (count a F))
using assms family-weight-lemma
by simp

have (> a€lJ F. 2 x (w a)* (count a F)) < (- acl F. (w a) x card F)
proof (rule sum-mono-single-lt-nat)
show finite (|J F) using assms by simp
next
fix a
assume a € J F
thus 2 x w a % (count a F) < w a x (card F)
using x
by auto
next
show a0 € |JF using w0 € JF»
next
show 2 x w a0 * (count a0 F') < w a0 * (card F')
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using * w0 € JF) «w a0 > O
by auto
qed
also have ... = (w >, (U F)) * card F
unfolding set-weight-def
by (auto simp add: sum-distrib-right)
finally have 2 * (> acelJ F. (w a)* (count a F)) < (w >s (UF)) * (card F)
by (auto simp add: sum-distrib-left mult.assoc)

show Fulse
using 2 x (> a€lJ F. (w a)* (count a F)) < (w >s (UF)) * (card F)
using 2 x w >y F = 2% (> acl F. (w a)* (count a F))
using 2 x w >y F > (wps (U F)) * (card F)
by simp
qed

lemma frankl-weight'":
assumes frankl F and F # {} and finite (J F)
shows 3 w::('a = nat). weight-fun w (U F) A
2% (w>y F)> (w>s (J F)) * card F
proof—
from «frankl F) obtain ¢ where a € |J F
2 % count a F' > card F
unfolding frankl-def
by auto

let 2w = X z. if x = a then (1::nat) else 0
have card (JF N {a}) = 1
using <a € J
by auto
hence %w >, (| F) = 1
using <a € | F (finite (J F)
unfolding set-weight-def
by (auto simp add: sum.If-cases)

haveV S € F. 2w >, S = (if a € S then 1 else 0)
using (finite (J F)
unfolding set-weight-def
by (auto simp add: sum.If-cases finite Un-iff)
hence ?w >; F = count a F
unfolding count-def family-weight-def
using (finite (J F)
by (auto simp add: sum.If-cases Collect-conj-eq finiteUn-iff)
hence 2 * (%w >y F) > card(F)
using (2 x count a F > card F»
by auto
hence 2 * (%w >y F) > (Pw >, (U F)) * card F
by (subst (w >5 (U F) = ) simp
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moreover
have weight-fun ?w (J F)
using @ € J P
unfolding weight-fun-def
by auto
ultimately
show ?thesis
by auto
qed

theorem frankl-weight:
assumes F' # {} and finite (J F)
shows frankl F +—
(3 w::'a = nat. weight-fun w (IJ F) A
2x (wry F)> (ws (U F)) * card F) (is ?lhs <— ?rhs)
proof
assume ?lhs
thus ?rhs
using assms frankl-weight'[of F]
by auto
next
assume ?rhs
then obtain w where weight-fun w (J F) w>s (UF) * card FF < 2 % w D>y
F
by auto
thus ?lhs
using assms frankl-weight[of F w]
unfolding frankl-def
by auto
qed

7.5 Frankl’s families characterization using shares

lemma frankl-share’:
assumes F # {} and finite ({J F) weight-fun w (J F) A (wp F (U F)) >
0
shows 3 a. frankl-element a F N w a # (0::nat)
using assms
apply (subst frankl-weight’, simp-all)
using family-share-lemmalof F w |J F)|
by linarith

lemma frankl-share’”:
assumes F # {} and finite ((J F) and frankl F
shows 3 w. weight-fun w (J F) A (w>p F (U F)) > 0
using assms
using frankl-weight'[of F)|
using family-share-lemmalof F - | F
by (smt of-nat-le-iff)
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Sufficient condition for Frankl using hypershares.

theorem frankl-share:
assumes F # {} and finite (J F)
shows frankl F «— (3 w. weight-fun w (J F) A (wy F (U F)) > 0)
using assms frankl-share'[of F| frankl-share'[of F)
unfolding frankl-def
by force

theorem frankl-hyper-share:
assumes F # {} and finite (|J F)
assumes weight-fun w (|J F)
assumes K'U S =) Fand K'Nn S = {}
assumes V K € Pow K'. (w ©f KSF (U F)) >0
shows 3 a. frankl-element a FF N w a # 0
using assms
apply (subst frankl-share’, simp-all)
using family-share-hyper-share[of F K’ S| sum-nonneg
by fastforce

end

8 FC families characterization using shares (Poo-
nen’s theorem)

theory WeightsShares-FCFamily
imports WeightsShares-Frankl
begin

8.1 HyperCube projection

abbreviation hypercube-prj where
hypercube-prj K S F = (AS. S — K) ‘ (FNopUK ‘Powb)

syntax

-hypercube-prj :: 'a set = 'a set = 'a set set = 'a set set  ({-, -, -))
translations

(K, S, F) == CONST hypercube-prj K S F

lemma hypercube-prj-union-closed:
assumes union-closed F
shows union-closed (K, S, F)

unfolding union-closed-def

proof ((rule alll)+, rule impl, erule conjE)
fix A B
let ?F' = hypercube-prj K S F
let YHC = op U K ‘ Pow S
assume A € ?I'B € ?F
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then obtain a b where

x:0 € Fa€e PHCA=a—- KA € PowS
be Fbe PHCB=b— KB € Pow S

by auto

show A U B € ?F
proof (rule rev-image-eqlI[of a U b])
show aUDb€ FnN ?HC
proof
show a U b € F
using (a € F) b € F) (union-closed F)
unfolding union-closed-def
by auto
next
show a« U b € ?HC
apply (rule rev-image-eqI[of A U B])
using *
by auto
qed
next
show AUB=aUb—- K
using x
by auto
qed
qed

lemma hypercube-prj-union-closed-additional:
assumes union-closed F and Fc C Fand S =) Fcand K N S = {}
shows union-closed-additional (K, S, F') Fc
unfolding union-closed-additional-def
proof (rule congl)
let ?F = (K, S, F)
show union-closed ?F
using assms by (simp add: hypercube-prj-union-closed)

show V A’ € ?F. (op U A') * Fc C ?F
proof (rule balll, rule subsetl)
fix A’z
assume A' € ?Fx copU A ‘Fc
then obtain y where z = y U A’ y € Fc
by auto
hence z C S
using (S = |J Fo (A" € 7F)
by auto
show z € ?F
proof (rule rev-image-eql [of K U z])
show z = K Uz — K
using (KNS ={h@CTH
by auto
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next
show K Uz € FnopUK ‘“PowS
proof
show K Uz € op UK ‘ Pow S
using (x C S)
by auto
next
have y € F
using (y € Fey (Fe C )
by auto
moreover
have K U A’ € F
using (A’ € ?F)
by auto
ultimately
have K U A’Uy e F
using assms
unfolding union-closed-def
by auto
thus K Uz € F
by (subst «x = y U A") (subst Un-commute[of y A'], subst Un-assoc| THEN
sym])
qed
qed
qed
qed

lemma set-weight-w0:
assumes finite K and finite S
assumes KNS ={}andV z€ K. wz=0and S'C S
shows w > (K U S) =w>g S’
unfolding set-weight-def
using assms
using sum.union-disjoint[of K S’ w]
by (auto simp add: finite-subset)

lemma hypercube-prj-hyper-share-w0:

assumes finite S and finite K andV z € K. wx = 0

shows (w ©f K S F X) = (wry (K, S, F) X)
unfolding hyper-share-def family-share-def
proof (subst sum.reindex)

let HCF = (K, S) N F

let 2HCF' = F N op U K ¢ Pow S

let /mK =X 5.5 — K

let %s = AS. (w3 S X)

show inj-on ?mK ?HCF’

by (auto simp add: inj-on-def)

show (Y LE?HCF. ?s L) = (Y. LE?HCF'. (%s o ?mK) L)
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proof (rule sum.cong)
show ?HCF = ?HCF'
by (auto simp add: hypercube-Pow)
next
fix L
assume L € ?HCF’
thus s L = (s o ?mK) L
proof (auto simp add: set-share-def)
fix z
assume z C S
hence finite x
using (finite S
by (auto simp add: finite-subset)
thus w >, (KU2z)=wbs (KUz— K)
using set-weight-wl[of K K Uz — Kw K Uz — K|
using (finite K\ YV z € K. wz = O
by simp
qed
qed
qed

8.2 All shares non-negative

abbreviation uce-shares-nonneg where
uce-shares-nonneg Fc w =V F’ € {Fc}. (w iy F' (|J Fe)) > 0

theorem frankl-uce-shares-nonneg:
assumes F # {} and finite-union-closed F and weight-fun w (|J F)
assumes FcC FandV ze (J F) — (U Fe). wz =10
assumes uce-shares-nonneg Fc w
shows 3 a € |J Fec. frankl-element a F
proof—
have 3 a. frankl-element a FF N w a # 0
proof (rule frankl-hyper-share)
show V KePow (J F —J Fe). (woy K (U Fe) F (U F)) >0
proof
fix K
assume K € Pow (JF — |JFc)
show 0 < (w ©f K (J Fe) F (U F))
proof (subst hypercube-prj-hyper-share-w0)
show finite (| Fc)
using (finite-union-closed F» (Fc C F)
using finite-subset[of |J Fc |J F)
by auto
show finite K
using (K € Pow (JF — U Fc) (finite ({J Fc) (finite-union-closed F)
by (auto simp add: finite-subset)
showV z € K. wz =0
using (K € Pow ((JF — U Fc)
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using VazeUF — JFc. wz = O
by blast
show 0 < (w >y (K, JFc, F) (UF))
proof—
let 7P = (K, | Fe, F)
have 0 < (w >y 2P (|J Fc))
proof (subst v F' e {Fc}. (wwy F' (J Fc)) > O)
show ?P € {Fc|
proof—
have ?P C Pow (|J Fc)
by auto
moreover
have K N |J Fec = {}
using (K € Pow (JF — |JFe)
by auto
hence union-closed-additional ?P Fc
using hypercube-prj-union-closed-additional[of F Fc |J Fec K|
using (Fe C Fy» (K € Pow (UF — | Fc) (finite-union-closed F»
by simp
ultimately
show ?thesis
by simp
qed
qed simp

moreover
have w >, (J Fe) =w >y (U F)
proof—
have | J F - FceUl Fe=U F
using (Fc C F)
by auto
thus ?thesis
using set-weight-wO[of |J F —J FelJ Fecw |J Fc]
using v z € (J F) — (U Fe). wz = O (finite-union-closed F) «finite

U Fe)
by force
qged
ultimately
show ?thesis
unfolding family-share-def set-share-def
by simp
qed
qed
qed
next
show JF —JFcUUFc=UF
using (Fe C F)
by auto
qed (auto simp add: assms)
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then obtain ¢ where a €| Feard F < 2 % count a Fwa # 0
by auto
moreover
have a € |J Fc
proof—
havea e |J FevVae (J F — U Fe)
using «@ € J F» (Fe C F)
by auto
moreover
have a ¢ |J F — | Fc
apply (rule ccontr)
using Vac |y F - Fec.wa=0 wa#0
by auto
ultimately
show ?thesis
by auto
qed
ultimately
show ?thesis
by auto
qed

theorem FC-family-uce-shares-nonneg:
assumes weight-fun w (|J Fc) and uce-shares-nonneg Fc w
shows FC-family Fc
using assms
unfolding FC-family-def
proof (safe)
fix F
assume uce-shares-nonneg Fc w Fc C F union-closed F finite (J F)
let 2w’ =X a.ifa €] Fcthen wa else 0
have 3 a€l] Fe. frankl-element a F
proof (rule frankl-uce-shares-nonneg)
have |J Fe C | F
using (Fc C F)
by auto
show weight-fun ?w’ (| F)
using «weight-fun w (|J Fc)) (Fe C F)
unfolding weight-fun-def
by auto
next
show VzeJF — |JFe. fw'z =10
by auto
next
show wuce-shares-nonneg Fc ?w’
proof
fix F’
assume F' € {Fc|
hence |J F' C | Fec
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by auto
hence (?w’ >y F' (JFc)) = (w >y F' (JFc))
using family-share-cong[of |J Fc w 2w’ F]
by auto
thus 0 < (2w’ vy F' (| Fc))
using (uce-shares-nonneg Fc wy (F' € {Fc[p
by simp
qed
next
show Fc C F
by fact
next
have Fc¢ # {}
using (weight-fun w (|J Fc)
unfolding weight-fun-def
by auto
thus F # {}
using (Fc C F)
by auto
next
show finite-union-closed F
using (union-closed F> (finite (|J F)
by simp
qed
thus 3 a € |J Fe. 2 % count a F > card F
by auto
qed

end

9 nonFC families characterization using shares (Poo-
nen’s theorem)

theory WeightsShares-NotFCFamily
imports Main WeightsShares-FCFamily
begin

lemma frankl-fun-hypercube:
assumes S =) Fand KNS ={}and a ¢ K
shows frankl-fun a (op U K ¢ F) = frankl-fun a F
proof—
have inj: inj-on (op U K) F
using assms
by (auto simp add: inj-on-def)
have count a (op U K ‘' F) = count a F
proof—
have x: {A € op UK ‘F.a€c A} =opUK ‘{Ae€F.ac A}
using <@ ¢ K
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by auto
show ?thesis
unfolding count-def
using S = F» KNS ={}pin
by (subst *) (rule card-image, simp add: inj inj-on-def)
qed
moreover
have card (op U K ‘ F) = card F
by (rule card-image) (simp add: inj)
ultimately
show frankl-fun a (op U K ¢ F)= frankl-fun a F
by simp
qed

lemma sum-over-spread:
fixes d ¢ :: nat and f
assumes d # 0
shows (Y s« [0..<d x c|]. f (sdivd)) = int d x (D> s<[0..<c]. fs)
proof (induct c)
case 0
thus “case
by simp
next
case (Suc ¢)
show Zcase
proof—
have [0..<d * Suc c] = [0..<d * ¢] @ [d * c..<d * Suc c]
using upt-add-eq-append[of 0 d x ¢ d * (Suc ¢) — d * ]
by (auto simp add: add.commute)
hence (> s+ [0..<d * Suc ¢|. f (s div d)) =
(Do s[0..<d x ¢c]. f (s divd)) + (3 s«[d* c..<d * Suc c]. f (s div

by auto
moreover
have (> s« [d * c..<d % Suc c]. f (s divd)) =int d * fc
proof—
have V s € set [d * c..<d * Suc c]. sdivd = ¢
proof
fix s
assume s € set [d * c..<d * Suc c]
hence s > dxc s < dxSuc ¢
by auto
thus s divd = ¢
using split-div-lemmalof d ¢ s] «d # O»
by simp
qed
hence (> s+[d % c..<d * Suc c]. f (s div d)) = (O_ s+[d * c..<d x Suc c].
fe)

by (subst interv-sum-list-conv-sum-set-nat)+ auto
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thus ?thesis
using sum-list-triv|of f ¢ [d * c..<d x Suc ]
by auto
qed
ultimately
show ?case
using Suc
by (auto simp add: int-distrib(2))
qed
qed

lemma archimedean-negative:
fixes x y :: int
assumes y < 0
shows 3 d. z + intd xy < 0
proof (cases z < 0)
case True
thus ?thesis
using (y<O
by (rule-tac =1 in exl) auto
next
case Fulse
obtain k where k = —y k > 0
using <y < 0)» by auto
have 2z x k > z
using False (k > O)

by auto
hence (z + 1) x k > z
using & > O»

by (auto simp add: int-distrib(1))
thus ?thesis
using (k = —1p
by (rule-tac z=nat (x + 1) in exl) auto
qed

lemma nonFC:
fixes Fc :: nat set set
assumes length ¢ = length Fs
assumes 3 ¢j € set c. ¢j > 0
assumes finite (|J Fc)
assumes union-closed Fc
assumes V F € set Fs. F' € {Fc}
assumes let Fs' = Fs

in (V a €U Fe. sum-list (map (A (z, y).

(frankl-fun a) Fs’))) < 0)
shows = FC-family Fc
proof—
let X =J Fc
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haveV F € set Fs. |J F C ?X
using VF € set Fs. F' € {Fc]p
by auto (metis Pow-iff UnionE set-mp)

have V F € set Fs. finite F'
proof
fix F
assume F' € set Fs
hence finite (J F)
using vV F € set Fs. |J F C ?2X) (finite X0
by (auto simp add: finite-subset)
thus finite F
by (auto simp add: finiteUn-iff )
qed
hence finite (|J (set Fs))
by (auto simp add: finiteUn-iff)

have finite Fc
using (finite (|J Fc)
by (auto simp add: finite Un-iff )

let 2sum-c = sum-list ¢

have ?sum-c > 0
proof—
obtain wj where wj € set c wj > 0
using (3 wj € set c. wj > O
by auto
then obtain n where n < length c ¢! n = wj
by (auto simp add: in-set-conv-nth)
thus ?thesis
using sum-mono-single-lt-nat[of {0..<length ¢} X -. 0 op ! ¢ n] wj > O
by (subst sum-list-sum-nth) auto
qed

have div:V ds. d # 0 N s < d * Zsum-c — s div d < Zsum-c
proof (safe)
fix d s
assume d > 0 s < d * Zsum-c
have s div d < ?sum-c
using «s < d * Zsum-o «d > 0 div-le-monoof s d*Zsum-c d |
by auto
thus s div d < Zsum-c
using (s < d * Zsum-c¢) (Zsum-c > O
by (metis Divides.div-mult2-eq div-eq-0-iff neq0-conv)
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qed

let ?Gs = spread ¢ F's

have length ?Gs = Zsum-c
using (ength ¢ = length Fs)
by (rule length-spread)

have V i. i < %sum-c — ?Gs ! i € set Fs
proof (safe)
fix ¢
assume i < Zsum-c
hence ?Gs ! i € set ?Gs
using dength ?Gs = ?sum-¢ div
by auto
thus ?Gs ! i € set Fs
using set-spread|of ¢ Fs]
by auto
qed
henceV ds. d # 0 AN s < dx ?sum-c — ?Gs ! (s div d) € set Fs
using div
by auto

haveV i A B. i < %sum-c NA€ FcANB € ?Gs!i— AUBe€ ?Gs!i
proof (safe)
fix A Bi
assume A € Fci < 2sum-c B € ?Gs ! i
then obtain j where j < length Fs ¢Gs | i = Fs | j
by (metis ~Vi<sum-list c. spread ¢ F's | i € set Fs) in-set-conv-nth)
hence ?Gs ! i € {Fc}
using V Feset Fs. F € {Fc|
by auto
thus AU B € ?Gs | i
using (A € Fo) (B € ?Gs ! »
unfolding union-closed-extensions-def
by force
qed
henceV dsAB. d#0ANs<dx %umcANAecFcANABEe ?Gs! (sdivd)
— AU B € ?Gs ! (s div d)
using div
by auto

have 3 Bd. V d. finite (Bd d) A card (Bd d) = d+%sum-c + 1 A (Bd d) N ?X
={}

proof—
let ?Bd = X d. (SOME B. (finite B A card B = dx?%sum-c + 1 A BN ?X =
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)

show ?thesis
proof (rule-tac x=%?Bd in ezl rule alll, rule somel-ex)
fix d
show 3 B. finite B A card B = dx%sum-c + 1 A BN ?X = {}
using finite-disjoint-set[of ?X dx?sum-c + 1] (finite 2X)
by auto
qed
qed
then obtain Bd where Bd: V d. finite (Bd d) A card (Bd d) = d*?sum-c + 1
A (Bdd)n ?X ={}
by auto

let ?Bds = X\ d s. set-drop-nth s (Bd d)

haveV ds. d > 0 A s < dx%sum-c — ?Bds d s # {}
proof ((rule alll)+, rule impl, erule conjE)
fix d s
assume d > 0 s < dx?sum-c
hence 0 < card (set-drop-nth s (Bd d))
using Bd (?sum-c > )
by (subst card-set-drop-nth) simp-all
thus ?Bds d s # {}
by auto
qged

let ?Hds = X d s. (op U (?Bds d s)) ¢ (?Gs ! (s div d))
let ?Hdl = X d. (map (?Hds d) [0..<dx ?sum-c])

let ?Hd = X\ d. (op U (Bd d)) ‘ Pow ?X

let 2Fd = \ d. Fe U |J set (?Hdl d) U (?Hd d)

have V s d. s < d«?sum-c — (?Hdl d) ! s = ?Hds d s
by simp
haveV dsa.d# 0 Na€ ?X Ns < d«x?sum-c —
frankl-fun a (?Hds d s) = frankl-fun a (?Gs ! (s div d))
proof (rule+, (erule conjE)+, rule frankl-fun-hypercube)
fix asd
assume a € ?X
thus a ¢ set-drop-nth s (Bd d)
using set-drop-nth-subset[of Bd d s] Bd
by auto
next
fix dsa
assume ¢ € ?X s < d x ?sum-c d # 0
hence ?Gs ! (s div d) € set Fs
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using vV ds. d # 0 AN s <dx %sum-c — ?Gs ! (s divd) € set Fs
by auto
thus (?Bds d s) N (J (?Gs ! (s div d))) = {}
using vV F € set Fs. |J F C 2X»
using set-drop-nth-subset[of Bd d s] Bd
by blast
qed simp

haveV d. d > 0 — Fen U set (?Hdl d) = {}
proof (rule, rule, rule ccontr)
fix d
assume d > 0 -~ Fe N set (?Hdl d) = {}
then obtain S S’ where S € Fc S’ € set (?Hdl d) S € S’
by auto
then obtain s A where s < d«%sum-c A € ?Gs ! (s divd) S = AU (?Bds d
5)
by force
obtain z where z € (?Bds d s)
using (s < dx?sum-¢» ¥ ds. d > 0 A s < dx%sum-c — ?Bds d s # {} «d
> 0
by auto
hence z € |J Fc
using S = A U (?Bds d s)) (S € Fo
by blast
thus False
using z € (¢?Bds d s)) set-drop-nth-subset|of Bd d s] Bd
by auto
qed

haveV d. d > 0 — Fc N (?Hd d) = {}
proof (rule, rule, rule ccontr)
fix d
assume d > 0 -~ Fe N (?Hd d) = {}
then obtain S where S € Fc S € op U (Bd d) ¢ Pow (| Fc)
by auto
then obtain 4 where A C |J Fc AU (Bdd) =S
by auto
obtain z where z € (Bd d)
using Bd card-gt-0-iff [of Bd d]
by auto
hence z € |J Fc
using (AU (Bd d) =5 (S € Fo
by blast
thus Fulse
using (¢ € Bd d) Bd
by auto
qed
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haveV d. d > 0 — | set (?Hdl d) N (?Hd d) = {}
proof (rule, rule, rule ccontr)
fix d
assume d > 0 - | set (?Hdl d) N (?Hd d) = {}
then obtain S S’ where S € (?Hd d) S’ € set (YHdl d) S € S’
by auto

obtain A where A C|J Fc AU (Bdd) =S
using (S € (7Hd d)
by auto

obtain s B where s < dx%sum-c B € ?Gs | (sdivd) S = B U (?Bds d s)
using S’ € set (?Hdl d)) «S € S
by force

obtain o where a € Bd d a ¢ (?Bds d s)
using (s < dx?sum-c> set-drop-nth-drops[of s Bd d] Bd
by auto
moreover
have B € |J (set Fs)
using (B € ?Gs ! (s divd) &~ ds.d# 0 Ns < d=x* Zsum-c— ?Gs! (s
div d) € set Fs) «d > 0) s < dx?sum-o
by auto
hence o« ¢ B
using vV F € set Fs. |J F C ?X) <a € Bd d» Bd
by blast
ultimately
have « € AU (Bd d) a ¢ B U (?Bds d s)
by auto
thus Fulse
using (A U (Bd d) = S «S = B U (¢Bds d s))
by auto
qed

have V d. d > 0 — finite (U set (?Hdl d))
using &V ds. d # 0 N s < d* ?sum-c — ?Gs! (s div d) € set Fs
~ F € set Fs. finite )
by auto

have V d. d > 0 — finite (?Hd d)
using (finite 2X)
by auto

let 257 = X a. sum-list (map (X s. frankl-fun a (?Gs ! s)) [0..<Zsum-c])
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haveV da. d > 0 A a € X — frankl-fun o (?Fd d) = frankl-fun a Fc + int
dx ?5ia
proof—

haveV da. d > 0 —
frankl-fun a (?Fd d) =
frankl-fun a Fc + frankl-fun o (U set (?Hdl d)) + frankl-fun a (?Hd d)
proof ((rule alll)+, rule impl)
fix di
assume d > (0:nat)
show frankl-fun i (?Fd d) =
frankl-fun i Fc + frankl-fun i (J set (?Hdl d)) + frankl-fun i (?Hd d)
proof (rule frankl-fun-Un-disjoint-3)
show finite Fc by fact
next
show finite (| set (?Hdl d))
using «d > OO ¥ d. d > 0 — finite ({J set (?Hdl d))
by simp
next
show finite (?Hd d)
using «d > ) V d. d > 0 — finite (?Hd d)
by simp
next
show Fc N (Y set (?HdL d)) = {}
using «d > 0) ¥ d. d > 0 — Fen | set (?Hdl d) = {}
by simp
next
show Fc¢ N (?Hd d) = {}
using «d > 0> vV d. d > 0 — Fen (?Hd d) = {}p
by simp
next
show (| set (?Hdl d)) N (?Hd d) = {}
using «d > 0 ¥ d. d > 0 — (U set (?Hdl d)) N (?Hd d) = {}p
by simp
qed
qed
moreover

have V d.V a € ?X. frankl-fun o (?Hd d) = frankl-fun a (Pow ?X)
apply (rule+, rule frankl-fun-hypercube)

using Bd

by auto
henceV d.V a € ?X. frankl-fun o (?Hd d) = 0

using frankl-fun-Pow[of ?X] «finite (IJ Fc)

by simp

moreover
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have ¥V d a. d > 0 — frankl-fun o (|J set (?Hdl d)) = sum-list (map
(frankl-fun o) (?Hdl d))
proof (rule+, rule frankl-fun-UN-disjoint)
fix d a
assume d > (0::nat)
thus finite (| set (?HdI d))
proof (auto intro!: finite-imagel)
fix s
assume s < d * Zsum-c
hence ?Gs ! (s div d) € set Fs
using vV ds. d # 0N s < d* %sum-c — ?Gs ! (s div d) € set Fs) «d

> 0
by auto
hence | (?Gs ! (s div d)) C ?X
using vV F € set Fs. |J F C ?X»
by auto
hence finite (|J (?Gs ! (s div d)))
using (finite ?X)
by (auto simp add: finite-subset)
thus finite (?Gs ! (s div d))
by (auto simp add: finite Un-iff)
qed
next
fix da

assume d > (0::nat)
thus V ij. i < length (?Hdl d) N j < length (?Hdl d) N i #j —>
HAld!in ?Hdld!j={}
proof auto
fixijab
assume i < d *x Zsum-c j < d x Zsum-c i # j
a € ?Gs! (idivd) be ?Gs! (jdivd)
Bds diUa= ?BdsdjUb
have Bd d N ?X = {} finite (Bd d) card (Bd d) = d * ?sum-c + 1
using Bd «d > )
by auto
moreover
have a € |J set Fs b € |J set Fs
using (a € ?Gs ! (i div d)) b € ?Gs ! (j div d)
using i < d *x Zsum-¢ ¢ < d * Zsum-c) «d > O)
& ds.d#0Ns<dx %sum-c— ?Gs! (s divd) € set Fs
by auto
hence a C ?X b C ?X
using vV F € set Fs. |J F C ?X»
by auto
ultimately
have a N ?Bdsdi={} a N ?Bds dj = {}
bN ?Bdsdi={}bN ?Bdsdj = {}
using set-drop-nth-subset| OF «finite (Bd d)))
by blast+
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hence ?Bds d i = ?Bds d j
using <?Bds d i U a = ?Bds dj U b
using Un-iff <Bdd N |JFe={}p & C|JFo finite (Bd d)
using inf-sup-absorb set-drop-nth-subset
by fastforce
thus False
using « # j) set-drop-nth-inj|OF (finite (Bd d)]
using (card (Bd d) = d % %sum-c + 1) ¢ < d * Zsum-c) (§ < d * Zsum-o
by auto
qed
qed
moreover
haveV da. d # 0 Na € X —
sum-list (map (frankl-fun a) (?Hdl d)) =
sum-list (map (X s. frankl-fun a (?Gs ! (s div d))) [0..<d*?sum-c])
using vV dsa. d# 0 ANa€ ?X ANs < dx?sum-c —
frankl-fun a (?Hds d s) = frankl-fun a (?Gs ! (s div d))»
by (auto simp add: comp-def) (tactic { cong-tac Q{context} 1)), simp, force)
moreover
have V d a. d # 0 — sum-list (map (X s. frankl-fun a (?Gs ! (s div d)))
[0..<dx?sum-c]) =
int dx 25 a
using sum-over-spread
by auto
ultimately
show ?thesis
using vV d.V a € ?X. frankl-fun a (?Hd d) = O
by auto
qed

moreover

have 3 d. d > 0 A (Y a € ?X. frankl-fun a Fc + int d x 251 a < 0)
proof—
haveV o € ?2X. 25ia < 0
proof (rule balll)
fix a
assume a € X
have x: (As. frankl-fun a (spread ¢ Fs ! s)) = (frankl-fun a) o (X s. spread c
Fs!s)
by auto
have map (As. frankl-fun a (?Gs ! s)) [0..<%sum-c] = map (frankl-fun a)
(spread ¢ F's)
by (subst x, subst map-map[symmetric], subst dength (spread ¢ Fs) =
2sum-o[symmetric], subst map-nth|of spread ¢ Fs]) (rule refl)
hence map (As. frankl-fun a (?Gs | s)) [0..<?sum-c] = spread ¢ (map
(frankl-fun a) Fs)
by (simp add: map-spread)
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hence ?Si a =
sum-list (map (M(z, y). int z x y) (zip ¢ (map (frankl-fun a) Fs)))
using listsum-spread <length ¢ = length F's)
by auto
thus 251 a < 0
using assms(6)
using det Fs' = Fs in (VaelJ Fe. (3 (z, y)=zip ¢ (map (frankl-fun a)
Fs').int z x y) < 0)) <a € ?X)
by auto
qed

hence V a € ¢X. 3 da. frankl-fun a Fc + int da x 25i a < 0
using archimedean-negative
by auto

let ?da = \ a. SOME da. frankl-fun a Fc + int da * 251 a < 0
let ?d = Maz (%da ‘ ?X) + 1

haveV a € ?X. 2d > %da a
proof—
have A zy. 2 <y = z < y + (I:nat)
by auto
moreover
have V a € ?X. Maz (?da ‘< ?X) > %da a
using (finite 2X)
by auto
ultimately
show ?thesis
by blast
qed

have V a € ?X. frankl-fun a Fc + int (?da a) * 2Si a < 0
apply (rule, rule somel-ex)
using Vv a € ?X. 3 da. frankl-fun a Fc + int da * 251 a < O)
by auto

have V a € ?X. frankl-fun a Fc + int ?2d * ¢Si a < 0
proof
fix a
assume a € ?X
hence xx: ?d > ?da a frankl-fun a Fc + int (?da a) * ¢Sia < 0 2Sia < 0
using V ¢ € ?X. 2d > ?da a» vV a € ?X. frankl-fun a Fc + int (?da a) *
7Sia < 0N a€ ?X. ?Sia<O
by auto

show frankl-fun a Fc + int ?d x 2Sia < 0
proof—
have x: Azyy' z. [t +intyx2< 0;y<yhz< 0] =z +inty *z
< (0::int)
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proof—
fixzyy' 2z
assume z + inty x 2 < 0y <y’ z2<0
have z + inty x 2 >z + int y' * 2
using «y < yh 2z < O
by auto
thus z + int y’ x 2 < 0
using @ + inty * 2z < O
by simp
qged
show ?thesis
by (rule x[where y="%da al]) fact+
qed
qed

moreover

have ?d > 0
by auto

ultimately

show ?thesis
by (rule-tac z="9d in ezxl) auto
qed
then obtain d where d > 0V a € ?X. frankl-fun a Fc + int d * ¢5i a < 0
by auto

ultimately

have V a € ?X. frankl-fun a (?Fd d) < 0
by auto

have 3F. Fc C F A
union-closed F' N\
finite (JF) A (Va€?X. card F > 2 x count a F)
proof (rule-tac x=2Fd d in exI, intro conjl)
show V a € ?X. 2 x count a (?Fd d) < card (?Fd d)
using v a € ?X. frankl-fun a (¢Fd d) < O
by force
moreover
show Fc¢ C (?Fd d)
by auto
moreover
show union-closed (?Fd d)
proof—
obtain Hdl Hd Fd where x: Hdl = |J set (?Hdl d) Hd = ?Hd d Fd = Fc
U Hdl U Hd
by auto
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haveV A€ Fc.¥V B € Fc. AU B € Fd
using (union-closed Fc)
unfolding union-closed-def
by auto
moreover
haveV A€ Fe.V B € Hdl. AU B € Fd
proof (safe)
fix A B
assume A € Fc B € Hdl
then obtain i ¢« where i < d * sum-list ¢
a € ?Gs! (idivd) B=?BdsdiUa
using x
by auto

hence A U a € ?Gs ! (i div d)

using (A € Foo ¥dsAB.d# 0ANs<dxsum-lisstc \NA€ FcNBEeg
spread ¢ Fs ! (s divd) — AU B € spread ¢ Fs ! (s divd)) «d > O»

by simp

hence (AU a) U ?Bds d i € |J set (?Hdl d)
using ¢ < d * sum-list ¢
by auto (rule-tac x=i in bexl, auto)
moreover
have AU B = (AU a)U ?Bds d i
using (B = ?Bds d i U
by auto
ultimately
show A U B € Fd
using x
by simp
qed
moreover
haveV A€ Fc.V Be Hd. AU B € Fd
proof safe
fix A B
assume A € Fc B € Hd
then obtain b where b C |J Fc B = b U (Bd d)
using x
by auto
hence AU b C | Fec
using (A € Fo
by auto
hence AU B € ?Hd d
using (B = b U (Bd d)
by (smt Powl Un-assoc Un-commute rev-image-eql)
thus AU B € Fd
using x
by simp
qed
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moreover
haveV A € Hdl.V B € Hdl. AU B € Fd
proof safe
fix A B
assume A € Hdl B € Hdl
then obtain 7 j a b where
1 < d *x sum-list c j < d * sum-list ¢
a€ ?Gs! (idivd) A= ?BdsdiUa
be ?Gs! (jdivd) B=?BdsdjUb
using *
by auto
hence a € |J set Fs b € |J set Fs
using (0 < & Vds.d# 0N s < dx*sum-list c — spread ¢ Fs! (s div
d) € set Fs
by auto
hence a U b C 2X
using / Feset Fs. | JF C U Fo
by auto
show AU B € Fd
proof (cases i = j)
case True
hence a U b € ?Gs ! (i div d)
using (a € ?Gs ! (i div d)) b € ?Gs ! (j div d)
using «V Feset Fs. F € {Fc} div (dength ?Gs = ?sum-c
using V Feset Fs. |JF C |JFo
unfolding union-closed-extensions-def union-closed-additional-def union-closed-def

using (0 < d) Vi<sum-list c. spread ¢ Fs ! i € set Fs) ¢j < d * sum-list
1)

by simp

hence (a U b) U ?Bds d i € |J set (?Hdl d)
using ¢ < d * Zsum-c)
by auto (rule-tac x=i in bexl, auto)

hence A U B € | set (?Hdl d)
using (A = ?Bds diU a (B = ¥%BdsdjUb =7
by (smt Un-assoc Un-commute sup.right-idem)

thus ?thesis
using x
by simp

next

case Fulse

hence ?Bds di U ?Bds dj = Bd d
unfolding set-drop-nth-def
using ¢ < d * Zsum-¢) (§ < d * Zsum-c)
using distinct-sorted-list-of-set[of Bd d]
using set-drop-nth-distinct|of i sorted-list-of-set (Bd d)]
using set-drop-nth-distinct|of j sorted-list-of-set (Bd d)]
using length-sorted-list-of-set[of Bd d] Bd
using nth-eq-iff-indez-eq|of sorted-list-of-set (Bd d) i j]
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by auto
hence AU B € ?Hd d
using (A = ?Bds di U a) (B = ?Bdsdj U b
using «« U b C |J For
by (smt Powl Un-assoc image-iff sup-left-commute)
thus AU B € Fd
using x
by simp
qed
qed
moreover
haveV A € Hdl.V B € Hd. AU B € Fd
proof safe
fix A B
assume A € Hdl B € Hd
then obtain i ¢ b where
1 < d * sum-list c
a € ?Gs ! (i div d)
bCy FeB="bU
using x
by auto blast
hence a U b C 2X
using (0 < & Vds.d# 0 ANs < dx*sum-list c — spread ¢ Fs! (s div
d) € set Fs)
using «V Feset Fs. | JF CUFo b C | Fo
by (metis (mono-tags, lifting) Union-upper le-supl neq0-conv subset-trans)
hence (¢ U b) U Bdd € ?Hd d
by auto
moreover
have ?Bds d i U Bd d = Bd d
using set-drop-nth-subset Bd
by auto
ultimately
have A U B € ?Hd d
using (A = ?Bds d i U @ «<B =0bU (Bd d)
by (simp add: Un-left-commute sup-assoc)
thus AU B € Fd
using x
by simp
qed
moreover
haveV A€ Hd.VY B € Hd. AU B € Fd
proof safe
fix A B
assume A € Hd B € Hd
then obtain a b where a« C|J Fc A=aU(Bdd)bC|J FeB=1bU
(Bd d)
using *
by auto

A= 9%BdsdiUa
(Bd d)
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hence « U b C |J Fc

by auto
hence AU B € ?Hd d

using <A = a U (Bd d)) (B =0bU (Bd d)

by (smt Powl Un-commute image-iff sup.right-idem sup-left-commute)
thus AU B € Fd

using x

by simp

qed
ultimately
have union-closed Fd
using (Fd = Fc U Hdl U Hd)
unfolding union-closed-def
by (metis UnE Un-commute)+
thus ?thesis
using *
by simp
qed
next
show finite (U (?Fd d))
proof (auto)
show finite (|J Fc) by fact
next
show finite (Bd d) using Bd by simp
next
show finite
(U (Uze{0..<d = sum-list c}.
op U (set-drop-nth © (Bd d)) * spread ¢ Fs | (z div d)))
using «d > 0> vV d. d > 0 — finite (J set (?Hdl d))
proof (auto simp add: finiteUn-iff )
fix a
show finite (set-drop-nth a (Bd d))
using Bd set-drop-nth-subset[of Bd d a]
by (auto simp add: finite-subset)
next
fix az
assume z € spread ¢ Fs ! (a div d) a < d x Zsum-c
hence z € |J (set Fs)
using vV ds. d # 0 N s < dx* %sum-c — ?Gs ! (s div d) € set Fs) «d
> 0
by auto
then obtain F'' where F' € set Fsx € F'
by auto
hence finite (|J F’)
using vV F € set Fs. |J F C ?X)
using «finite ?X)
by (auto simp add: finite-subset)
thus finite
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using z € F
by (auto simp add: finiteUn-iff )
qed
next
show finite (| Fc)
by fact
qed
qed
thus ?thesis
unfolding FC-family-def
by (metis linorder-not-less)
qed

end

10 SomeShareNegative — combinatorial search for
union-closed extension with a negative share

theory SomeShareNegative
imports Main WeightsShares-FCFamily
begin

According to the theorem
[weight-fun w (J Fe); VF'e{Fc}. 0 < w <y F'|JFc] = FC-family Fe

to show that a family is an FC family, it suffices to show that there is no
member of union closed extension of a given family with a negative share.
The function some-share-negative performs a combinatorial enumeration of
union closed extensions of a given family and checks whether it contains a
family with a negative share with respect to the given weight function. We
give a rather abstract (nonexecutable) definition of this function and prove
its main properties. This function will be later refined and a more efficient,
executable implementation will be given.

primrec some-share-negative-auz :: 'a set list = 'a set set = 'a set set = ('a =
nat) = 'a set = bool where
some-share-negative-auz [| Ft Fc w X = ((w >y Ft X) < 0)
| some-share-negative-aux (h # t) Ft Fc w X =
(if (w <y Ft X) + sum-list (map (A A. (w g A X)) (h # t)) > 0 then
False
else if some-share-negative-aux t Ft Fc w X then
True
else if h € Ft then
False
else
some-share-negative-aux t (insert-and-close-additional h Ft Fc) Fec w X
)
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lemma some-share-negative-auz-soundness:
assumes some-share-negative-auxr L Ft Fc w X = False and
V A€ set L. (wi<g A X) < 0 and
distinct L and
finite F and F O Ft and
unton-closed-additional F' Fc and
VAeF —Ft.(w<s AX)<0— A€ List.set L
shows (w >y FF X) > 0
using assms
proof (induct L arbitrary: Ft)
case Nil
show ?Zcase
proof—
let %ss = X A (w g A X)
have sum %ss F' = sum ?ss (Ft U (F — Ft))
apply (subst sum.conglof F Ft U (F — Ft) ?ss ?ss])
using (F' DO Fb
by auto
also have ... = sum ?%ss Ft + sum ?ss (F — Ft)
apply (rule sum.union-disjoint)
using (finite F» (F O Ft
by (auto simp add: finite-subset)
finally have sum ?ss F = sum %ss Ft + sum ?%ss (F — Ft)

moreover
have sum ?%ss (F — Ft) > 0
apply (rule sum-nonneg)
using V AeF — Ft. set-share A w X < 0 — A € set [
by force
moreover
have sum ?ss Ft > 0
using (some-share-negative-aux [| Ft Fc w X = False
by (simp add: family-share-def)
ultimately
show ?thesis
by (simp add: family-share-def)
qed
next
case (Cons h t)
let 2ss = A A. (wg A X)
show ?case
proof (cases family-share Ft w X + sum-list (map ?ss (h # t)) > 0)
case True
let 2Fp={A. Ac F — Ft A %ss A > 0}
let 2Fn ={A. A€ F — Ft A %ss A < 0}

have (3] A€F. %ss A) = (D Ae(F — Ft) U Ft. ?ss A)
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apply (rule sum.cong)
using (Ft C F)
by auto
also have ... = (3] Ae(F — Ft). %ss A) + (3 A€Ft. ?ss A)
apply (rule sum.union-disjoint)
using «finite F» (F' D Ft)
by (auto simp add: finite-subset)
finally have «: (> A€F. %ss A) = (3, Ae(F — Ft). %ss A) + (D> A€Ft. %ss
A4)

have (> Ac(F — Ft). ?ss A) = (O A€?Fp U ?Fn. %ss A)
by (rule sum.cong) auto
also have ... = (3] A€ ?Fp. %ss A) + (> A€?Fn. %ss A)
apply (rule sum.union-disjoint)
using «finite F
by auto
finally have xx: (> Ae(F — Ft). %ss A) = (>, A€ ?Fp. ?ss A) + (5. A€ ?Fn.
7ss A)
by auto

have (> Ac?Fp. %ss A) > 0
by (rule sum-nonneg) auto

hence (> AeF. %ss A) > (3. Ac?Fn. %ss A) + (> A€Ft. ?ss A)
using * xx
by simp

let 2L = set (h # t)
have sum-list (map ?ss (h # t)) = (> A€?L. ?ss A)
using (distinct (h # t)
by (simp add: sum-list-distinct-conv-sum-set)
moreover
have (D] A€?L. %ss A) = (> Ae(?Fn U (?L — ?Fn)). %ss A)
apply (rule sum.cong)
using VA€l — Ft. %ss A < 0 — A € List.set (h # t)
by force auto
also have ... = (D Ae?Fn. ?ss A) + (>, A€(?L — 9Fn). %ss A)
apply (rule sum.union-disjoint)
using (finite F»
by auto
also have ... < (3 Ae?Fn. %ss A)
proof—
have (> A€(?L — ?Fn). %ss A) < 0
apply (rule sum-nonpos)
using Vv A € set (h # t). %ss A< O»
by auto
thus 2thesis
by simp
qed
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finally

have (w >y FF X) > 0
using (> A€F. %ss A) > (3, A€ ?Fn. %ss A) + (D, A€Ft. ?ss A)
using (w >y Ft X) + sum-list (map ?ss (h # t)) > O
unfolding family-share-def
by simp

thus ?thesis
by simp

next

case Fulse

note x = this

have — some-share-negative-auz t Ft Fc w X
using (some-share-negative-aux (h # t) Ft Fc w X = False) *
by auto

note x = x this

note x = x (finite F) (Ft C F) (union-closed-additional F' Fc)

have V Acset t. %ss A < 0 distinct t
using vV A€set (b # t). ?ss A < 0) (distinct (h # t)
by auto

note x = x this

show ?thesis
proof (cases h € Ft)
case True
thus “thesis
using x Cons
by auto
next
case Fulse
let ?Ft’ = insert-and-close-additional h Ft Fc
let ?s’ = family-share ?Ft’ w X
show ?thesis
proof (cases h € F)
case True
show ?thesis
proof (rule Cons(1))
show some-share-negative-auz t ?Ft’ Fc w X = False
using (some-share-negative-aux (h # t) Ft Fc w X = False) * <h ¢ Fb
by auto
next
showV A€ F — ?Ft’ %ss A< 0 — A€ sett
using v A€ F — Ft. %ss A< 0 — A € set (h # t)
using h ¢ Ft
by auto
next
show ?Ft' C F
using (Ft C F) (h € F) unton-closed-additional F Fe)
by (auto simp add: union-closed-def)
next
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show union-closed-additional F Fc
using x
by auto
qed (auto simp add: *)
next
case Fulse
thus ?thesis
using Cons(1) VAeF — Ft. 2ss A < 0 — A € set (h # 1)) *
by auto
qed
qed
qed
qed

definition some-share-negative :: 'a set set = ('a = nat) = bool where
some-share-negative Fc w =
let X = (U Fo);
P = Pow X;
Fec = closure Fc;
N={z.ze PAN(wxszX) <0}
L = (SOME L. distinct L A set L = N) in
some-share-negative-aux L {} Fc w X

lemma some-share-negative-soundness’:
assumes some-share-negative Fc w = False and
finite (J Fc) and F € { Fc |}
shows (way F (Y Fe)) > 0
proof (rule some-share-negative-aux-soundness)
let X = F¢
let P = Pow ?X
let ?Fc = closure Fc
let N = {z. z € ?P A set-share v w ?X < 0}
let L = SOME L. distinct L N\ set L = ¢N

have x: distinct ?L A set 7L = ?N
proof (rule somel-ex)
have finite N
using «finite (|J Fc)
by simp
thus 3 L. distinct L A set L = 2N
by (rule ez-list-of-set)
qed
show some-share-negative-aux 7L {} ?Fc w (|J Fc) = False
using assms
unfolding some-share-negative-def Let-def

by simp

show V a € set ?L. (w <5 a (U Fc)) < 0 distinct 7L
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using x
by simp-all

showV a € F — {}. (wixs a (U Fe)) < 0 — a € set 7L
using (F' € { Fe [ *
by auto

show finite F'
using «F € { Fc¢ | (finite (J Fe)
by (auto simp add: finite-subset)
next
show union-closed-additional F (closure Fc)
using (F € { Fc | (finite (J Fc)» union-closed-additional-closure|of Fc F]
by (auto simp add: finiteUn-iff )
qged (auto simp add: assms)

theorem some-share-negative-soundness:
assumes finite (|J Fc)
shows some-share-negative Fc w = False = uce-shares-nonneg Fc w
using assms
using some-share-negative-soundness’
by auto

end

10.1 Abstract representation of sets and families with weights
and shares

theory WeightsSharesImpl
imports WeightsShares Familylmpl

HOL- Library. Mapping

HOL—-Library. RBT-Mapping HOL— Library. RBT-Impl
begin

locale SetWeightsSharesImpl = SetImpl to-set inv for

inv 2 's = bool and to-set :: 's = 'a set +

fixes set-weight :: ('a = nat) = 's = nat

assumes set-weight-set: inv A = set-weight w A = w >4 to-set A
begin

definition set-share :: 's = ('a = nat) = ’'s = int where
set-share A w X = 2 = int (set-weight w A) — int (set-weight w X)

definition family-share :: 's list = (‘a = nat) = 's = int where
family-share F w X = sum-list (map (A A. set-share A w X) F)

lemma set-share-set:
assumes inv r and v X
shows set-share z w X = (w < (to-set z) (to-set X))
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unfolding WeightsShares.set-share-def set-share-def
using assms
by (auto simp add: set-weight-set)

lemma family-share-set:
assumes distinct F and V [ € set F. inv [ and inv X
shows family-share F w X = (w >y (f-to-set F') (to-set X))

unfolding family-share-def WeightsShares.family-share-def

apply (subst sum-list-distinct-conv-sum-set)

using assms

apply simp-all

apply (subst sum.reindex)

using assms

apply (auto simp add: to-set-inj-on)

apply (rule sum.cong)

using assms

by (auto simp add: set-share-set)

end

10.1.1 Implementation by sorted and distinct lists

definition set-weight-1 :: (‘a = nat) = 'a list = natwhere
set-weight-l w S = sum-list (map w S)

lemma set-weight-I:

assumes distinct A

shows set-weight-l w A = w > set A
unfolding set-weight-I-def set-weight-def
apply (subst sum-list-distinct-conv-sum-set)
using assms
by simp-all

global-interpretation Set WeightsSharesImpl-lists: Set WeightsSharesImpl A (l::nat
list). sorted | N distinct | set set-weight-l
by (unfold-locales) (simp add: set-weight-l)

10.1.2 Implementation by natural numbers

definition set-weight-n :: (nat = nat) = nat = nat where
set-weight-n w n = sum-list (map w (nat2list n))

lemma set-weight-n:
shows set-weight-n w A = w >4 set (natllist A)
unfolding set-weight-n-def set-weight-def
by (subst sum-list-distinct-conv-sum-set) (simp-all add: distinct-nat2list)

global-interpretation SetWeightsSharesImpl-nats: Set WeightsSharesImpl A -. True

set o nat2list set-weight-n
by (unfold-locales) (simp add: set-weight-n)
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10.2 Weight functions implemented by mappings

locale SetWeightsSharesMapImpl = SetWeightsSharesImpl inv to-set set-weight
for

inv :: 's = bool and to-set :: 's = 'a set and set-weight :: ('a = nat) = 's =
nat +

fixes set-weight-map :: (‘a, nat) mapping = 's = nat
assumes set-weight-map:
[inv A; ¥V z € to-set A. Mapping.lookup wm z = Some (w z)] =
set-weight-map wm A = set-weight w A
begin

abbreviation set-share-map :: 's = ('a, nat) mapping = ‘s = int where
set-share-map A w X = 2 x int(set-weight-map w A) — int (set-weight-map w X)

end

10.2.1 Representation of sets by lists

definition set-weight-map-1 :: ('a, nat) mapping = 'a list = nat where
set-weight-map-l w S = sum-list (map (the o (Mapping.lookup w)) S)

lemma set-weight-map-I:
[distinct A; ¥ € set A. Mapping.lookup wm © = Some (w z)] =
set-weight-map-l wm A = set-weight-l w A
unfolding set-weight-I-def set-weight-map-I-def
using sum-list-distinct-conv-sum-set[of A w]
using sum-list-distinct-conv-sum-set|of A the o (Mapping.lookup wm)]
by auto

global-interpretation SetWeightsSharesMapImpl-lists:
Set WeightsSharesMapImpl X\ (l::nat list). sorted I A\ distinct | List.set set-weight-l
set-weight-map-I
proof (unjfold-locales)
fix A and wm :: (‘a::linorder, nat) mapping and w
assume sorted A N\ distinct A Y xz€set A. Mapping.lookup wm z = Some (w z)
thus set-weight-map-l wm A = set-weight-l w A
by (simp add: set-weight-map-1)
qed

10.2.2 Representation of sets by natural numbers
definition set-weight-map-n :: (nat, nat) Mapping.mapping = nat = nat where

set-weight-map-n w n = sum-list (map (the o (Mapping.lookup w)) (nat2list n))

global-interpretation SetWeightsSharesCachedImpl-nats:
SetWeightsSharesMapImpl X -. True List.set o nat2list set-weight-n set-weight-map-n
proof
fix A wm and w :: nat = nat
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assume YV z€(set o natllist) A. Mapping.lookup wm x = Some (w x)
thus set-weight-map-n wm A = set-weight-n w A
unfolding set-weight-n-def set-weight-map-n-def
using distinct-nat2list[of A]
by (auto simp add: sum-list-distinct-conv-sum-set)
qed

end

11 SomeShareNegative — executable implementa-
tion

theory SomeShareNegativelmpl
imports Main

HOL- Library. List-lexord

More.MoreMap

SomeShareNegative UnionClosedImpl WeightsSharesImpl
begin

In this section we define a refinement of the some-share-negative function in
several steps in order to obtain a more efficient, executable implementation.
Optimizations are introduced gradually, through separate refinement steps.

11.1 Refinement of SomeShareNegativeFunction

locale SomeShareNegativelmpl =
Set WeightsSharesMapImpl inv to-set set-weight set-weight-map +
SetUnionImpl inv to-set empty union pow
for inv 1 's = bool and to-set :: 's = ‘a set and set-weight :: ('a = nat) = 's
= nat and set-weight-map :: ('a, nat) mapping = 's = nat and
empty :: 's and union :: 's = 's = ’s and pow :: ‘s = 's list
begin

11.1.1 Initial version

fun some-share-negative-aux-1 :: 's list = 's list = 's list = (‘a = nat) = 's =
bool where
some-share-negative-aux-1 [| F Init w X = (family-share F w X < 0)
| some-share-negative-auz-1 (h # t) F Init w X =
(if family-share F w X + sum-list (map (A A. set-share A w X) (h # ¢t)) > 0
then
False
else if some-share-negative-auz-1 t F Init w X then
True
else if h € set F then
Fualse
else
some-share-negative-auz-1 t (insert-and-close-additional h F Init) Init w X
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lemma some-share-negative-aux-1-some-share-negative-auz:
assumes distinct F'
Vie€setF.ivl
V I € set L invl
V | € set Init. inv ]
mv X
shows some-share-negative-auz-1 L F Init w X = some-share-negative-auz (map
to-set L) (f-to-set F) (f-to-set Init) w (to-set X)
using assms
proof (induct L arbitrary: F')
case Nil
thus ?case
using family-share-set[of F X w]
by simp
next
case (Cons h t)
have *: family-share F w X + sum-list (map (A A. set-share A w X) (h # t))

(w >y (f-to-set F) (to-set X)) + sum-list (map (A A. (w >, A (to-set
X)) (map to-set (h # 1))
proof—
have sum-list (map (A A. set-share A w X) (h # t)) = sum-list (map (A A.
(w5 A (to-set X))) (map to-set (h # t)))
proof—
have map (A A. set-share A w X) t = map (A z. (w <5 (to-set x) (to-set
X)) t
using Y a€set (h # t). inv @ nv X
using set-share-set
by auto
hence (> A«t. set-share A w X) = (O] z+t. (w X (to-set x) (to-set X)))
by metis
thus ?thesis
using Va€set (h # t). inv @) <nv XD
by (auto simp add: set-share-set comp-def )
qed
thus ?thesis
using family-share-set[of F X w]
using (distinct F» VY a€set F. inv @) Gnv X
by simp
qed

show ?Zcase
proof (cases family-share F w X + sum-list (map (A A. set-share A w X) (h #
t)) = 0)
case True
thus ?thesis
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using x
by simp
next
case Fulse
have xx: some-share-negative-auz-1 t F Init w X = some-share-negative-auz
(map to-set t) (f-to-set F) (f-to-set Init) w (to-set X)

using Cons
by auto

show ?thesis
proof (cases some-share-negative-aux-1 t F Init w X)
case True
show ?thesis
using — family-share F w X + sum-list (map (A A. set-share A w X) (h
#1) >0 x
using (some-share-negative-aux-1 t F Init w X) *x
by auto
next
case Fulse
have xxx: (h € set F) = (to-set h € f-to-set F)
apply (rule set-set[of F h))
using V a€set F. inv a> Va€set (h # t). inv @
by auto
show ?thesis
proof (cases h € set F)
case True
show ?thesis
using (— family-share F w X + sum-list (map (A A. set-share A w X) (h
#1) >0
using (— some-share-negative-aux-1 t F Init w X *x
using (h € set F) sxx
by simp
next
case Fulse
let ?F' = insert-and-close-additional h F Init

have some-share-negative-auz-1 t (insert-and-close-additional h F Init) Init
wX =
some-share-negative-aux (map to-set t) (UnionClosed.insert-and-close-additional
(to-set h) (f-to-set F') (f-to-set Init)) (f-to-set Init) w (to-set X)
proof (subst Cons(1))
show distinct ?F’
using «distinct )
by (simp add: insert-sets-distinct)
next
show inv X V | € set t. inv IV [ € set Init. inv ]
using <inv X» vV | € set (h # t). inv 1 ~V | € set Init. inv D
by simp-all
next
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show V [ € (set ?F'). inv |
using Vacset F. inv ay Va€set (b # t). inv a» ~a€set Init. inv a
using (distinct F)
by (auto simp add: insert-sets-remdups union-inv)
next
show some-share-negative-aux (map to-set t) (f-to-set (insert-and-close-additional
h F Init)) (f-to-set Init) w (to-set X) =
some-share-negative-aux (map to-set t) (UnionClosed.insert-and-close-additional
(to-set h) (f-to-set F') (f-to-set Init)) (f-to-set Init) w
(to-set X))
using <distinct F)
using insert-and-close-additional-set
by simp
qed
thus ?thesis
using (— family-share F w X + sum-list (map (A A. set-share A w X) (h
#1) >0
using (— some-share-negative-aux-1 t F Init w X *x
using (= h € set F) sxx
by simp
qed
qed
qed
qed

11.1.2 Passing current family share as a parameter

fun some-share-negative-auz-2 :: ('s x int) list = ('s list x int) = 's list = ('a
= nat) = 's = bool where
some-share-negative-aux-2 [| (F, s) Init w X = (s < 0)
| some-share-negative-auz-2 (h # t) (F, s) Init w X =
(if s + sum-list (map snd (h # t)) > 0 then
False
else if some-share-negative-auz-2 t (F, s) Init w X then
True
else if fst h € set F then
False
else
let F' = insert-and-close-additional (fst h) F Init;
s' = family-share F' w X in
some-share-negative-aux-2 t (F', s') Init w X

)

lemma some-share-negative-auz-2-some-share-negative-auz-1:
assumes L = zip | (map (X F. set-share F w X) 1) ¢ = family-share F w X
shows some-share-negative-auz-2 L (F, ¢) Init w X = some-share-negative-auz-1
LF Init w X
using assms
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by (induct I arbitrary: F L ¢) (auto simp add: Let-def)

11.1.3 Caching set shares

Instead of calculating set share every time from scratch when calculating,
family shares, we shall maintain a mapping from sets to their shares.

abbreviation family-share-cached :: 's list = ('s, int) mapping = int where
family-share-cached F shares = sum-list (map (the o (A A. Mapping.lookup shares
A)) F)

lemma family-share-cached-family-share:
assumes V A. inv A A to-set A C S — Mapping.lookup shares A = Some
(set-share A w X)
V A€ setF.inv AN to-set AC S
shows family-share-cached F shares = family-share F w X
proof—
have map (X z. the (Mapping.lookup shares z)) F = map (A A. local.set-share
AwX)F
using assms
by auto
thus ?thesis
unfolding family-share-def comp-def
by metis
qed

lemma family-share-cached-cong:

assumes set F = set F'/ distinct F distinct F'

shows family-share-cached F shares = family-share-cached F'' shares
using assms
using sum-list-distinct-conv-sum-set[of F the o (A A. Mapping.lookup shares A)]
using sum-list-distinct-conv-sum-set[of F' the o (A A. Mapping.lookup shares A)]
by simp

fun some-share-negative-auz-3 :: (s x int) list = (s list x int) = 's list = ('s,
int) mapping = bool where
some-share-negative-aux-3 [| (F, s) Init shares = (s < 0)
| some-share-negative-aux-3 (h # t) (F, s) Init shares =
(if s + sum-list (map snd (h # t)) > 0 then
False
else if some-share-negative-auz-3 t (F, s) Init shares then
True
else if fst h € set F then
False
else
let F' = insert-and-close-additional (fst h) F Init;
s’ = family-share-cached F' shares in
some-share-negative-aux-3 t (F', s') Init shares

)
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lemma some-share-negative-aux-3-some-share-negative-auz-2:
assumes V A. inv A A to-set A C § — Mapping.lookup shares A = Some
(set-share A w X)
V A€ setF.invANto-set ACS
V A € set Init. inv A A to-set A C S
V A € set (map fstl). inv A N\ to-set A C S
distinct F
shows some-share-negative-auz-3 1 (F', s) Init shares = some-share-negative-auz-2
L (F,s) Init wX
using assms
proof (induct | arbitrary: F s)
case Nil
thus ?case
by simp
next
case (Cons h t)
show ?Zcase
proof (cases s + sum-list (map snd (h # t)) > 0)
case True
thus ?thesis
by simp
next
case Fulse
show ?thesis
proof (cases fst h € set F)
case True
thus ?thesis
using (- s + sum-list (map snd (h # t)) > 0> Cons
by simp
next
case Fulse
let ?F' = insert-and-close-additional (fst h) F Init
let ?s’ = family-share-cached ?F' shares
let 25" = family-share ?F' w X

have V Acset 2F'. to-set A C S
apply (rule insert-and-close-additional-subset)
using Cons(8) Cons(4) Cons(5)
using (distinct F)
by simp-all

have V Aeset ?F'. inv A
apply (rule insert-and-close-additional-inv)
using Cons(3) Cons(4) Cons(5H)
using (distinct F»
by simp-all

have distinct ?F’
using (distinct F)
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by (simp add: insert-sets-distinct)

have %s' = 25"
apply (rule family-share-cached-family-share[of S shares w X ?F])
using v A€set ?F'. to-set A C §) V A€set ?F’. inv A> Cons(2)
by simp-all

hence some-share-negative-auz-3 t (?F’, ?s’) Init shares = some-share-negative-aux-2
t (2F', 2s') Init w X
using Cons(1)[of ?F' 23] Cons(2) Cons(3) Cons(4) Cons(5)
using (v A€set ?F'. to-set A C §) V A€set ?F’. inv A
using «(distinct 2F"
by auto
thus ?thesis
using (- s + sum-list (map snd (h # t)) > 0> (fst h ¢ set F» Cons
by auto
qed
qed
qed

lemma some-share-negative-auz-3-correct:
assumes some-share-negative-auz-3 L (F, ¢) Init shares = False
YV (z, y) € set L. y = set-share z w X
¢ = family-share F w X
VA. inv AN to-set A C S — Mapping.lookup shares A = Some (set-share A w
X)
YV A€set F. inv A N\ to-set A C S
V Aeset Init. inv A A to-set A C S
V Aeset (map fst L). inv A A to-set A C §
distinct F
mv X
YV Aeset (map fst L). (w <5 (to-set A) (to-set X)) < 0
finite F'
UnionClosed.union-closed-additional F' (f-to-set Init)
f-to-set F C F'
VAEF' — fto-set F. ((w <5 A (to-set X)) < 0 — A € f-to-set (map fst L))
distinct L
shows (w >y F' (to-set X)) > 0
using assms
using exists-zip[of L X z. set-share z w X|
apply (subst (asm) some-share-negative-aux-3-some-share-negative-auz-2|of S shares
w X))
apply simp-all
apply (subst (asm) some-share-negative-auz-2-some-share-negative-auz-1[of L map
ot L)
apply (simp-all add: comp-def)
apply (subst (asm) some-share-negative-auz-1-some-share-negative-aux)
apply simp-all
apply (rule some-share-negative-auz-soundness|of map to-set (map fst L) f-to-set
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F f-to-set Init w to-set X F))
apply (simp-all add: comp-def)
proof—
assume *: V A€set L. inv (fst A) A to-set (fst A) C S distinct L ¥V z€set L. case
zof (z,y) = y = set-share z w X
have V a€set (map fst L). inv a
using / Ae€set L. inv (fst A) A to-set (fst A) C S
by simp
hence inj-on to-set (set (map fst L))
by (rule to-set-inj-on)
thus distinct (map (A z. to-set (fst x)) L)
using comp-inj-on-iff [of fst set L to-set] * inj-on-fst[of L]
by (auto simp add: distinct-map comp-def)
qed

11.1.4 Passing the sum of shares of elements in the current list
as a parameter

fun some-share-negative-auz-4 :: (('s x int) list x int) = ('s list x int) = 's list
= (s, int) mapping = bool where
some-share-negative-auz-4 ([], -) (F, s) Init shares = (s < 0)
| some-share-negative-aux-4 ((h # t), ls) (F, s) Init shares =
(if s + s > 0 then
False
else if some-share-negative-auz-4 (t, ls — snd h) (F, s) Init shares then
True
else if fst h € set F then
False
else
let F' = insert-and-close-additional (fst h) F Init;
s’ = family-share-cached F' shares in
some-share-negative-auz-4 (t, ls — snd h) (F', s') Init shares

)

lemma some-share-negative-aux-4-some-share-negative-auz-3:
shows some-share-negative-auz-4 (1, sum-list (map snd 1)) (F, s) Init shares =
some-share-negative-aux-3 | (F, s) Init shares

by (induct I arbitrary: F s) auto

lemma some-share-negative-auz-4-equal-set:

assumes set F' = set F' distinct F distinct F'

shows some-share-negative-auz-4 (1, ls) (F, s) Init shares =

some-share-negative-aux-4 (1, Is) (F', s) Init shares

using assms
proof (induct | arbitrary: F F' s ls)

case Nil

thus ?case

by simp

113



next
case (Cons h t)
show ?Zcase
proof (cases s + Is > 0)
case True
thus ?thesis
by simp
next
case Fulse
show ?thesis
proof (cases some-share-negative-auz-4 (t, ls — snd h) (F, s) Init shares)
case True
thus ?thesis
using (— s + Is > O
using Cons(1)[of F F'ls — snd h s] Cons(2) Cons(3) Cons(4)
by auto
next
case Fulse
show ?thesis
proof (cases fst h € set F)
case True
thus ?thesis
using (= s + Is > O
using (- some-share-negative-auz-4 (t, ls — snd h) (F, s) Init shares
using Cons(1)[of F F'ls — snd h s] Cons(2) Cons(8) Cons(4)
by auto
next
case Fulse
let ?F = insert-and-close-additional (fst h) F Init
let ?F' = insert-and-close-additional (fst h) F' Init
have set ?F = set ?F'
using (set F' = set F' (distinct F) (distinct F’
by (rule insert-and-close-additional-cong)
hence family-share-cached ?F shares = family-share-cached ?F' shares
using family-share-cached-cong|of ?F ?F’ shares|
using (distinct F) (distinct F'’
by (simp add: insert-sets-distinct)
thus ?thesis
using (fst h ¢ set F)
using (= s + Is > O
using — some-share-negative-auz-4 (t, Is — snd h) (F, s) Init shares
using Cons(1)[of F F'ls — snd h s] Cons(2) Cons(8) Cons(4)
using (set F = set ?F")
using Cons(1)[of ?2F ?F
by (simp add: Let-def insert-sets-distinct)
qed
qed
qged
qed
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11.1.5 Incremental insert and close operation and calculation of
share of the extended family

fun insert-and-close-additional-cached where
insert-and-close-additional-cached A (F't, s) Fc shares =
(let add = [A] @ union-with-all A Ft Q union-with-all A Fc;
add = filter (\ z. © ¢ set Ft) (remdups add)
in (add Q Ft, s + family-share-cached add shares))

lemma insert-and-close-additional-cached-family-share-cached:
shows let (Ft', s") = insert-and-close-additional-cached A (Ft, family-share-cached
Ft shares) Fc shares
in s’ = family-share-cached Ft' shares
by (auto simp add: Let-def)

lemma insert-and-close-additional-cached:
assumes
distinct Ft
insert-and-close-additional-cached A (F't, family-share-cached Ft shares) Fc shares

(Ft', 5
shows
set Ft' = set (insert-and-close-additional A Ft Fc) A
s’ = famaily-share-cached Ft' shares
proof—
let %add = [A] @ union-with-all A Ft Q union-with-all A Fe
let %add = filter (A z. x ¢ set Ft) (remdups ?add)

have Ft' = %add @ Ft distinct Ft’
s’ = famaly-share-cached Ft shares + family-share-cached ?add shares
using «nsert-and-close-additional-cached A (Ft, family-share-cached Ft shares)
Fe shares = (Ft', s')
using (distinct Ft)
by (auto simp add: Let-def)
thus ?thesis
by auto
qed

function some-share-negative-aux-5 :: (('s x int) list x int) = ('s list x int) =
's list = ('s, int) mapping = bool where
some-share-negative-auz-5 ([, -) (F, s) Init shares =
(if s < 0 then True else False)
| some-share-negative-aux-5 ((h # t), ls) (F, s) Init shares =
(if s + Is > 0 then
False
else if some-share-negative-auz-5 (t, ls — snd h) (F, s) Init shares then
True
else if fst h € set F then
Fualse
else
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let (F', s') = insert-and-close-additional-cached (fst h) (F, s) Init shares in
some-share-negative-aux-5 (t, Is — snd h) (F', s") Init shares
)
by pat-completeness auto
termination
by (relation measure (A ((L, -), -, -, -). length L)) auto

lemma some-share-negative-aux-5-some-share-negative-auz-4
assumes s = family-share-cached F shares distinct F
shows some-share-negative-auz-5 (L, Is) (F, s) Init shares =
some-share-negative-auz-4 (L, Is) (F, s) Init shares
using assms
proof (induct L arbitrary: F s ls)
case Nil
thus ?case
by simp
next
case (Cons h t)
show ?case
proof (cases 0 < s + Is)
case True
thus ?thesis
unfolding some-share-negative-aux-4 .simps some-share-negative-auz-5.simps
by simp
next
case False
hence x: some-share-negative-auz-5 (t, ls — snd h) (F, s) Init shares =
some-share-negative-auz-4 (t, ls — snd h) (F, s) Init shares
using Cons(1)[of s F'ls — snd h] Cons(2) Cons(3)
by auto
show ?thesis
proof (cases some-share-negative-auz-5 (t, ls — snd h) (F, s) Init shares)
case True
thus ?thesis
using (= 0 < s + ) %
by simp
next
case Fulse
show ?Zthesis
proof (cases fst h € set F)
case True
thus ?thesis
using (= 0 < s + 9
using - some-share-negative-auz-5 (t, Is — snd h) (F, s) Init shares
using x
by simp
next
case Fulse
let ?F1s1 = insert-and-close-additional-cached (fst h) (F, s) Init shares
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let ?F'1 = fst ?F1s1

let 9s1 = snd ?F1s1

let ?F2 = insert-and-close-additional (fst h) F' Init
let ?s2 = family-share-cached ?F2 shares

have distinct ?F1 distinct 2F2
using «distinct F»
unfolding Let-def
by (auto simp add: insert-sets-distinct Let-def)

hence set ?F'1 = set ?F2 N\ ?s1 = 252
using insert-and-close-additional-cached[|OF (distinct F), of fst h shares
Init 9F1 ?s1] Cons(2) by (metis family-share-cached-cong prod.collapse)
hence set ?F1 = set 7F2 9s1 = 752
by (rule conjunctl, rule conjunct2)

have some-share-negative-aux-4 (t, Is — snd h) (2F1, ?s1) Init shares =
some-share-negative-aux-4 (t, ls — snd h) (?F2, ?s2) Init shares
proof (subst some-share-negative-aux-4-equal-set[of ?F1 ?F2 t ls — snd h
?s1 Init shares))
show set 7F1 = set ?F2
by fact
next
show distinct ?F1 distinct ?F2
by fact+
next
show some-share-negative-auz-4 (t, Is — snd h) (2F2, ?s1) Init shares =
some-share-negative-auz-4 (t, ls — snd h) (¢F2, ?s2) Init shares
by (subst (?s1 = %s2), rule refl)
qed
moreover
have some-share-negative-auz-5 (t, ls — snd h) (2F1, ?s1) Init shares =
some-share-negative-auz-4 (t, ls — snd h) (¢F1, 2s1) Init shares
apply (rule Cons(1)[of ?s1 ?F1 ls — snd h))
using Cons(2) (distinct ?F1>
using insert-and-close-additional-cached-family-share-cached|of fst h F
shares Init]
by (auto simp add: Let-def comp-def)
ultimately
show ?thesis
using «fst h ¢ set I
using = 0 < s + s
using (- some-share-negative-auz-5 (t, ls — snd h) (F, s) Init shares) *
by (simp add: Let-def)
qed
qed
qed
qed
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11.1.6 Final implementation

definition some-share-negative :: 's list = ('a, nat) mapping = bool where
some-share-negative A w =
let S = Union A;
P = pow S;
A = close A;
U’ = map (A A. set-share-map A w S) P;
U = sort-key snd (zip P U’);
shares = tabulate U;
L = takeWhile (X (a, b). b < 0) U,
F=11in
some-share-negative-auz-5 (L, sum-list (map snd L)) (F', 0) A shares

lemma some-share-negativeFalse-FamilyShare:
assumes
some-share-negative A w = False
A’ = f-to-set A
V[ € set A invl
finite F
UnionClosed.union-closed-additional F (closure A’)
VeeF.zClJ A’
V x € |JA" Mapping.lookup w x = Some (w' z)
shows (w' iy F (J A7) > 0
proof—
let S = Union A
let P = pow 2S5
let A = close A
let ?U’ = map (A A. set-share-map A w 2S) 7P
let ?U = sort-key snd (zip ¢P ?U")
let ?shares = tabulate ?U
let ?L = takeWhile (A (a, b). b < 0) ?2U
let ?F =[]

have inv (Union A)
using / [ € set A. inv D
using Union-inv[of A]
by simp

have x: V z € set ?P. set-share-map x w (Union A) = set-share x w’ (Union A)
proof
fix z
assume z € set 7P
hence to-set z C |J A’ inv
using pow-set|of Union A]
using pow-inv[of Union A]
using Union-set[of A] <inv (Union A)) (A’ = f-to-set A
by auto
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hence V a € to-set x. Mapping.lookup w a = Some (w' a)
using «V a € |JA'. Mapping.lookup w a = Some (w' a)
by auto

thus set-share-map © w (Union A) = set-share x w’ (Union A)
using set-weight-map|of © w w’]
using set-weight-map[of Union A w w’]
using v a € |JA'. Mapping.lookup w a = Some (w’ a)
using Union-set|of A]
using <inv (Union A)) nv z) (A’ = f-to-set A
by (simp add: set-share-def)

qed

show ?thesis
proof (subst (A’ = f-to-set A, subst Union-set| THEN sym], rule some-share-negative-auz-3-correct|of
?L 2F 0 ?A ?shares])
show some-share-negative-auz-3 ?L (¢F, 0) ?A ?shares = False
using (some-share-negative A w = False)
unfolding some-share-negative-def Let-def
using some-share-negative-auz-4-some-share-negative-aux-3
using some-share-negative-aux-5-some-share-negative-auz-4
by simp
next
show V (z, y) € set ?L. y = set-share  w’ (Union A)
using x
by (auto dest!: set-take WhileD simp add: set-zip)
next
show 0 = family-share [| w’ (Union A)
by (simp add: family-share-def)
next
show V A’ inv A’ A to-set A’ C to-set 25 — Mapping.lookup ?shares A' =
Some (set-share A" w’ (Union A))
proof—
have distinct ?P
using <nv (Union A)
by (simp add: pow-distinct)
hence distinct (map fst 2U)
using inj-on-fst[of ?U]
by (force simp add: distinct-map distinct-zipI1 set-zip)
thus ?thesis
using (distinct ?P)
using <inv (Union A)
using subset-in-pow
using
using tabulate-map-of [of ?U]
by (auto simp add: tabulate-map-of map-of-sort-key map-of-zip-map Map-
ping.lookup.abs-eq)
qed
next
show V A’ € set (close A). inv A’ A to-set A’ C to-set (Union A)
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using close-inv[of A] Vl€set A. inv D
using close-subset[of A to-set (Union A)]
using Union-set|of 4]
by auto
next
show V A’ € set (map fst ?L). inv A’ A to-set A’ C to-set (Union A)
using pow-inv[of Union A] using pow-set[of Union A] ¢inv (Union A)
by (auto dest!: set-take WhileD set-zip-leftD) force
next
show inv (Union A)
by fact
next
show V A’eset (map fst 2L). (w' <, (to-set A') (to-set (Union A))) < 0
proof—
{
fixabd
assume (a, b) € set (zip 7P ?U") b < 0
hence a € set ?P set-share-map a w (Union A) < 0
by (auto simp add: set-zip)
hence (w’ < (to-set a) (to-set (Union A))) < 0
using * set-share-set[of a Union A w’]
using <nv (Union A))
using pow-inv[of Union A]
by auto
}
thus ?thesis
by (auto dest!: set-take WhileD)
qed
next
show finite F'
by fact
next
show UnionClosed.union-closed-additional F (f-to-set (close A))
using «UnionClosed.union-closed-additional F (closure A')) (A’ = f-to-set A
using close-set|of A]
by simp
next
show VzeF — f-to-set [|. ((w' s z (to-set (Union A))) < 0 —
x € f-to-set (map fst ?L))
proof (safe)
fix x
assume z € F (w' >, z (to-set (Union A))) < 0
have = C to-set (Union A)
using Vz € F.z C|J AV w e I
using Union-set[of A] (A’ = f-to-set A
by simp
hence z € f-to-set ?P
using pow-set[of Union A
by simp
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then obtain z’ where z = to-set 2’ x’ € set ?P inv z’
using pow-inv[of Union A] ¢nv (Union A)
by auto
have (z’, set-share-map =’ w (Union A)) € set 2L
apply (rule sorted-take While-snd-neg[of ?U ?P))
using <z’ € set ?P) «x = to-set z)
using (w' <, z (to-set (Union A))) < O ¢nv (Union A) dnv
using set-share-set *
by auto
thus z € f-to-set (map fst ?L)
using (x = to-set =/
by (force simp add: comp-def)
qed
next
show distinct ?L
using nv (Union A)
by (auto introl: distinct-take While distinct-zipI1 pow-distinct)
qed simp-all
qed

lemma some-share-negativeSound:
assumes

Vieset A. invl

A’ = f-to-set A

VzeA' finite x

VazelJA' Mapping.lookup wz = Some (w’' x)

shows some-share-negative A w = False = uce-shares-nonneg A’ w’
proof

fix F

assume some-share-negative A w = False F € {A'}

hence UnionClosed.union-closed F F C Pow (|J A') YA"eF. op U A” ‘A’ C
F

by auto

have finite F' VY x € F. finite
using (F' C Pow (|J A" v X € A'. finite X» (A’ = f-to-set A
by (auto simp add: finite-subset)

show 0 < (w'pay F (JA))
proof (subst (A’ = f-to-set A, rule some-share-negativeFalse- FamilyShare)
show some-share-negative A w = False
by fact
next
show UnionClosed.union-closed-additional F (closure (f-to-set A))
apply (subst (A’ = f-to-set AJ[THEN sym])
using UnionClosed.union-closed F»
proof (auto)
fix A" z
assume A’ € F x € closure A’
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hence z U A" € F
using (UnionClosed.union-closed F) v A" € F. image (op U A"y A’ C F»
using closure-additional-set[of A’ x A" F| (A’ = f-to-set A
by simp
thus A" Uz e F
by (simp add: Un-commute)
qed
next
show finite F
by fact
next
show Vicset A. inv |
by fact
next
show V z € F. z C | fto-set A
using (A’ = f-to-set A
using (F C Pow (|J A')
by auto
next
show V a € |J f-to-set A. Mapping.lookup w a = Some (w' a)
using vV z € |J A'. Mapping.lookup w x = Some (w’ x))
using (A’ = f-to-set A
by auto
qged simp
qed

end

11.2 Interpretations
11.2.1 Representation of sets by lists

global-interpretation SomeShareNegativelmpl-lists:

SomeShareNegativeImpl \ (l::nat list). sorted I A distinct | List.set set-weight-l
set-weight-map-l [| merge Pow-l
proof qed

11.2.2 Representation of sets by natural numbers

global-interpretation SomeShareNegativeImpl-nats:
SomeShareNegativeImpl A n. True set o nat2list set-weight-n set-weight-map-n 0
bitor pow-n
defines
insert-and-close-additional-cached-n = SomeShare NegativeImpl-nats.insert-and-close-additional-cached
and
some-share-negative-auz-5-n = SomeShareNegativeImpl-nats.some-share-negative-aux-5
and

some-share-negative-n = SomeShareNegativelmpl-nats.some-share-negative
by (unfold-locales)
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definition some-share-negative where
some-share-negative A w = some-share-negative-n (map list2nat A) w

lemma some-share-negative-soundness-nats:
assumes finite AV X € A. finite X
set (map set A') = A
V X € set A'. distinct X A sorted X
w' = Mapping.tabulate (sorted-list-of-set (|J A)) w
shows some-share-negative A’ w' = False = uce-shares-nonneg A w
proof (rule SomeShareNegativeImpl-nats.some-share-negativeSound)
show A = f-to-set-n (map list2nat A")
proof—
have (set o nat2list o list2nat) ¢ set A’ = set * set A’
using vV X € set A'. distinct X A sorted X
using nat2list-list2nat
by force
thus ?thesis
using <set (map set A') = A
by simp
qed

show VzelJ A. Mapping.lookup w' z = Some (w x)
using (w’ = Mapping.tabulate (sorted-list-of-set (|J A)) w
using (A = SetImpl-nats.f-to-set (map list2nat A')
by auto
qed (simp-all add: assms some-share-negative-def )

definition weights2map where
weights2map 1 = foldl (A w (k, v). w (k :=v)) (A -. 0) 1

lemma weights2map-snoc[simp|: weights2map (xs Q [z]) = (weights2map xs) (fst
x := snd )

by (simp add: weights2map-def split-def)

definition ssn where
ssn f w = some-share-negative f (tabulate w)

end

12 Isomorphisms of set families

theory IsomorphicFamilies
imports Main
More/MoreSet More/MoreFun
UnionClosed Frankl
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begin

Each injective function f on the domain |J F maps the set family F' to its
isomorphic image op ‘ f ¢ F. Elements of |J F are mapped using f, while
elements of F' are mapped using op ‘ f.

12.1 Properites preserved by injective functions

lemma empty-iso:
shows FF = {} «— (op ‘f‘F) ={}
by auto

lemma inj-on-iso:
assumes inj-on f (|J F)
shows inj-on (op ‘ f) F

using assms

unfolding inj-on-def

by blast

lemma inj-on-iso-strong:
assumes inj-on f (|J F)
shows inj-on (op ‘ f) (Pow (I F))
using assms
unfolding inj-on-def
by blast

lemma finite-iso:
assumes inj-on f (J F)
shows finite F' <— finite (op ‘f ‘ F)
using assms
using inj-on-iso|of f F]
by (auto dest: finite-imageD)

lemma card-iso:
assumes inj-on f (|J F)
shows card (op ‘f‘F) = card F
proof (subst card-image)
let 2of =op ‘ f
show inj-on ?f F
using assms
by (simp add: inj-on-iso)
qed simp

lemma finite-elems-iso:

assumes inj-on f (|J F)

shows (V S€F. finite S) «— (VS€(op ‘ f “ F). finite S)
proof (safe)

let 2F =op ‘f‘F

fix S
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assume V S € ?F. finite S S € F

show finite S
proof (rule finite-imageD)
show finite (f < S)
using v S € ?F. finite S) (S € )
by simp
next
show inj-on f S
proof (rule subset-inj-on)
show S C |J F
using (S € F)
by auto
qed (simp add: assms)
qed
qed auto

lemma card-elem-iso:
assumes inj-on f (U F) A€ Feard A > 0
shows card (f ¢ A) = card A

using assms

using inj-on-iff-eq-card[of A f]

using subset-inj-on[of f |J F A]

using card-ge-0-finite[of A]

by blast

lemma finite- Union-iso:
assumes inj-on f (|J F)
shows finite (|J F) = finite (U (op ‘ f ‘ F))
using assms
by ((subst finiteUn-iff )+, simp add: finite-iso finite-elems-iso)

lemma union-closed-iso:
assumes inj-on f (|J F)
shows union-closed F <— union-closed (op ‘ f * F)
proof
assume union-closed F'
show union-closed (op ‘ f “ F)
unfolding union-closed-def
proof (safe)
fix ABzy
assume x: ¢ € Fy e F
show f‘z2Uf‘yecop ‘f‘F
proof (rule rev-image-eql[of z U y])
show z Uy € F
using (union-closed F) «x € F)» «(y € I
unfolding union-closed-def
by simp
qed auto
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qed
next
assume *: union-closed (op ‘ f * F)
show union-closed F
unfolding union-closed-def
proof (safe)
fix A B
assume A € FB € F
hence f ‘'AUf‘Beop ‘f‘F
using *
unfolding union-closed-def
by auto
then obtain X where f ‘X =f‘ AUf‘BX € F
by auto
hence f ‘X =f‘ (AU B)
by auto
hence X = AU B
using assms (X € Fh <A € F) B em
using inj-on-iso-strong|of f F]
unfolding inj-on-def

by blast
thus AUB € F
using (X € F)
by simp
qed

qed

lemma finite-union-closed-iso:
assumes inj-on f (|J F)
shows finite-union-closed F' «<— finite-union-closed (op ‘ f ‘ F)
using assms
using finite-Union-isolof f F] union-closed-iso[of f F]
by (simp add: finite Un-iff)

lemma count-iso:
assumes inj-on f (J F)and a € |J F
shows count a F = count (fa) (op ‘f“F)
using assms
unfolding count-def
proof (subst card-image[THEN sym))
let 2f =op ‘ f
let 2aF = {S € F.a€ S}
let ?fafF = {S €op ‘f‘F.fac S}
show inj-on ?f ?aF
using assms
using inj-on-iso[of f F]
using subset-inj-on[of op ‘ f F ?aF]
by auto
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show card (?f ¢ %aF) = card ?fafF
proof—
have ?f ¢ 2aF = ?fafF
proof (auto)
fix A a’
assume A € Fa'€ Afa=/fa
hence a = a’ using assms
unfolding inj-on-def
by auto
thus f ‘A € ?f ¢ 2aF
using rev-image-eqI[of A ?aF f <A op ‘fl A€ F)w' € A
by simp
qed
thus ?thesis
by simp
qed
qed

lemma Frankl-iso:
assumes inj-on f (J F)
shows frankl F <— frankl (op ‘f ‘ F)
proof—
let 2F =op ‘f‘F
show ?thesis
unfolding frankl-def
proof (safe)
fix Xz
assume *: X € Fr € Xcard F < 2 % count x F
show Jz. 2z € (op “f F) N card (op ‘f“F) < 2% countxz (op ‘f‘F)
apply (rule-tac z=f z in exl)
using * ¢nj-on f (U F)
by (subst count-iso] THEN sym]) (auto simp add: card-iso)
next
fix Xz
assume *: card ?F < 2 % count (fz) YF X € Fz € X
show Jz. 2z € JF A card F < 2 x count z F
apply (rule-tac z=z in exl)
using * «ng-on f (J F)
by (subst count-iso) (auto simp add: card-iso)
qed
qed

lemma closure-iso:
shows closure (op ‘g ‘F) = op ‘g  (closure F)
proof (safe)
fix z
assume z € closure (op ‘g ‘ F)
then obtain F'' where |J F/'=2 F'# {}and « F' Cop ‘g ‘ F
unfolding closure-def
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by auto

from * obtain '’ where F"C F F'=op ‘g ‘ F"
by (metis subset-image-iff)

moreover

hence F"# {} ¢ (U F") ==z
using <F' #{h J F'=m
by auto

ultimately

have |J F" € closure F g * (J F") ==
by (auto simp add: closure-def)

thus z € op ‘g ¢ closure F
by auto

next

fix z

assume z € closure F'

then obtain F'' where F' C FF' # {} z = F’
by (auto simp add: closure-def)

hence op ‘g ‘F'C(op ‘g F)op ‘g F' #{}g‘z=U (op ‘g F
by auto

thus g ‘2 € closure (op ‘g ‘ F)
unfolding closure-def
by blast

qed

lemma FC-family-iso:
fixes [ :: 'a = nat
assumes inj-on f (|J Fe) FC-family (op ‘ f ¢ Fe)
shows FC-family Fc
using assms
unfolding FC-family-def
proof (safe)
fix F
assume *x: VF. op ‘f “ Fc C F A finite-union-closed F — (3 a € (I (op ‘f
Fc)). card F < 2 % count a F)
assume inj-on f (| Fe) Fe C F union-closed F finite (| F)
have | JFc C |JF finite (J Fe) JFcUUF =U F
using (Fc C F) (finite (|J F) finite-subset[of |J Fec |J F]
by auto
then obtain f' whereV z € | Fc. f'z = fzinjonf' (U F)
using bij-betw-inj-extend[of f | Fe f (U Fe) U F — U F¢]
using <ing-on f (|J Fe) <finite (U F)» (Fe C F»
unfolding bij-betw-def
by auto
let 2F' =op ‘f' ‘F
have op ‘ f * Fc C 2F’
proof (safe)
fix z
assume z € Fc
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show f‘z cop ‘f ‘F
proof (rule rev-image-eql)
show = € F using «x € Fo» (Fc C F)
by auto
next
show f‘z =f'"‘z
using @ € Foo YV z €| Fe. flz=fm
by force
qed
ged
moreover
have finite-union-closed ?F’'
using finite-union-closed-iso
using <ing-on f' (J F) (finite (U F)> cunion-closed F»
by auto
ultimately
have 3 a € (U (op ‘f ¢ Fc)). card ?F' < 2 % count a ?F’'
using x
by blast
then obtain a where a € |J Fca € |J F card ?F' < 2 % count (f a) ?F’
using (J Fe C U P
by blast
moreover
have fa = f'a
usinga el Fo YV z el Fe. flz=fm
by auto
ultimately
show JaelJ Fe. card F < 2 % count a F
using count-isolof f' F a] card-iso[of f' F| <nj-on f' (IJ F)
by (rule-tac z=a in bezl) auto
qed

12.2 Injective embedding

definition inj-embed where
[simp]: inj-embed F' F' <— (3 f.inj-on f (U F) AN F' = (op ‘' f) ‘ F)

lemma inj-embed-refl [simp]:
shows inj-embed F' F'

unfolding inj-embed-def

by (rule-tac z=id in exl) auto

lemma inj-embed-sym:
assumes inj-embed F F'
shows inj-embed F' F
proof—
obtain f where x: inj-on f ((J F) F'=(op ‘' f) ‘F
using assms
by auto
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let 2f' = inv-into (J F) f
show ?thesis
unfolding inj-embed-def
proof (rule-tac x="2f"in exl, rule conjl)
show inj-on ?f' (J F’)
apply (rule inj-on-inv-into)
using *(2)
by auto
next
show F = op ‘ 2f' ‘ F’
proof (safe)
fix z
assume z € F
hence z C |J F
by auto
show = € op ¢ ?f' * F'
proof (rule-tac rev-image-eql[of f ¢ z])
show [ ‘z € F'
using *(2) @ € )
by simp
next
show z = inv-into ((J F) f‘f‘x
using inv-into-image-cancel[of f |J F z]
using *(1) & C | P
by auto
qed
next
fix z
assume z € F’
then obtain y where z = f ‘yye Fy C|J F
using *(2)
by auto
thus ?f' ‘z € F
using inv-into-image-cancel[of f |J F y] =(1)
by auto
qed
qed
qed

lemma inj-embed-trans:
assumes inj-embed F F'' and inj-embed F' F"'
shows inj-embed F F'
proof—
from assms
obtain f g where inj-on f (JF) F'=op ‘f‘Finjong (UF) F'"=o0p ‘g "*
F/
unfolding inj-embed-def
by auto
thus ?thesis
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unfolding inj-embed-def
by (rule-tac z=g o f in exl) (auto simp add: comp-def inj-on-def)
qed

12.3 Isomoprhism definition

There is a bijective mapping between equivalent families.

definition iso where
[simp]: iso F F' +— (3 h. bij-betwh (J F) (U F)ANF'=(op “h) ‘F)

lemma inj-embed-iso:
shows inj-embed F F' < iso F F’'
proof
assume inj-embed F F'
then obtain f where *: inj-on f ((J F) F'=(op °f) ‘F
by auto
show iso F F’
unfolding iso-def bij-betw-def
apply (rule-tac z=f in exl, rule conjI)
using *
by auto
next
assume iso F F’
thus inj-embed F F'
unfolding iso-def inj-embed-def bij-betw-def
by auto
qed

lemma iso-refi:

shows iso F' I
using inj-embed-iso[of F F] inj-embed-refl
by blast

lemma iso-sym:
assumes iso F F’
shows iso F' F
using assms
using inj-embed-iso[of F F'] inj-embed-iso[of F' F| inj-embed-sym
by blast

lemma iso-trans:
assumes iso F' F' and iso F' F"’
shows iso FF F"'
using assms
using inj-embed-iso[of F F'] inj-embed-iso[of F' F'] inj-embed-iso|of F F"] inj-embed-trans|of
FF' R
by blast

lemma iso-finite:

131



assumes iso F F'
shows finite F' +— finite F'
using assms
unfolding iso-def
by (metis bij-betw-imp-ing-on finite-iso)

lemma iso-insert:
assumes inj-on f (JF U A)
shows iso (F U {A}) ((op ‘f*F)U{f*‘A})
card (f “A) = card A
fRACT UF U A)
A¢F = f‘Adop ‘f‘F
proof—
show iso (F U {4}) ((op ‘f*F)U{f*‘A})
unfolding iso-def
proof (rule-tac x=f in exl, rule conjI)
show bij-betw { (U (F U {A})) (U ((op *f* F) U {f * A})
using assms(1)
unfolding bij-betw-def
by (auto simp add: Un-commute)
next
show op ‘f“FU{f‘ A} =op ‘f‘ (FU{A})
by simp
qed
next
show card (f ¢ A) = card A
using assms(1)
using card-image[of f A]
by (auto simp add: inj-on-def)
next
show f‘ACf (UF UA)
by auto
next
assume A ¢ F
show f“A¢ op ‘f‘F
proof (rule ccontr)
assume — ?thesis
then obtain A’ where f ‘A =f‘ A" A’ € F
by auto
moreover
have inj-on f (A U A’)
using assms(1) A’ € F»
unfolding inj-on-def
by auto
ultimately
have A = A’
using inj-on-Un-image-eq-iff [of f A A’
by simp
thus Fulse
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using <A ¢ F» (A’ € F)
by simp
qed
qed

12.4 Iso-representing collections of families

FF’ iso-represents FF if an isomporphic image of each element of FF is in
FF’

definition iso-represents where
iso-represents FF' FF «+— (N F € FF. 3 F' € FF'. iso F F’)

abbreviation iso-representing-subset where
iso-representing-subset FF' FF = iso-represents FF' FF N FF' C FF

end

12.5 Non-isomorphic families of sets

theory NonlsomorphicFamilies

imports Main
IsomorphicFamilies
FamilyImpl

begin

In this section we define a combinatorial algorithm (implemented by a func-
tion non-isomorphic-families) that computes non isomorphic families of sets.
Two uniform families (over the same domain) are called isomorphic if one
can be obtained from the other by permuting elements of the domain. This
function is used to remove symmetric cases in verification of FC families.

locale Mapping =
fixes to-fun :: 'm = (‘a = ’a)

locale SetPermutations = SetImpl to-set inv + Mapping to-fun for

inv :: 's:linorder = bool and to-set :: 's::linorder = 'a set and to-fun ::
('a = a) +

fixes permute-set :: 'm = 's = ’s

assumes permute-set-set: to-set (permute-set p s) = (to-fun p) ¢ (to-set s)
assumes permute-set-inv: [ing-on (to-fun p) (to-set s); inv s] = inv (permute-set
ps)
begin

'm =

definition permute-family :: 'm = 's list = 's list where
permute-family p F = map (permute-set p) F

lemma permute-family-set:

shows f-to-set (permute-family p F) = op * (to-fun p) * f-to-set F
unfolding permute-family-def
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using permute-set-set
by force

lemma permute-family-inj-embed:
assumes ing-on (to-fun p) (| f-to-set F)
shows inj-embed (f-to-set F') (f-to-set (permute-family p F'))
using assms permute-family-set
unfolding inj-embed-def
by (rule-tac z=to-fun p in exl) auto

function non-isomorphic-families-aur where
non-isomorphic-families-auzx perms fams res =
(case fams of
[| = res
| h # t =
let hp = remdups (h # map (X p. permute-family p h) perms) in
non-isomorphic-families-aux perms (filter (X l. sort 1 ¢ set (map sort hp)) fams)
(h # res)
by pat-completeness auto
termination
by (relation measure (A (p, f, 7). length f)) auto
declare non-isomorphic-families-aux.simps [simp del]

definition non-isomorphic-families where
[simp]: non-isomorphic-families perms fams = non-isomorphic-families-auzx perms

fams ||

lemma non-isomorphic-families-auz-res-mono:
shows set res C set (non-isomorphic-families-auz perms fams res)
proof (induct perms fams res rule: non-isomorphic-families-auz.induct)
case (1 perms fams res)
show ?Zcase
proof (cases fams)
case Nil
thus ?thesis
by (simp add: non-isomorphic-families-auz.simps)
next
case (Cons a fams’)
thus ?thesis
using non-isomorphic-families-auz.simps|of perms fams res]
using 1[of a fams’ remdups (a # FamilyImpl.map (Ap. permute-family p a)
perms)]
by (auto simp add: Let-def)
qed
qed

lemma non-isomorphic-families-aux-subset:

assumes F' D set res F O set fams
shows F D set (non-isomorphic-families-auz perms fams res)
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using assms
proof (induct perms fams res rule: non-isomorphic-families-auz.induct)
case (1 perms fams res)
show ?Zcase
proof (cases fams)
case Nil
thus ?thesis
using 1(2)
by (simp add: non-isomorphic-families-auz.simps)
next
case (Cons a fams’)
let ?hp = remdups (a # FamilyImpl.map (Ap. permute-family p a) perms)
have set (let hp = ?hp
in non-isomorphic-families-auz perms [l<fams . sort | ¢ set (map sort
hp)]
(a # res)) C F
unfolding Let-def
apply (rule 1(1)[of a fams')
using 1(2) 1(3) Cons
by auto
thus ?thesis
apply (subst non-isomorphic-families-auz.simps[of perms fams res))
using Cons
by simp
qed
qged

lemma non-isomorphic-families-subset:

shows set (non-isomorphic-families perms F') C set F'
unfolding non-isomorphic-families-def
by (simp add: non-isomorphic-families-auz-subset)

lemma non-isomorphic-families-aux:
assumes V p € set perms. V F € set fams. inj-on (to-fun p) (U f-to-set F)
shows V F € set fams. 3 F' € set (non-isomorphic-families-auz perms fams
res). inj-embed (f-to-set F') (f-to-set F')
using assms
proof (induct perms fams res rule: non-isomorphic-families-auz.induct)
case (1 perms fams res)
show ?Zcase
proof (cases fams)
case Nil
thus ?thesis
by simp
next
case (Cons F fams’)

let ?nefams = non-isomorphic-families-auz perms fams res
let ?hp = remdups (F # (map (X p. permute-family p F) perms))
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let ?2filt = filter (X 1. sort 1 ¢ set (map sort ?hp)) fams
let ?nef = non-isomorphic-families-aux perms ?filt (F # res)

have ?nefams = ?nef
using Cons
using non-isomorphic-families-aux.simps[of perms fams res|
by simp

show ?thesis
proof (rule balll)
fix Fa
assume Fa € set fams
show Ja€set ?nefams. inj-embed (f-to-set Fa) (f-to-set a)
proof (cases sort Fa = sort F)
case True
show ?thesis
proof (rule-tac x=F in bexl)
show F € set (non-isomorphic-families-auzx perms fams res)
using (?nefams = ?nef)
using non-isomorphic-families-auz-res-monolof F # res perms ?filt]
by auto
next
show inj-embed (f-to-set Fa) (f-to-set F)
using (sort Fa = sort F
by (metis f-to-set-def image-set inj-embed-refl set-sort)
qged
next
case Fulse
hence Fu € set fams’
using Cons (Fa € set fams)
by auto
show ?thesis
proof (cases sort Fa € set (map sort ?hp))
case Fulse
thus ?thesis
using Cons (Fa € set fams"
using 1(1)[of F fams' ?hp] 1(2)
using (?nefams = nef)
by auto
next
case True
then obtain p where p € set (perms) sort Fa = sort (permute-family p
F) ing-on (to-fun p) (I f-to-set F)
using «sort Fa # sort F) 1(2) Cons
by (auto split: if-split-asm)
hence inj-embed (f-to-set F') (f-to-set Fa)
using permute-family-inj-embed|of p F
by (metis f-to-set-def image-set set-sort)
moreover
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have F' € set ?nefams
using (?nefams = ?nef)
using non-isomorphic-families-auz-res-monolof F # res perms ?filt]
by simp

ultimately

show ?thesis
using inj-embed-sym/|of f-to-set F f-to-set Fa]
by auto

qed
qed
qed
qed
qed

lemma non-isomorphic-families”:
assumes V p € set perms. ¥V F € set fams. inj-on (to-fun p) (U f-to-set F')
shows V F € set fams. 3 F' € set (non-isomorphic-families perms fams).

inj-embed (f-to-set F) (f-to-set F')

using assms

unfolding non-isomorphic-families-def

using non-isomorphic-families-auz

by simp

lemma generating-subset-non-isomorphic-families:
assumes V pEset perms. ¥V Feset FF. inj-on (to-fun p) (U f-to-set F)
iso-representing-subset (OFF) FF’
shows iso-representing-subset (O(non-isomorphic-families perms FF)) FF'
proof
show O (non-isomorphic-families perms FF) C FF'
using (iso-representing-subset (OFF) FF" non-isomorphic-families-subset[of
perms]
by auto
next
show iso-represents (O (non-isomorphic-families perms FF)) FF'
unfolding iso-represents-def
proof
fix F'
assume F' € FF’'
then obtain F where F' € (OFF) iso F' F
using (iso-representing-subset (OFF) FF"
unfolding iso-represents-def

by blast
then obtain Fl where Fl € set FF F = f-to-set Fl
by auto
then obtain F'’/ where F''' €O(non-isomorphic-families perms FF) inj-embed

using non-isomorphic-families’[of perms FF, OF assms(1)]
by auto (metis f-to-set-def imagel image-set)
thus Bezx (O (non-isomorphic-families perms FF)) (iso F)
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using <iso F' F) iso-trans inj-embed-iso
by blast
qed
qed

end

end

12.5.1 Implementation by sets represented by (sorted and dis-
tinct) lists

theory NonlsomorphicFamiliesImpl
imports NonlsomorphicFamilies
Combinatorics
HOL—- Library. List-lexord
begin

definition list-to-fun :: nat list = (nat = nat) where
list-to-fun l = (A n. 1! n)

definition permute-set-l :: nat list = nat list = nat list where
permute-set-l p A = sort (map (list-to-fun p) A)

global-interpretation SetPermutations-lists: SetPermutations sd set list-to-fun
permute-set-1
defines
non-isomorphic-families-auz-l = SetPermutations-lists.non-isomorphic-families-auz
and
permute-family-l = SetPermutations-lists.permute-family and
non-isomorphic-families-l = SetPermutations-lists.non-isomorphic-families
proof (unjfold-locales)
fix p s
show set (permute-set-l p s) = list-to-fun p * set s
unfolding permute-set-I-def
by simp
next
fix s::nat list and p
assume sorted s A distinct s inj-on (list-to-fun p) (set s)
thus sorted (permute-set-l p s) A distinct (permute-set-l p s)
by (auto simp add: permute-set-l-def list-to-fun-def distinct-map)
qed

lemma nat-list-to-fun-inj-on’:
assumes distinct p p <~~> [0..<n] X C {0..<length p}
shows inj-on (list-to-fun p) X
using assms
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using distinct-conv-nth[of p]

apply (auto simp add: list-to-fun-def inj-on-def)
apply (rule ccontr)

apply (erule-tac x=x in allE, drule mp, force)
apply (erule-tac =y in allE, drule mp, force)
by simp

lemma nat-list-to-fun-ing-on:
assumes
YV p € set perms. p <~~> [0..<n] and
YV F € set fams. |J f-to-set-l F C {0..<n}
shows V p€set perms. ¥V F€set fams. inj-on (list-to-fun p) (| f-to-set-l F)
unfolding inj-on-def list-to-fun-def SetImpl-lists.f-to-set-def
proof (auto)
fix p Fzy Az Ay
assume p € set perms and
x: F € set fams Ax € set F x € set Az Ay € set F y € set Ay and
plz=ply
have distinct p length p = n
using (p € set perms) assms(1)
using perm-distinct-iff [of p [0..<n]| perm-length|of p [0..<n]]
by auto
moreover
have z < ny < n
using * assms(2)
unfolding SetImpl-lists.f-to-set-def
by force+
ultimately
show z = y
using plz=p!wp
using nth-eq-iff-indezx-eq [of p © y] assms(2) *
by simp
qed

lemma iso-permute-family-I:
assumes iso (f-to-set-l F) (f-to-set-l F') sdf F' sdf F
assumes dm F n dm F' n perms = permute [0..<n]
shows 3 p € set perms. set F' = set (permute-family-l p F)
using assms
proof—
from assms obtain f where bij: bij-betw f (U f-to-set-l F) (| f-to-set-l F')
and
x: f-to-set-l F' = op “ f ¢ f-to-set-l F
unfolding iso-def
by auto
have card ({0..<n} — (U f-to-set-l F)) = card ({0..<n} — (U f-to-set-l F’))
using bij «dm F n) «dm F' n
by (metis bij-betw-same-card card-Diff-subset finite-atLeastLess Than finite-subset)
then obtain f’ where bij: bij-betw f’ {0..<n} {0..<n} V x € |J f-to-set-l F.
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fle=fz
using bij-betw-extend|OF bij, of {0..<n} — (U f-to-set-l F) {0..<n} — (U
f-to-set-1 F')]
using «dm F' n) «dm F n
by auto (metis subset-Un-eq)
have *: f-to-set-l F' = op ‘ f' * f-to-set-l F
using v z € |J f-to-set-l F. f 'z = fu) x
by (metis map-fam-cong)
let Zperm = map f'[0..<n]
have ?perm <~~> [0..<n]
unfolding mset-eq-perm[symmetric]
proof (subst set-eq-iff-mset-eq-distinct[symmetric])
show distinct (map f'[0..<n])
using distinct-maplof f' [0..<n]]
using biyj
by (auto simp add: bij-betw-def)
next
show distinct [0..<n]
by simp
next
show set (map f'[0..<n]) = set [0..<n]
using bij
unfolding bij-betw-def
by auto
qed
show ?thesis
proof (rule-tac x="2perm in bexI)
show ?perm € set perms
using (perms = permute [0..<n]> (Zperm <~~> [0..<n)])
using permute-isPermutation[of ?perm [0..<nl]]
by simp
next
show set F' = set (permute-family-l ?perm F')
proof (safe)
fix z
assume z € set F'
then obtain y where y € set F' and xx: set z = f' “ set y
using *
by (auto, smt image-eql image-iff)
have set y C {0..<n}
using (y € set F» «dm F n»
by auto
have x = permute-set-l ?perm y
proof—
have map (op ! (FamilyImpl.map f' [0..<n])) y = map f'y
using (y € set F) «dm F' n)
by auto
moreover
have sd z distinct y
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using (y € set F sdf F) «x € set F'y <sdf F)
by auto
hence z = sort (map [ y)
using #x (set y C {0..<n}
using sorted-distinct-set-uniquelof x sort (map [’ y)]
using bij distinct-maplof ' y]
using subset-inj-on[of f' {0..<n} set y]
unfolding bij-betw-def
by simp
ultimately
show ?thesis
unfolding permute-set-I-def list-to-fun-def
by metis
qed
thus z € set (permute-family-1 ?perm F)
using (y € set I
unfolding SetPermutations-lists.permute-family-def
by auto
next
fix z
assume z € set (permute-family-l ?perm F)
then obtain y where x = permute-set-l ?perm y y € set F
unfolding SetPermutations-lists.permute-family-def
by auto
hence z = sort (map ' y)
proof—
have map (op ! (FamilyImpl.map f'[0..<n])) y = map f'y
using (y € set F) «dm F n)
by auto
thus ?thesis
using x = permute-set-l ?perm y»
unfolding permute-set-I-def list-to-fun-def
by metis
qed
hence set © € set (map set F')
using (y € set F) x
by auto
moreover
have distinct y set y C {0..<n}
using y € set I sdf F) «dm F n)
by auto
hence sd z
using ¢ = sort (map [’ y)) «y € set F) distinct-map|of ' y]
using subset-inj-on[of f' {0..<n} set y]
using bij
unfolding bij-betw-def
by auto
ultimately
show = € set F’
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using «sdf F')
by (metis SetImpl-lists.f-to-set-def SetImpl-lists.set-set)
qed
qed
qed

lemmas non-isomorphic-families-soundness = SetPermutations-lists.non-isomorphic-families | OF
nat-list-to-fun-inj-on]

lemmas permute-set-inv-l = SetPermutations-lists.permute-set-inv| OF nat-list-to-fun-inj-on’]

lemmas iso-representing-subset-non-isomorphic-families-l = SetPermutations-lists.generating-subset-non-ison
nat-list-to-fun-ing-on]

end

13 Expressible sets and irrreducible families

theory IrreducibleFamilies
imports UnionClosed
begin

definition expressible where
expressible A F +— (3 F. F'CFAF £{}ANA= F

lemma expressible AF «— (3 F'CF.F' £#{} AN A e F.A'CA AN F’
unfolding expressible-def
by auto

lemma expressible-closurel:
assumes expressible A F
shows A € closure F
using assms
unfolding expressible-def closure-def
by auto

lemma expressible-closure2:
assumes expressible A F
shows (op U A) ¢ (closure F') C closure F'
proof (safe)
fix z
from (expressible A F) obtain F’ where x: F' € Pow F A =] F’
by (auto simp add: expressible-def)
assume z € closure F
then obtain F'"’ where F'' € Pow F — {{}} z=U F”
unfolding closure-def
by auto
have F""U F' € Pow F — {{}}
using «(F'' € Pow F) (F" € Pow F — {{}}
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by auto

moreover

have AUz =J (F"U F')
using A= Fha= F"
by auto

ultimately

show A U z € closure F
unfolding closure-def
by (metis image-iff)

qed

lemma expressible-closure:
assumes expressible A F finite F
shows closure (F U {A}) = closure F
using assms
using closure-insert[of F A]
using expressible-closurel [of A F
using expressible-closure2]of A F)
by auto

13.1 Irreducible families

definition reducible :: 'a set set = bool where
reducible F' +—
FAF.Ac FANF CFANF' #{3NA¢F NA= F

abbreviation irreducible :: 'a set set = bool where
irreducible F = — reducible F

lemma reducible F «— (3 A € F. expressible A (F — {A}))
unfolding reducible-def expressible-def
by auto

13.2 Removing all expressible sets

function (domintros) remove-expressible where
remove-expressible F' =
(if (3 A€ F. expressible A (F' — {A})) then
let A= SOME A. A € F A expressible A (F — {A})
in remove-expressible (F — {A})
else
F)
by pat-completeness auto

lemma remowve-expressible-dom:
assumes finite F'
shows remove-expressible-dom F

using assms

proof (induct F rule: wf-induct|of measure card))
show wf (measure card)
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by auto
next
fix z::'a set set
assume finite x and *: Vy. (y, z) € measure card — finite y — remove-expressible-dom
Y
show remove-expressible-dom x
proof (rule remove-expressible.domintros)
fix A
assume ++: A € z expressible A (z — {A})
let A = SOME A. A € x A expressible A (z — {A})
let 7y = o — {?A}
show remove-expressible-dom ?y
proof (rule x[rule-format])
show (¢ — {?4}, z) € measure card
proof (simp, rule card-Diff1-less)
show finite © by fact
next
show ?4 € x
using ++
by (metis (lifting) somel-ex)
qed
next
show finite (z — {?A})
using (finite x
by auto
qged
qed
qed

lemma remove-expressible-subset:
assumes finite F'
shows remove-expressible F C F
proof—
have remove-expressible-dom F
using (finite F)
by (rule remove-expressible-dom)
thus ?thesis
using assms
proof (induct F rule: remove-expressible.pinduct)
case (1 F)
show ?case
proof (cases 3 A € F. expressible A (F — {A}))
case Fulse
thus ?thesis
using (remove-expressible-dom F) remove-expressible.psimps|of F|
by simp
next
case True
thus ?thesis
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using (remove-expressible-dom F) remove-expressible.psimps|of F)
using 1
unfolding Let-def
by auto
qed
qed
qed

lemma remowve-expressible-closure:
assumes finite F'
shows closure F' = closure (remove-expressible F')
proof—
have remove-expressible-dom F
using «finite F)
by (rule remove-expressible-dom)
thus ?thesis
using assms
proof (induct F rule: remove-expressible.pinduct)
case (1 F)
show ?Zcase
proof (cases 3 A € F. expressible A (F — {A}))
case Fulse
thus ?thesis
using (remove-expressible-dom F) remove-expressible.psimps|of F)
by simp
next
case True
let A = SOME A. A € F A expressible A (F — {A})
have x: closure (F — {?A}) = closure (remove-expressible (F — {?A}))
using 1(2)[of ?A] 1(8) True
by simp
moreover
have closure F' = closure (F — {SOME A. A € F A expressible A (F —
{Ah})
proof—
have 7A € F A expressible A (F — {?A})
using True
by (metis (lifting) somel-ex)
thus ?thesis
using expressible-closure[of A F — {?A}] 1(3)
by simp (metis (lifting) insert-absorb)
qed
thus ?thesis
using (remove-expressible-dom F) remove-expressible.psimps|of F| True x
by simp
qed
qged
qed
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lemma remowve-expressible-irreducible:
assumes finite I’
shows irreducible (remove-expressible F')
proof—
have let F'/ = remove-expressible F in
- (3 A € F'. expressible A (F' — {A}))
proof—
have remove-expressible-dom F
using «finite F
by (rule remove-expressible-dom)
thus ?thesis
using assms
proof (induct F rule: remove-expressible.pinduct)
case (1 F)
show ?case
proof (cases 3 A € F. expressible A (F — {A}))
case Fulse
thus ?thesis
using (remove-expressible-dom F) remove-expressible.psimps|of F)|
by simp
next
case True
thus ?thesis
using (remove-expressible-dom F) remove-expressible.psimps|of F)|
using I
unfolding Let-def
by simp
qed
qed
qed
thus ?thesis
using assms
unfolding Let-def
unfolding expressible-def reducible-def
by auto
qed

lemma ex-irreducible-closure:
fixes F
assumes finite F'
shows 3 F' C F. irreducible F' A closure F'' = closure F'
using assms
using remove-expressible-closure[OF assms]
using remove-expressible-subset[OF assms]
using remove-expressible-irreducible] OF assms]
by auto
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13.3 Uniqueness of irreducible subfamily for the given clo-
sure

lemma irreducible-closure’:
assumes irreducible F' and closure F = closure F'
shows F/ C F
proof (rule ccontr)

assume — ?thesis

then obtain A where A € F' A ¢ F
by auto

have A € closure F
using (closure F = closure F"» (A € F'"
unfolding closure-def
by auto

then obtain Fu where Fa C F Fa # {} |J Fa= A
by (auto simp add: closure-def)

let ?F1 = Fa — F'and ?F2 = Fa N F’

have ?F1 C closure F
using (Fa C F)
by (auto simp add: closure-def)

henceV A’ € ?F1. A’ € closure F'
using (closure F = closure Fy <A ¢ F) (Fa C F)
by (auto simp add: closure-def)

let ?f:)\A/F//.FI/gF//\F//¢{}/\A/:U F//

have x: V A’ € ?F1.3 F". ?f A’ F"
proof
fix A’
assume A’ € ?F1
then obtain F''' where F'' € Pow F' — {{}} A’ = Union F"
using Vv A’ € ?F1. A’ € closure F'
unfolding closure-def
by (metis image-iff)
thus IF'". 2f A’ F"
by auto
qed

let ?fs = A\ A’. SOME F". 2f A’ F"
let ?F" = ¢F2 U\ (?fs * ?F1)

have ?F' C F’
proof (safe)
fix z A’
assume A’ € Fa A’ ¢ F’
hence 3 F'". 2f A’ F"
using x
by auto
assume z € ?fs A’
thus z € F'
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using somel-ex[of ?f A', OF 3 F". 2f A’ F'"]
by auto
qed
moreover
have | JU (9fs < ?F1) = |J ?F1
proof
show JU (9fs < 9F1) C |J ?F1
proof
fix z
assume z € (JU (%fs ‘ 7F1)
then obtain A’ where z € |J %fs A’ A’ € ?F1
by auto
thus z € |J 2F1
using * somel-ex[of 7f A’
by auto
qed
next
show |J 7F1 C UU (9fs © 2F1)
proof
fix z
assume z € |J ?F1
then obtain A’ where z € A’ A’ € ?F1
by auto
hence 3 F'. 2f A" F"
using *
by auto
show z € U (%fs < 2F1)
using z € A (A’ € ?FD
using somel-ex[of ?f A', OF (3 F'. 2%f A’ F']
by auto
qed
qged
hence | ?F" = A
using «(J Fa = A
by auto
moreover
have A ¢ ?F"
proof (rule ccontr)
assume — ?thesis
hence A € ?2F"
by simp
hence A € |J (?fs * 2F1)
using <A ¢ F» (Fa C F)
by auto
then obtain A’ where A’ € ?F1 A € ?fs A’
by auto
have A’ C A
using (J Fa = A (A’ € ?FD
by auto
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moreover
have 3 F'. 2f A’ F"
using * (A’ € ?F1)
by auto
have A C A’
using (A € ?fs A (A’ € ?FI)
using somel-ex[of ?f A', OF (3 F". 2f A’ F'"]
by auto
ultimately
have A € ?F1
using (A’ € ?F1)
by auto
thus Fulse
using (4 ¢ I (Fa C F»
by auto
qed
moreover
have ?F" # {}
proof—
from <Fa # {}
obtain A’ where A’ € Fa
by auto
show ?thesis
proof (cases A’ € F')
case True
thus ?thesis
using (A’ € Fw
by auto
next
case Fulse
hence A’ € Fa — F'
using (A’ € Fw
by auto
hence 3 F'. 2¢f A’ F"
using *
by auto
have |J (9fs < ?F1) # {}
using somel-ex[of ?f A’, OF <3 F". ?f A’ F')] (A’ € Fa — F
by auto
thus ?thesis
by simp
qged
qed
ultimately
have expressible A (F' — {A})
unfolding expressible-def
by (rule-tac z=2F""in exl) auto
thus Fulse
using ¢irreducible F (A € F"
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unfolding reducible-def expressible-def
by auto
qed

lemma irreducible-closure:
assumes irreducible F' and irreducible F' and closure F = closure F'
shows F = F'

using assms

using irreducible-closure’

by auto

end

13.3.1 Implementation by sorted and distinct lists

theory IrreducibleFamiliesImpl
imports IrreducibleFamilies UnionClosedImpl Combinatorics
begin

definition expressible-l where
expressible-l A F = A € set (map Union-l (all-nonempty-subsets F'))

lemma expressible-I-soundness:
assumes expressible-l A F
shows expressible (set A) (f-to-set-1 F)
proof—
from assms obtain X' where X' € set (all-nonempty-subsets F) A = Union-I
X/
unfolding expressible-I-def
by auto
then obtain X where set X C set F 1 < length X set A =J (f-to-set-l X)
using SetUnionImpl-lists. Union-set[of X '] all-subs-set[of F]
by auto
thus ?thesis
unfolding expressible-def
by (rule-tac x=f-to-set-l X in exl) auto
qed

lemma f-to-set-l-subset-ex:
fixes F':nat set set
assumes F' C f-to-set-l Fl
shows 3 F'l. set F'l C set FI A f-to-set-l F'l = F' A distinct F'l A length F'l

< length Fl

using assms

using assms

proof (induct Fl arbitrary: F)
case Nil
thus ?case

by auto
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next
case (Cons a Fl)
show ?Zcase
proof (cases F' C f-to-set-1 Fl)
case True
thus ?thesis
using Cons(1)[of F
by auto
next
case Fulse
hence F’ — {set a} C f-to-set-l Fl a ¢ set Fl set a € F'
using Cons(2)
by auto
then obtain F'l where
set F'l C set Fl distinct F'l f-to-set-l F'l = F' — {set a} length F'l < length
Fl
using Cons(1)[of F' — {set a}]
by auto
thus ?thesis
using (a ¢ set FD» (set a € F
by (rule-tac t=F'l Q [a] in ex]) auto
qed
qed

lemma expressible-I-completeness-lemma:
assumes F’ C f-to-set-l FI F' # {}
shows |J F' € set (map set (map Union-l (all-nonempty-subsets F1)))
proof—
obtain F'/l where set F'l C set Fl distinct F'l f-to-set-l F'l = F' length F'l <
length Fl
using f-to-set-l-subset-ex|OF assms(1)]
by auto
have length F'l > 1
using (f-to-set-l F'l = F (F' # {}
by (auto simp add: not-less-eg-eq)
have length F'l € set [1..<length FI + 1]
using (length F'l > 1) dength F'l < length FD
by auto
moreover
have set (Union-l F'l) € (set o Union-l) ‘ set (Combinatorics.combine FI (length
F1))
using combine-sublist[of set F'l Fl| set F'l C set Fl) (distinct F'D dength F'l
< length Fl) distinct-card]of F'l|
by (auto simp add: SetUnionImpl-lists. Union-set)
ultimately
show ?thesis
using «f-to-set-l F''l = F'[symmetric]
unfolding all-nonempty-subsets-def
by (simp add: SetUnionImpl-lists. Union-set, auto, force)
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qed

lemma expressible-I-completeness:
assumes sd A sdf F
assumes
expressible (set A) (f-to-set-l F)
shows expressible-l A F
proof—
have sdff (all-nonempty-subsets F')
unfolding all-nonempty-subsets-def
using (sdf )
using combine-subset|of - F -]
by auto
hence sdf (map Union-l (all-nonempty-subsets F'))
using SetUnionImpl-lists. Union-inv
by force
from c(expressible (set A) (f-to-set-l F'))
obtain F' where F' C f-to-set-l F F' # {} set A =|JF’
unfolding expressible-def
by auto
hence set A € set ‘ set (map Union-l (all-nonempty-subsets F'))
unfolding expressible-I-def
using expressible-l-completeness-lemmalof F' F)|
by auto
thus ?thesis
unfolding expressible-I-def
using «sd A «sdf (map Union-l (all-nonempty-subsets F'))
using SetImpl-lists.set-set[of map Union-l (all-nonempty-subsets F) A]
by auto
qed

end

14 Covering

theory Covering

imports UnionClosed Frankl IsomorphicFamilies Irreducible Families
begin

14.1 Definition of Covering

definition FC-covered where
FC-covered Fec F = 3 Fc'. iso Fe' Fe N Fe!' C closure F

definition nonFC-covered where
nonFC-covered Nc F =3 Nc'. iso Ne Nc' A closure F C closure Ne' U {{}}
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abbreviation F(Cs-covered where
FCs-covered F FF =3 Fc € F. FC-covered Fc F

abbreviation nonFCs-covered where
nonFCs-covered N F =3 Nc € N. nonFC-covered Nc F

definition covered where
covered F N' F = FCs-covered F F V nonFCs-covered N' F

lemma FC-covered-sound:
fixes Fc :: nat set set
assumes finite F' and FC-covered Fc F and FC-family Fc
shows FC-family F
proof—
from (F'C-covered Fc F) obtain Fc¢’ where iso Fc¢' Fec Fc¢' C closure F
unfolding FC-covered-def
by auto
thus ?thesis
using (finite F') (FC-family Fc)
using FC-family-closure[of F)
using FC-family-monolof Fc' closure F|
using FC-family-iso[of - Fc'l
unfolding iso-def bij-betw-def
by auto
qed

lemma nonFC-covered-sound:
fixes F :: nat set set
assumes finite F'' and nonFC-covered F' F and — FC-family F'
shows = FC-family F
proof (rule ccontr)
assume — ?thesis
from (nonFC-covered F' F)
obtain F' where iso F' F' closure F C closure F"" U {{}} finite "’
using «(finite F')
by (auto simp add: nonFC-covered-def finite-iso)
hence FC-family F''
using closure-subset[of F] FC-family-empty-set-insert
using FC-family-monolof F closure F' U {{}}] = = FC-family F»
using assms FC-family-closure[of F'"]
by auto
thus Fulse
using = FC-family F
using <iso F' F")
using FC-family-iso[of - F']
unfolding iso-def bij-betw-def
by auto
qed
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lemma FC-covered-mono:
assumes F' C F'' FC-covered F F
shows F'C-covered F F'
using assms closure-monolof F F]
unfolding FC-covered-def
by auto

lemma nonFC-covered-mono:
assumes ' D F' nonFC-covered F F
shows nonFC-covered F F'
using assms closure-mono[of F' F|
unfolding nonFC-covered-def
by auto

14.2 Covering and empty set

lemma FC-covered-remove-empty:
assumes finite '
shows FC-covered Fc (F — {{}}) — FC-covered Fc F
unfolding FC-covered-def
using closure-remove-empty|of F] assms
by auto

lemma nonFC-covered-remove-empty:
assumes finite F'
shows nonFC-covered Nc (F — {{}}) — nonFC-covered Nc F
unfolding nonFC-covered-def
using closure-remove-empty[of F] assms
by auto

lemma covered-remove-empty:
assumes finite F'
shows covered F N (F — {{}}) — covered F N' F
using assms
using FC-covered-remove-empty|of F| nonFC-covered-remove-empty|of F|
unfolding covered-def
by auto

14.3 Covering and isomorphic families

lemma FC-covered-iso:
assumes iso F F' and FC-covered Fc F
shows FC-covered Fec F'
using assms
unfolding FC-covered-def
proof (safe)
fix Fc’
assume iso F F' iso F¢' Fe Fc¢' C closure F
then obtain f g where x: F¢' = op ‘ f “ Fe bij-betw f (|J Fc) (I Fe') F'= op
‘g Fbijbetw g (U F) (U F)
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using iso-sym[of Fc' Fc]
unfolding iso-def
by metis
hence inj-on g (U F)
by (simp add: bij-betw-def )

have | JFc'CUF
using Union-mono[OF (Fc' C closure F)]
by simp

have inj-on g (| Fe')
by (rule subset-inj-on[of - |J F], fact+)

let 2Fc” = op ‘g ¢ Fc'
show 3 Fc¢''. iso Fc¢'' Fec N\ Fe' C closure F'
proof (rule-tac x=2Fc"" in exl, safe)
show iso ?Fc’’ Fc
proof—
have iso Fc' 2Fc"
unfolding iso-def
apply (rule-tac =g in exl)
using «nj-on g (|J Fe’)
by (auto simp add: bij-betw-def)
hence iso ?Fc’’ Fc'
by (rule iso-sym)
thus ?thesis
using <iso Fc' Fo)
by (rule iso-trans)
qed
next
fix z
assume z € Fc'
hence z € closure F
using (Fc’ C closure F)
by auto
thus g ‘z € closure F'
using * closure-iso
by auto
qed
qed

lemma nonFC-covered-iso:
fixes F F' :: nat set set
assumes 1so F F' and nonFC-covered Nc F and
finite (J F') and finite (| Nc)
shows nonFC-covered Nc F'
using assms
unfolding nonFC-covered-def
proof (safe)
fix Nc¢’
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assume iso F' F' iso Nc Nc' closure F C closure N¢' U {{}}
then obtain f g where x: N¢/ = op ‘ f ¢ Nec bij-betw f (J Ne) (U Ne') F/ =
op ‘g ‘ Fbijbetwg (U F) (U F)
using iso-sym[of Ne¢' N¢]
unfolding iso-def
by force

have finite (|J Nc¢’)
using «finite (|J Nc)» ij-betw f (IJ Ne) (U Ne')
by (metis bij-betw-finite)

moreover

have |J F C |J N¢’
using Union-mono|OF (closure F C closure Nc' U {{}}]
by simp

ultimately

obtain g’ where inj-on ¢’ (| N Vaze (U F). gz =gz
using (bij-betw g (J F) (U F') finite (I F')
using bij-betw-ing-extendlof g |J F U F'U N’ — U F]
using finite-subset[of |J N¢/ — | F | Nc’]
by (auto, metis sup-absorb2)

let ?Nc¢” = op ‘g’ “ N¢'
show 3 Nc¢'. iso Nc Ne' A closure F' C closure Nc¢' U {{}}
proof (rule-tac z=2Nc" in exl, rule conjl)
show iso N¢ ?N¢”
proof—
have iso N¢’ 2Nc¢"!
using ¢nj-on g’ (IJ Ne')
unfolding iso-def
by (rule-tac z=g’ in exl) (auto simp add: bij-betw-def)
thus ?thesis
using (iso Nc Nc¢hiso-trans
by blast
qed
next
show closure F' C closure (op ‘g’ * Ne') U {{}}
proof
fix z
assume z € closure F'
hence z € op ‘ g ‘ closure F
using *
by (simp add: closure-iso)
moreover
have op ‘g ‘ closure F = op ‘g’ ¢ closure F
using vV z € (U F). g’z =g
using map-fam-cong|of closure F g’ g]
by simp
moreover
have op ‘ g’  closure F C op ‘g’  (closure N¢' U {{}})
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using «closure F' C closure N¢' U {{} b
by auto

moreover

have op ‘ g’ “ (closure N¢' U {{}}) = closure (op ‘g’ * Nc’) U {{}}
using closure-iso[of g’ Nc']
by auto

ultimately

show z € closure (op g’ * Ne') U {{}}
by auto

qed
qed
qed

lemma covered-iso:
fixes F' F' :: nat set set
assumes finite (| F’) and
V Fc e F. finite (U Fec) and V Nc € N. finite (J Ne)
assumes iso F' F'/
shows covered F N' F = covered F N' F'
using assms
unfolding covered-def
using FC-covered-iso[of F F'| nonFC-covered-iso[of F F|
by blast

lemma iso-represents-FCs-covered:
fixes FF FFb ::nat set set set
assumes iso-represents FFb FF and V¥V F € FFb. FCs-covered F F
shows V F € FF. FCs-covered F F
proof
fix F
assume F' € FF
then obtain F'' where F’' € FFb iso F' F
using «so-represents FFb FF) iso-sym
unfolding iso-represents-def
by blast
then obtain Fc where Fc € F FC-covered Fc F'
using Vv F € FFb. FCs-covered F F»
by auto
hence FC-covered Fc F
using (F' € FF) FC-covered-iso[of F' F Fc] <iso F' F)
by auto
thus FCs-covered F F
using Fc € F)
by auto
qed

lemma iso-represents-nonFCs-covered:

fixes FF' FFb ::nat set set set
assumes V F € FF. finite ({J F)V F € N. finite (J F)
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assumes iso-represents FFb FF' Y F € FFb. nonFCs-covered N' F
shows V F € FF. nonFCs-covered N' F
proof
fix F::nat set set
assume F' € FF
then obtain F’ where F' € FFbiso F' F
using «so-represents FFb FF) iso-sym
unfolding iso-represents-def
by blast
then obtain N where N € N nonFC-covered N F'
using v F € FFb. nonFCs-covered N F»
by auto
hence nonFC-covered N F
using (F € FF) nonFC-covered-isolof F' F N| v F € FF. finite (| F) vV F
e N. finite (J F) tiso F' F)
by auto
thus nonFCs-covered N F
using (N € \»
by auto
qed

14.4 Covering, closure and irreducible families

lemma closure-covered:
assumes closure F = closure F'
shows covered F N' F < covered F N F'
using assms
unfolding covered-def FC-covered-def nonFC-covered-def
by auto

lemma ex-irreducible-covered:
fixes F
assumes finite (|J F)
shows 3 F' C F. irreducible F' A\ (covered F N F <— covered F N F’)
proof—
from assms
have finite F'
by (auto simp add: finite Un-iff )
hence 3 F' C F. irreducible F' A (closure F = closure F)
using ez-irreducible-closure|of F]
by auto
thus ?thesis
using closure-covered
by metis
qed

lemma all-irreducible-covered-all-covered:

assumes V F. irreducible F A |J F C {0..<nunat} — covered F N F
showsV F.|J F C {0..<n} — covered F N' F
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proof (safe)
fix F
assume |J F C {0..<n}
then obtain F’ where F'CF irreducible F' covered F N' F <— covered F N
F/
using finite-subset[of |J F {0..<n}]
using ez-irreducible-covered|of F F N
by auto
have irreducible F' A |JF' C {0..<n}
using (F''CF) rreducible F» (J F C {0..<n}
by blast
hence covered F N F'
by (rule assms|rule-format))
thus covered F N F
using <covered F N' F +— covered F N F"
by simp
qed

end

14.4.1 FC and nonFC covering implementation

theory Coveringlmpl
imports
Covering
FamilyImpl UnionClosedImpl NonlsomorphicFamiliesImpl
More. MoreBinomial
begin

definition FC-covered-l :: nat list list = nat list list = nat list list = bool where
FC-covered-l Fc F perms «— list-ex (A Fc'. set Fe' C set (close-l F)) (map (A
p. permute-family-l p Fc) perms)

lemma FC-covered-l-soundness:
assumes V p € set perms. p <~~> [0..<n] dm Fc n
assumes FC-covered-l Fc F perms
shows FC-covered (f-to-set-l Fc) (f-to-set-1 F)
proof—
obtain p where p € set perms set (permute-family-l p Fc) C set (close-l I')
using assms
unfolding FC-covered-I-def
by (auto simp add: list-ex-iff)
show ?thesis
unfolding FC-covered-def
proof (rule-tac x=f-to-set-l (permute-family-l p Fec) in exl, rule)
show iso (f-to-set-l (permute-family-l p Fc)) (f-to-set-l Fc)
proof—
have inj-on (list-to-fun p) (IJ f-to-set-l Fc)
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using perm-distinct-iff [of p [0..<n]] perm-length[of p [0..<n]]
(p € set perms) assms(1) assms(2)
using nat-list-to-fun-inj-on’lof p n |J f-to-set-l Fc]
by simp
thus ?thesis
using SetPermutations-lists. permute-family-inj-embed|of p Fc] inj-embed-iso[of
J-to-set-l Fe f-to-set-l (permute-family-l p Fc)] iso-sym
by blast
qed
next
show f-to-set-l (permute-family-l p Fc) C closure (f-to-set-1 F)
using (set (permute-family-l p Fc) C set (close-l F))
using SetUnionImpl-lists.close-set[of F
by auto
qed
qed

lemma FC-covered-I-completeness:

assumes sdf F sdf Fc dm Fc n dm F n perms = permute [0..<n)

assumes FC-covered (f-to-set-l Fc) (f-to-set-l F')

shows FC-covered-l Fc F perms

proof—

from assms

obtain Fc¢’ where iso Fc' (f-to-set-l Fc) Fc¢' C closure (f-to-set-l F)
unfolding FC-covered-def
by auto

have |J Fc¢' C | closure (f-to-set-l F')
using (F¢' C closure (f-to-set-l F))
by (metis Union-mono)

hence |J Fe¢' C {0..<n}
using «dm F'n)
by auto

have finite (|J Fc’)
using <iso Fc' (f-to-set-l Fc)) bij-betw-finite
unfolding iso-def
by auto

then obtain Fc’'l where Fc' = f-to-set-1 Fc'l sdf Fc'l
using SetImpl-lists.f-to-set-ex|of Fc’|
by auto

then obtain p where p€Eset perms set Fc'l = set (permute-family-l p Fc)
using <iso Fc' (f-to-set-l Fc)) iso-permute-family-l[of Fc Fe'l n perms]
using «dm Fcny J Fe' C {0..<n}> <(perms = permute [0..<n) sdf Fo
using iso-sym|of f-to-set-l Fc'l f-to-set-l Fc]
by auto

show ?thesis
unfolding FC-covered-I-def

proof (subst list-ex-iff , rule-tac z=permute-family-l p Fc in bexl)
show permute-family-l p Fc € set (FamilyImpl.map (Ap. permute-family-1 p
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Fe) perms)
using (p € set perms)
by auto
next
show set (permute-family-l p Fc) C set (close-l F')
proof—
have set Fc'l C set (close-l F)
proof
fix A
assume A € set Fc'l
show A € set (close-l F)
proof (rule SetUnionImpl-lists.close-completeness)
show sorted A A distinct A
using v A € set Fc'l. sorted A A distinct A (A € set Fc'l
by auto
next
show V a€cset F. sorted a A distinct a
by fact
next
show set A € closure (f-to-set-l F)
using (A € set Fc'l) «(Fc¢' = f-to-set-l Fe'l) «(Fc¢’ C closure (f-to-set-1 F'))
by auto
qged
qed
thus ?thesis
using (set Fc'l = set (permute-family-l p Fc))
by auto
qed
qged
qed

definition F(Cs-covered-l where
FCs-covered-l F F perms <— list-ex (A Fc. FC-covered-l Fc F perms) F

definition nonFC-covered-l where
nonFC-covered-l Nc F perms +—
list-ex (A Nc'. set (close-l F') C set Nc')
(map (X p. (close-insert-empty-l (permute-family-l p Nc))) perms)

lemma nonFC-covered-l-soundness:

assumes V p € set perms. p <~~> [0..<n] dm Nc n

assumes nonFC-covered-l Nc F perms

shows nonF'C-covered (f-to-set-l Nc) (f-to-set-1 F')
proof—

obtain p where p € set perms set (close-insert-empty-l (permute-family-l p Nc))
D set (close-l F)

using assms
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unfolding nonFC-covered-I-def
by (auto simp add: list-ex-iff)
show ?thesis
unfolding nonFC-covered-def
proof (rule-tac x=f-to-set-l (permute-family-l p Nc) in exl, rule)
show iso (f-to-set-l Nc¢) (f-to-set-l1 (permute-family-l p Nc))
proof—
have inj-on (list-to-fun p) (IJ f-to-set-l Nc)
using perm-distinct-iff [of p [0..<n]] perm-length[of p [0..<n]]
(p € set perms) assms(1) assms(2)
using nat-list-to-fun-inj-on'[of p n |J f-to-set-l Nc]
by simp
thus ?thesis
using SetPermutations-lists.permute-family-inj-embed|of p Ne| inj-embed-iso|of
f-to-set-l Ne f-to-set-l (permute-family-l p Nc)| iso-sym
by blast
qed
next
show closure (f-to-set-l F') C closure (f-to-set-l (permute-family-l p Nc)) U {{}}
using <set (close-insert-empty-l (permute-family-l p Nc)) 2 set (close-l F')
using SetUnionImpl-lists.close-set[of F, symmetric] SetUnionImpl-lists.close-and-insert-empty-set[symmet
by auto
qed
qed

definition nonFCs-covered-l where
nonFCs-covered-l N' F perms <—
list-ex (A Nc. nonFC-covered-l Nc F perms) N

lemma nonFCs-covered-I-soundness:
assumes V pEset perms. p <~~> [0..<n| dmf N n
assumes nonFCs-covered-l N F perms
shows nonFCs-covered (fs-to-set-l N') (f-to-set-I F)

using assms

unfolding nonFCs-covered-l-def

using nonFC-covered-l-soundness|of perms n]

by (auto simp add: list-ex-iff) (rule-tac x=Nc in bezxl, auto)

definition nonFC-covered-l-opt :: nat list list list = nat list list = bool where
nonFC-covered-l-opt Nc-perms F +—
list-ex (A Nc'. set (close-l F) C set Nc') Ne-perms
definition nonFCs-covered-l-opt where
nonFCs-covered-l-opt N -perms F +—
list-ex (A Nc. nonFC-covered-l-opt Nc F) N -perms

lemma nonFCs-covered-l-opt:
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assumes N -perms = (map (A Nc. (map (X p. close-insert-empty-1 (permute-family-1
p Nc)) perms)) N)

shows nonFCs-covered-l-opt N -perms F' <— nonFCs-covered-l N' F perms
using assms
unfolding nonFCs-covered-I-def nonFCs-covered-l-opt-def
unfolding nonFC-covered-I-def nonF C-covered-l-opt-def
by (auto simp add: list-ex-iff)

end

15 L-partitioned families

theory LPartitioning
imports Main More.MoreSet IsomorphicFamilies
begin

definition is-L-part where
is-L-part n L F +—
U F C{0..<nunat} A
(V A€ F. card A < length L) A
(V n < length L. card {A € F. card A=n} =L ! n)

abbreviation L-part where
L-part n L = {F. is-L-part n L F}

lemma is-L-part-finite:

assumes is-L-part n L F

shows finite 'V A € F. finite A
using assms
unfolding is-L-part-def
using finite-subset[of |J F {0..<n}]
by (auto simp add: finite Un-iff)

lemma is-L-part-zero:
shows is-L-part n L F <— is-L-part n (L @ [0]) F
proof—
have x: finite (J F) = (V¥ A € F. card A < length L) <— ((V A € F. card
A <length L+ 1) A card {A € F. card A = length L} = 0)
by (auto simp add: finiteUn-iff ) fastforce
show ?thesis
using x
unfolding is-L-part-def
by (auto simp add: nth-append finite-subset[of |J F {0..<n}]) (subgoal-tac na
= length L, simp+)
qed

lemma is-L-part-zeros:

assumes V k. k' >k Ak’ <length L — L1 k' =0
shows is-L-part n L F <— is-L-part n (take (k+1) L) F
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proof (cases k < length L)
case Fulse
thus ?thesis
by simp
next
case True
thus ?thesis
using assms
proof (induct L rule: rev-induct)
case Nil
thus ?case
by simp
next
case (snoc a L)
show ?Zcase
proof (cases k = length L)
case True
thus ?thesis
by auto
next
case Fulse
hence k < length L
using <k < length (L @ [a])
by simp
moreover
hence a = 0
using Vk". k < k'A k' <length (L Q [a]) — (L Q [a]) ! k' = O[rule-format,
of length L]
by simp
moreover
have Vk' k < k' ANk’ <length L — L! k'= 0
using Yk’ k < k' A Kk' < length (L Q [a]) — (L@ [a]) 1 k' = O
by (auto simp add: nth-append)
ultimately
show ?thesis
using snoc(1)
using is-L-part-zero[of n L F)|
by simp
qed
qed
qed

lemma is-L-part-zeros-replicate:
is-L-part n (replicate k 0) F <— is-L-part n [| F
proof (induct k)
case (
thus ?case
by simp
next
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case (Suc k)
thus ?case
using replicate-add[of k 1 0::nat] is-L-part-zero|of n replicate k 0 F)
by simp
qed

lemma is-L-part-mem:
assumes is-L-part n L F A € F
shows card A < length L AN L! card A > 0
proof—
let X = {A’ € F. card A’ = card A}
have A € ?X
using (A € F)
by simp
moreover
have ?X C F
by auto
moreover
have finite F
using «s-L-part n L F)
by (simp add: is-L-part-finite)
ultimately
have card ?X > 0
using finite-subset[of ?X F]
using card-eq-0-iff [of ?X]
by blast
thus card A < length LA L! card A > 0
using assms (A € F)
unfolding is-L-part-def
by auto
qed

lemma is-L-part-empty-mem:

assumes
is-L-part n L F hd L > 0 length L > 0
shows {} € F

proof—

let A0 = {A' € F. card A’ = 0}
have card ?A0 > 0

using assms

unfolding is-L-part-def

by (auto simp add: hd-conv-nth)
moreover
haveV A’ € F. card A’ =0 — A' = {}

using «s-L-part n L F)

using card-eq-0-iff

by (auto simp add: is-L-part-finite)
ultimately
show ?thesis
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using card-gt-0-iff [of {A' € F. card A" = 0}]
by auto
qed

lemma is-L-part-remove:

assumes A € Fis-L-part n L F

shows is-L-part n (L[card A := (L ! card A) — 1]) (F — {4})
proof—

let 7F = F — {4}

let ?X = {A’€ F. card A’ = card A}

let XA = ?2X — {4}

let L' = Lcard A := (L card A) — 1]

have :V n.n # card A — {A' € ?F. card A’ =n} = {A' € F. card A’ = n}
{A" € ?F. card A’ = card A} = ?XA

by auto

have card A < length L L'! card A > 0
using assms is-L-part-mem[of n L F A
by auto

have card ?X = L card A
using assms (card A < length L
unfolding is-L-part-def
by auto

have L ! card A = Suc ((L! card A) — 1)
using is-L-part-mem[of n L F A} <L'! card A > 0
by auto

hence card XA = (L! card A) — 1
using «card ?X = L ! card A
using card-Suc’[of ?X (L card A) — 1 A] (A € F)
by simp

have |J ¢F C {0..<n}
using «s-L-part n L F)
unfolding is-L-part-def Let-def
by auto
moreover
{
fix A’
assume A’ € ?F
hence card A’ < length L
using <is-L-part n L F)
unfolding is-L-part-def Let-def
by auto

}

moreover
have (Vn < length ?L'. card {A’ € ?F. card A’ = n} = ?L'! n)
proof(safe)
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fix n’
assume n’ < length 7L’
show card {A' € ?F. card A’ =n'} = ?L' | n’
proof (cases n’ # card A)
case True
thus ?thesis
using *(1) ¢s-L-part n L Fy (n' < length ?2L%
unfolding is-L-part-def Let-def
by (auto simp add: nth-list-update)
next
case Fulse
thus ?thesis
using *(2) (card XA = (L! card A) — 1) (card A < length L
by (simp add: nth-list-update)
qed
qed
ultimately
show ?thesis
unfolding is-L-part-def Let-def
by simp
qed

lemma is-L-part-remove-last:
assumes is-L-part n (L Q [k + 1]) F card A = length L A € F
shows is-L-part n (L @ [k]) (F — {A})

using assms

using is-L-part-removelof A Fn L @Q [k + 1]]

by auto

lemma is-L-part-insert-last:
assumes is-L-part n (L Q [k]) FA¢ F A C {0..<n} card A = length L
shows is-L-part n (L Q [k + 1]) (F U {A})
proof—
have finite F
using <is-L-part n (L Q [k]) )
by (simp add: is-L-part-finite)

have *: V n < length L. {X € F U {A}. card X = n} = {X € F. card X = n}
{X € FU{A}. card X = length L} = {X € F. card X = length L} U {A}
using (card A = length Ly <A ¢ F»
by auto

have |J(F U {4}) C {0..<n}
using (A C {0..<n}
using <is-L-part n (L Q [k]) )
by (auto simp add: is-L-part-def)
moreover

have VXeF U {4}. card X < length (L Q [k + 1])
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using (is-L-part n (L Q [k]) F) <card A = length L
by (auto simp add: is-L-part-def)
moreover
{
fix n’
assume n’ < length (L Q [k + 1])
have card {X €¢ FU{A}. card X =n'} =(LQ [k + 1]) ! n’
proof (cases n’ < length L)
case True
thus ?thesis
using (1) «s-L-part n (L Q [k]) F)
by (auto simp add: is-L-part-def nth-append)
next
case Fulse
hence n' = length L
using (' < length (L Q [k + 1])
by simp
thus ?thesis
using *(2) (card A = length L) ¢s-L-part n (L Q [k]) F» (A ¢ F»
using card-insert-disjoint[of {A € F. card A = length L}] (finite I
by (auto simp add: is-L-part-def nth-append finite-subset)
qed
}
ultimately
show ?thesis
by (simp add: is-L-part-def)
qged

15.1 Ordering of L-partitions

definition pwge (infixl > 100) where
L' > L +— (length L' = length L) A (V i. i < length L — L' i > L)

lemma pwge-Cons:

(a# L)z (b#L)«—(azbNL=L

unfolding pwge-def

by (auto simp add: nth-Cons) (metis Suc-eq-plus1-left diff-is-0-eq le-add-diff-inverse
le-cases less-antisym less-imp-diff-less nth-Cons nth-Cons’)

lemma pwge-Nil:
0=

unfolding pwge-def

by simp

lemma pwge-refi:
fixes L::'a::linorder list
shows [simp]: L = L
unfolding pwge-def
by auto
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lemma pwge-trans [trans]:
fixes L::'a::linorder list
assumes L = L' L' = L"
shows L = L"
using assms
proof (induct L arbitrary: L' L")
case Nil
thus ?Zcase
unfolding pwge-def
by simp
next
case (Cons a l)
obtain b I’ ¢l where L' =b # ' L" = c # 1"
using «(a # 1) = LH L' = L")
unfolding pwge-def
by auto (metis Suc-length-conv)
thus ?case
using Cons
by (auto simp add: pwge-Cons)
qed

lemma pwge-replicate-0:
assumes length X = n
shows X > replicate n (0::nat)
using assms
proof (induct n arbitrary: X)
case (
thus ?case
by simp
next
case (Suc n)
thus ?case
by (cases X) (auto simp add: pwge-Cons)
qed

lemma pwge-list-update:
fixes L::nat list
assumes n < length L nk < L!n
shows L = L [n := nk]

using assms

unfolding pwge-def

by (auto simp add: nth-list-update)

lemma is-L-part-subset:

assumes L' = L is-L-part n L' F’

shows 3 F. F C F' A\ is-L-part n L F
proof—

let 2F'k =X k. {A. A€ F'A card A =k}
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let 9Fk = X\ k. SOME S. S C ?F'kk N card S = Lk
haveV k. k <length L — (3 S. S C ?F'kk N card S = L k)
proof (safe)
fix k
assume k < length L
show 3 5. S C ?F'kk ANcard S =Lk
proof (rule card-le)
show L! k< L'k
using assms <k < length L
unfolding pwge-def
by simp
next
show card (?F'kk) = L'k
using assms <k < length L
unfolding is-L-part-def pwge-def
by simp
qed
qed
have «: V k < length L. ?Fk k C ?F'k k A card (?Fk k) =L !k
proof (safe)
fix k x
assume k < length L
thus z € ?Fkk =z € F'z € ?Fkk = cardx = k
card (Fk k) =Lk
using «V k. k < length L — (3 S. S C ?F'k k A card S = L ! k)
using tfl-some[rule-format, where P=X S. S C {A € F' card A = k} A
card S = L ! k]
by auto
qged

let 9F =] {?Fkk | k. k < length L}
show ?thesis
proof (rule-tac t=2F in exI, rule conjI)
show ?F C F’'
using x
by auto
next
have | J ?F C {0..<n}
using * (s-L-part n L' F')
unfolding is-L-part-def
by auto
moreover
have VA€ ?F'. card A < length L
using x
by auto
moreover
have Vk<length L. {A € ?F. card A = k} = ?Fk k
using *
by auto
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hence Vk<length L. card {A € ?F. card A=k} =Lk
using x
by auto

ultimately

show is-L-part n L ?F
unfolding is-L-part-def
by simp

qed
qed

lemma is-L-part-subset’:
assumes F'' C F is-L-part n L F
shows 3 L. L = L'\ is-L-part n L' F'
proof—
have finite (F — F)
using <is-L-part n L F)
using is-L-part-def finite-subset[of |J F {0..<n}] finite-subset[of F — F' F]
finite Un-iff [of F
by auto
thus ?thesis
using assms
proof (induct F — F' arbitrary: F F' L rule: finite-induct)
case empty
hence F = F'
by auto
thus ?case
using <is-L-part n L F)
by (rule-tac z=L in ezl) (auto simp add: pwge-def)
next
case (insert X Y)
have X € F
using ¢nsert X Y = F — F)
by auto
then obtain L" where L = L' is-L-part n L” (F — {X})
using is-L-part-remove[of X F n L] ¢is-L-part n L F»
using pwge-list-update[of card X L (L card X) — 1]
using is-L-part-mem
by auto
have 3 L. L" = L' N is-L-part n L' F'
proof (rule insert(3))
show YV = (F — {X}) — F’/
using «nsert X Y = F — FHh X ¢ ¥
by auto
next
show F'C F — {X}
using <F' C F) tnsert XY = F — F)
by auto
next
show is-L-part n L” (F — {X})
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by fact

qed

thus ?case
using (L = L")
using pwge-trans[of L L"
by auto

qed
qed

16 Generating all L-partitioned families with some
given properties

abbreviation L-part-P where

L-part-P Pn L = {F € L-part n L. P F}

abbreviation mult-P where
mult-PPFA={fU{A}|f.feFNA¢fANPAf}

abbreviation

mult-alllP PFnm = {mult-P PF A | A. card A=m N A C {0..<n}}

abbreviation incrementally-checks where
incrementally-checks Pinc P =
(Vv AF. (finite U FUA NN A€ F.card A> card AY NA¢ F) —
(P (FU{A}) «— PF A Pinc A F))

lemma L-part-mult-P:
assumes incrementally-checks Pinc P
shows L-part-P P n (L @ [k + 1]) = mult-all-P Pinc (L-part-P P n (L Q [k]))
n (length L)
(is ?lhs = ?rhs)
proof
show ?lhs C ?rhs
proof (safe)
fix F'
assume is-L-part n (L Q [k + 1]) F' P F’
hence | J F' C {0..<n} card {A € F'. card A = length L} = k + 1
unfolding is-L-part-def
by auto
then obtain A where card A = length L A € F'
using card-eq-0-iff [of {A € F'. card A = length L}|
by auto

let 2F = F' — {A}
have F' € {f U {4} |f.
fe€Llpartn (LQE)ANPfANAES A PincAf}
proof (rule, rule-tac t=2F in exl, safe)
show is-L-part n (L @ [k]) 7F
using «s-L-part n (L Q [k + 1]) F)
using (card A = length L) <A € F is-L-part-remove-last

172



by auto
next
show 4 € F’
by fact
next
have finite (|J (F' — {A})) finite A
using (J F' C {0..<n} finite-subset[of |J F'{0..<n}] (A € F'
finite-subset[of U (F' — {A}) U F] finiteUn-iff [of F]
by auto
moreover
have (VA'eF’ — {A}. card A’ < card A)
using (card A = length L) <is-L-part n (L Q [k + 1]) F)
unfolding is-L-part-def
by auto
ultimately
show Pinc A ?F P (F' — {A})
using (P F) (A € F
using assms(1)[rule-format, of F' — {A} A]
by (auto simp add: insert-absord)
qed
thus F' € %rhs
using <card A = length Ly (A € Fh» (J F' C {0..<n}p
by blast
qed
next
show ?rhs C ?2lhs
proof
let ?F = L-part-P P n (L Q [k])
fix F’
assume F' € ?rhs
then obtain A where card A = length L A C {0..<n} F' € mult-P Pinc
(L-part-P P n (L Q [k])) A
by auto
then obtain F where is-L-part n (LQ [k]) FPF A ¢ FPinc AFF' =F
U {4}
by auto
hence is-L-part n (L Q [k + 1]) F’
using is-L-part-insert-last (card A = length L) (A C {0..<n}
by auto
moreover
have P F’'
using (F' = F U {A}) (Pinc A F) <P F «card A = length L» tis-L-part n (L
Q [k]) B»
using assms|rule-format, of F A] (A ¢ F)
using (4 C {0..<n} finite-subset[of |J F U A {0..<n}|
unfolding is-L-part-def
by force
ultimately
show F' € ?lhs
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by simp
qed
qed

abbreviation inj-preserved where
inj-preserved P =¥ A F f. (inj-onf (U FUA) ANPAF)— P (f°A) (op ‘
fiF)

lemma L-part-mult-iso-representing-subset:
assumes
incrementally-checks Pinc P inj-preserved Pinc
iso-representing-subset FFb (L-part-P P n (L @ [k])) (is iso-representing-subset
- ?FFk)
length L < n
FFb' = mult-all-P Pinc FFb n (length L)
shows iso-representing-subset FFb’ (L-part-P P n (L Q [k + 1])) (is iso-representing-subset
?FFb’ ?FFk1)
proof
have FFFb C ?FFk
using assms(3)
by auto
thus ?FFb’ C ?FFk1
using L-part-mult-Pof P Pinc, OF assms(1)]
using assms(9)
by auto
next
have iso-represents FFb ?FFk FFb C ?FFk
using assms(3)
by auto
show iso-represents ?FFb’ ?FFk1
unfolding iso-represents-def
proof
fix F'
assume F' € ?FFk1
then obtain A where card A = length L A C {0..<n}
F’ € mult-P Pinc ?FFk A
by (subst (asm) L-part-mult-Plof P Pinc n L k, OF assms(1)]) auto
then obtain F where is-L-part n (L Q [k]) FPFF' ' =F U {A} A ¢ F Pinc
AF
by auto
then obtain Fb where Fb € FFb iso F Fb
using «so-represents FFb ?FFk)
unfolding iso-represents-def
by auto metis
then obtain f where x: Fb = op ‘ f * F and bij-betw f (JF) (U Fb)
unfolding iso-def
by auto

have |J F C {0..<n} J Fb C {0..<n}
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using (is-L-part n (L Q [k]) F) <Fb € FFb) <FFb C ?FFk
unfolding is-L-part-def
by blast+

have 3 f’ inj-on f' (U FUA) A (U FUA) C{0.<n} A VzeF.f
v = f'a)
proof—
obtain Bb where card (A — |J F) = card (Bb — |J Fb) Bb C {0..<n}
using bij-betw-complement[of |J F {0..<n} |J Fb A f]
using (J F C{0..<np J Fb C{0..<n} A C{0..<n} @ij-betw f ({JF)
(U Fb)y card A = length Ly dength L < n
by auto
moreover
have finite A
using (A C {0..<n}
by (auto simp add: finite-subset)
ultimately
show ?thesis
using bij-betw-extend[of f |J F U Fb A —J F Bb — |J Fb]
using «bij-betw f (I F) (U Fb)
using (Bb C {0..<n}p J Fb C {0..<n}
by (auto simp add: finite-subset bij-betw-def) (metis Un-least)
qed
then obtain f’ where *x: inj-on f' (|J F U A) f' (U FU A) C {0..<n}
Fb=op ‘f' ‘F
using *
by auto (metis (lifting) image-cong)

show 3 Fb’' € ?FFb’. iso F' Fb'
proof
show iso F/ (Fb U {f’ ¢ A})
using iso-insert(1)[of f' F A]
using (1) xx(3) (F'=F U {A}
by simp
next
show Fb U {f’ ‘ A} € ?FFb’
proof—
have Pinc (f' * A) Fb
using (1) *x(8)
using (Pinc A F) assms(2)[rule-format, of f' F A
unfolding bij-betw-def
by simp
moreover
have Fb € FFb f' *A ¢ Fb card (f' “A) = length Land f’' ‘A C {0..<n}
using iso-insert[of f' F A]
using *x
using <card A = length L) (A ¢ F) (Fb € FFb
unfolding bij-betw-def
by auto
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ultimately

show ?thesis
using assms(9)
by blast

qed
qed
qed
qed

end

16.1 Implementation by sorted and distinct lists

theory LPartitioningImpl
imports LPartitioning FamilyImpl NonlsomorphicFamiliesImpl
begin

definition mult-P-I where
mult-P-l P F A =
(let F'=1[f < F. A¢ set f NP A f]in
map (A z. A # z) F)

lemma mult- P-l-sorted-distinct:
assumes sdff F sd A
shows sdff (mult-P-l P F A)
using assms
unfolding mult-P-I-def
by auto

lemma mult-P-I-domain:
assumes dmf FFb n set A C {0..<n:nat}
shows dmf (mult-P-l P FFb A) n

using assms

unfolding mult-P-I-def

by auto

lemma mult- P-l-correctness:
fixes FFb :: nat list list list
assumes sdff FFb sd A dmf FFb n set A C {0..<n}
assumes A\ A F. [sd A; sdf F; dm (A # F) n] = P A F +— P’ (set A)
(f-to-set-1 F)
shows fs-to-set-l (mult-P-l P FFb A) = mult-P P’ (fs-to-set-l FFb) (set A) (is
?lhs = ?rhs)
proof
show ?lhs C ?rhs
proof
fix z
assume z € ?lhs
then obtain F where F' € set FFb A ¢ set F P A Fx = f-to-set-l (A # F)
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unfolding mult-P-I-def Let-def
by auto
have =z = insert (set A) (f-to-set-l F)
using «xz = f-to-set-l (A # F))
by auto
moreover
have f-to-set-l F' € f-to-set-l ‘ set FFb
using (F' € set FFb
by simp
moreover
have set A ¢ f-to-set-l F
using (F' € set FFb) (A ¢ set ) SetImpl-lists.set-setlof F A] assms(1)
assms(2)
by auto
moreover
have P’ (set A) (f-to-set-1 F)
using (sd A «sdff FFb) (F € set FFby (set A C {0..<n} «dmf FFb n)
using (P A F) assms(5)[of A F]
by simp
ultimately
show = € ?rhs
by auto
qed
next
show ?rhs C ?2lhs
proof
fix z
assume z € ?rhs
then obtain F where F € set FFb set A ¢ f-to-set-l F P’ (set A) (f-to-set-1
F) & = f-to-set-l F U {set A}
by auto
thus z € ?lhs
using assms(5)[of A F] «sdff FFby (sd A «dmf FFb n) set A C {0..<n}p
unfolding mult-P-I-def
apply auto
apply (rule image-eql [where z= F1])
by auto
qed
qed

definition mult-all-P-l where
mult-all-P-l P F n m = concat (map (A A. mult-P-1 P F A) (all-mn-subsets n

m))

lemma mult-all- P-I-sorted-distinct:
assumes sdff F
shows sdff (mult-all-P-1 P F n m)
unfolding mult-all-P-l-def
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proof (simp)
show V A € set (all-mn-subsets n m). sdff (mult-P-l P F A)
proof
fix A
assume A € set (all-mn-subsets n m)
hence sd A
by (rule all-mn-subsets-sorted-distinct)
thus sdff (mult-P-l P F A)
using assms mult-P-l-sorted-distinct[of F A P]
by blast
qed
qed

lemma mult-all-P-lI-domain:
assumes dmf FFb n
shows dmf (mult-all-P-l P FFb n m) n
unfolding mult-all-P-l-def
proof(simp del: SetImpl-lists.f-to-set-def , rule balll, rule balll)
fix A F
assume A € set (all-mn-subsets n m) F € set (mult-P-l P FFb A)
thus dm F n
using mult-P-l-domain|OF assms, of A P)
using all-mn-subsets[of n m]
by auto
qed

lemma mult-all-P-correctness:
fixes FFb :: nat list list list
assumes sdff FFb dmf FFb n
NAF.[sdA; sdf F; dm (A# F)n] = P AF <— P’ (set A) (f-to-set-l F)
shows fs-to-set-1 (mult-all-P-l P FFb n - m) = mult-all-P P’ (fs-to-set-l FFb) n m
(is ?lhs = ?rhs)
proof
show ?lhs C ?rhs
proof
fix x
assume z € ?lhs
then obtain A where A € set (all-mn-subsets n m) x € fs-to-set-l (mult-P-1
P FFb A)
unfolding mult-all-P-I-def
by auto
moreover
have sd A
using (A € set (all-mn-subsets n m))
by (rule all-mn-subsets-sorted-distinct)
ultimately
show z € ?rhs
using all-mn-subsets[of n m] assms(1) assms(2)
by (subst (asm) mult-P-l-correctness[where P=P and P'=P’', OF - - - -

178



assms(3)]) auto
qed
next
show ?rhs C ?2lhs
proof
fix z
assume z € ?rhs
then obtain A where card A = m A C {0..<n} z € mult-P P’ (fs-to-set-1
FFb) A
by auto
obtain Al where Al € set (all-mn-subsets n. m) set Al = A sorted Al A distinct
Al
using <card A = m) (A C {0..<n}
using all-mn-subsets-completeness [of A m n] all-mn-subsets-sorted-distinct
by auto
hence z € mult-P P’ (fs-to-set-l FFb) (set Al)
using <z € mult-P P’ (fs-to-set-l FFb) A
by simp
thus z € ?lhs
using (Al € set (all-mn-subsets n m)) assms(1) «sd AD assms(2)
unfolding mult-all-P-I-def
by (subst (asm) mult-P-l-correctness[symmetric, of FFb Aln P P’, OF - - -
- assms(3)]) auto
qed
qed

definition mult-all-base-P-l where
mult-all-base-P-l P F' n m perms = non-isomorphic-families-l perms (mult-all-P-1
P Fnm)

lemma mult-all-base- P-l-sorted-distinct:
assumes sdff F
shows sdff (mult-all-base-P-l P F n m perms)
proof—
have sdff (mult-all-P-l P F n m)
using assms
by (rule mult-all-P-l-sorted-distinct)
thus ?thesis
unfolding mult-all-base-P-I-def
using SetPermutations-lists.non-isomorphic-families-subset|of perms mult-all-P-1
P F n m)
by auto
qed

lemma mult-all-base-P-l-domain:

assumes dmf F n

shows dmf (mult-all-base-P-l P F n m perms) n
proof—
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have dmf (mult-all-P-l P Fnm) n
using assms
by (rule mult-all-P-l-domain)
thus %thesis
unfolding mult-all-base- P-I-def
using SetPermutations-lists.non-isomorphic-families-subset|of perms mult-all-P-1
P F nm]
by auto
qed

lemma mult-all-base- P-I-correctness:
assumes A\ A F. [sd A; sdf F; dm (A # F) n] = Pinc’ A F <— Pinc (set
A) (f-to-set-l F)
incrementally-checks Pinc P ing-preserved Pinc
assumes sdff FFb dmf FFb n ¥V p€set perms. p <~~> [0..<n]
assumes iso-representing-subset (fs-to-set-l FFb) (L-part-P P n (L @ [k]))
length L < n
FFb' = fs-to-set-l (mult-all-base-P-l Pinc’ FFb n (length L) perms)
shows iso-representing-subset FFb' (L-part-P P n (L Q [k+1]))
proof—
have iso-representing-subset (fs-to-set-l (mult-all-P-l Pinc’ FFb n (length L)))
(L-part-P P n (L Q [k+1]))
proof (rule L-part-mult-iso-representing-subset|where FFb'=fs-to-set-1 (mult-all-P-1
Pinc’ FFb n (length L)) and n=n and L=L and k=k and P=P and FFb=fs-to-set-1
FFb and Pinc=Pinc, OF assms(2)])
show iso-representing-subset (fs-to-set-l FFb) (L-part-P P n (L @ [k])) length
L<n
by fact+
next
show fs-to-set-l (mult-all-P-1 Pinc’ FFb n (length L)) = mult-all-P Pinc
(fs-to-set-1 FFb) n (length L)
by (rule mult-all-P-correctness[of FFb n Pinc' Pinc, OF assms(4) assms(5)
assms(1)])
next
show inj-preserved Pinc
by fact
qged
thus ?thesis
apply (subst assms(9))+
unfolding mult-all-base-P-I-def
using iso-representing-subset-non-isomorphic-families-l|OF assms(6), of mult-all-P-1
Pinc' FFb n (length L)]
using mult-all-P-l-domain[OF assms(5), of Pinc’ length L
by auto
qed
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16.2 Recursive enumeration procedure

For a given list L, find an iso-representing collection of all L-paritioned
families that satisfy some predicate P.

abbreviation dec-last where
dec-last L = butlast L Q [last L — (1::nat)]

function enum-rec where
enum-rec L v0 f =
(if L =[] then v0
else if last L = 0 then enum-rec (butlast L) v0 f
else f (enum-rec (dec-last L) v0 f) L)
by pat-completeness auto
termination
proof—
let R = measure (A (L, -, -). length L + sum-list L)
show ?thesis
proof(relation ?R)
fix L :: nat list and v0 :: 'a and f :: 'a = nat list = 'a
assume L # || last L =0
hence sum-list L = sum-list (butlast L)
by (subst append-butlast-last-id[of L, symmetric]) auto
thus ((butlast L, v0, f), L, v0, ) € ?R
using <L # [
by simp
next
fix L::nat list and v0 :: ‘a and f :: 'a = nat list = 'a
assume L # || last L # 0
hence sum-list L = sum-list (butlast L) + last L
using sum-list-append|of butlast L [last L}]
by (subst append-butlast-last-id[of L, symmetric]) auto
thus ((butlast L Q [last L — 1], v0, f), L, v0, ) € ?R
using <L # [ «ast L # O
by simp
qed simp
qed
declare enum-rec.simps[simp del]

lemma enum-rec:
assumes P v0 ||
assumes A\ v L. Pv L = P v (L Q [0])
N v L':(nat list). [L' # []; last L' > 0; length L’ < length L; P v (dec-last
L] = P (fol) L
shows P (enum-rec L v0 f) L
using assms
proof (induct L v0 f rule: enum-rec.induct)
case (1 L v0 f)
show ?case
proof (cases L = [])
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case True
thus ?thesis
using 1(3)
by (simp add: enum-rec.simps)
next
case Fulse
show ?thesis
proof (cases last L = 0)
case True
thus ?thesis
using (L # [
using enum-rec.simps[of L v0 f]
using 1(1)[OF (L # [ <dast L = ) 1(3) 1(4) 1(5)] 1(4)[of enum-rec
(butlast L) v0 f butlast L]
using append-butlast-last-id|of L]
by auto
next
case Fulse
thus ?thesis
using (L # [
using enum-rec.simps[of L v0 f]
using 1(2)[OF <L # []» dast L # 0) 1(3) 1(4) 1(5)]
using 1(5)
by (smt append-butlast-last-id length-append-singleton neq0-conv order-refl)
qed
qged
qged

lemma enum-rec-iso-representing-subset:
assumes A A F. [sd A; sdf F; dm (A # F) n] = Pinc’ A F <— Pinc (set
A) (f-to-set-l F) and
incrementally-checks Pinc P and inj-preserved Pinc and
V peset perms. p <~~> [0..<n] and length L — 1 < n
assumes P {} Mult = (A F L. mult-all-base-P-l Pinc' F n (length L — 1) perms)
shows iso-representing-subset (fs-to-set-l(enum-rec L [[]] Mult)) (L-part-P P n
)
proof (rule enum-rec[of A\ X L. iso-representing-subset (fs-to-set-l X) (L-part-P P
n L) A sdff X A dmf X n, THEN conjunctl])
show iso-representing-subset (fs-to-set-l [[]]) (L-part-P P n []) A sdff [[]] A dmf
[[]] » (is iso-representing-subset X 2Y A -)
proof—
have ?Y = {{}}
using is-L-part-zero[of 6 [|, symmetric] <P {}
unfolding is-L-part-def
by auto
thus ?thesis
by (auto simp add: iso-represents-def)
qed
next
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fix v L
assume iso-representing-subset (fs-to-set-l v) (L-part-P P n L) A sdff v A dmf v
n
thus iso-representing-subset (fs-to-set-l v) (L-part-P P n (L @ [0])) A sdff v A
dmf v n
using is-L-part-zero
by auto
next
fix v and L’::nat list
assume L’ # || last L' > 0 length L' < length L
hence *x: length (butlast L) < n
using dength L — 1 < n)
by auto
assume iso-representing-subset (fs-to-set-l v) (L-part-P P n (dec-last L')) N sdff
v Admnfon
hence *: sdff v dmf v n iso-representing-subset (fs-to-set-1 v) (L-part-P P n
(dec-last L))
by auto
have iso-representing-subset (fs-to-set-l (Mult v L)) (L-part-P P n (butlast L' Q
[last L' — 1 + 1]))
using (L' # [
by (subst assms(7))+ (rule mult-all-base-P-l-correctness|OF assms(1—3) x(1—2)
assms(4) *(3) *x(1)], auto)
hence iso-representing-subset (fs-to-set-l (Mult v L")) (L-part-P P n L’) (is ?T1)
using (L' # [ dast L' > O»
by simp
moreover
have sdff (Mult v L") A dmf (Mult v L') n
using *(1) *(2)
using mult-all-base-P-l-sorted-distinct[of v Pinc’ n length L' — 1 perms]
using mult-all-base-P-l-domain|of v n Pinc' length L' — 1 perms]
by (subst assms(7))+ blast
ultimately
show iso-representing-subset (fs-to-set-l (Mult v L')) (L-part-P P n L") A
sdff (Mult v L'y A dmf (Mult v L") n
by simp
qed

16.3 Dynamic programming enumeration procedure

definition pwge-impl where
pwge-impl L L' «— list-all (A (z, y). x > y) (zip L L")

lemma pwge-impl:
assumes length L = length L’
shows pwge-impl L L' +— L = L’
using assms
unfolding pwge-impl-def pwge-def
by (auto simp add: list-all-iff set-zip)
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function enum-dp where
enum-dp val res k L g stop maxL = foldl
(A rmn.letl =inc-nth L n
in if length | # length maxL V stop | V — pwge-impl mazxL [ then
r
else
enum-dp (g val n) rnl g stop maxL
)
(val # res)
[k..<length L]
by pat-completeness auto

abbreviation enum-dp-step where
enum-dp-step val res k g stop maxL L = let | = inc-nth L k
in if length | # length maxL V
stop I V
- pwge-impl mazl [
then res else enum-dp (g val k) res k 1 g stop mazL

definition listdiff where
listdiff xs ys = sum-list (map (X (a, b). a — b) (zip zs ys))

termination
proof (relation measure (X (val, res, k, L, g, stop, mazL). listdiff (map (op+1)
mazL) L))
fix val res k L g stop maxL v n |
assume [ = inc-nth L n n € set [k..<length L]
and *: = (length | # length mazL V stop | V — pwge-impl mazL 1)
have *x: V z. < length mazL — 1! x < maxL ! z length | = length mazL n
< length L
using * (n € set [k..<length L]
by (auto simp add: pwge-impl-def list-all-iff set-zip)
have Vze{0..<length mazL}.
Suc (mazL ! ) — inc-nth L n ! v < Suc (mazL!z) — L x
using (n <length L
by (auto simp add: nth-list-update)
moreover
have Suc (mazL ! n) — inc-nth L n ! n < Suc (mazL ! n) — L!n
using n <length L <I = inc-nth L n) *x
by (auto simp add: nth-list-update split: if-split-asm)
ultimately
have listdiff (map (op+1) maxzl) 1 < listdiff (map (op+1) mazL) L
using (I = inc-nth L n) length | = length mazl) (n < length L
unfolding listdiff-def
by (auto simp add: list-ex-iff sum-list-sum-nth nth-list-update)
(rule sum-strict-mono-exl, auto)
thus ((g val n, v, n, 1, g, stop, mazL), (val, res, k, L, g, stop, mazL))
€ measure (A wval, res, k, L, g, stop, mazL). listdiff (map (op+1) mazl)
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L)
by simp
qed simp
declare enum-dp.simps[simp del]

lemma enum-dp-mono:
assumes length L = length mazxL
shows set (val # res) C set (enum-dp val res k L g stop mazL)
using assms
proof (induct val res k L g stop mazL rule: enum-dp.induct)
case (1 val res k L g stop mazL)
show ?Zcase
proof (subst enum-dp.simps, subst foldl-conv-fold, rule fold-invariant[where
Q=X z. z € set [k..<length L]])
fix z s
assume z € set [k..<length L] set (val # res) C set s
thus set (val # res) C set (enum-dp-step val s x g stop mazL L)
unfolding Let-def
using 1(1)[of x inc-nth L x s]
by auto
ged auto
qed

lemma enum-dp-mono’:
assumes length L = length mazxL
shows set res C set (foldl (A r n. enum-dp-step val r n g stop mazL L) res
[k..<length L))
proof (subst foldl-conv-fold, rule fold-invariant[where Q=X z. © € set [k..<length
1])
fix z s
assume z € set [k..<length L] set res C set s
thus set res C set (enum-dp-step val s x g stop mazL L)
unfolding Let-def
using assms
using enum-dp-mono[where val = g val z and res=s and k=z and L=inc-nth
L z and g=g and stop=stop and marL=mazL)]
by auto
qed auto

lemma enum-dp-lemma;:
assumes

length L = length maxzL and

V k" K" >k ANE" <length L — L! k" = 0 and

X={L.L' = LAmazxL > L' A take k L' = take k L AN = (3 Ls. Ls = L A
take k L = take k Ls N L' = Ls A stop Ls)} and

P val L and

k < length L and

N\ val L k' [Pwal Ly k' < length L; k' < length mazL; ¥ k". k" > k' AN k" <
length L — L1 k" = 0] =
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P (g val k') (inc-nth L k')
showsV L' € X. 3 B € set (enum-dp val res k L g stop mazL). P B L’
using assms
proof (induct val res k L g stop mazL arbitrary: X rule: enum-dp.induct)
case (1 val res k L g stop mazL)
show ?Zcase
proof
fix L’
assume L' € X
hence x: L' = L maxL = L' take k L' = take k L ~ (3 Ls. Ls = L A take k L
= take k Ls AN L' = Ls A stop Ls)
using 1(4)
by auto
show 3 Beset (enum-dp val res k L g stop mazL). P B L'
proof (cases L = L’)
case True
thus ?thesis
using 1(2) 1(5)
using enum-dp-mono|of L mazL val res k g stop]
by auto
next
case Fulse

have 3 k' k' > k N k' < length L A take k' L' = take k' L A L' = (inc-nth
LEYANN K" E"> k' ANE"” <length L — L k" = 0)
using <take k L' = take k L»
using 1(3) 1(6)
proof (induct length L — k arbitrary: k)
case ()
thus ?case
by simp
next
case (Suc p)
show ?Zcase
proof (cases L' = inc-nth L k)
case True
thus ?thesis
using Suc(3) Suc(4) Suc(5H)
by (rule-tac z=Fk in exl) simp
next
case Fulse
hence L'! k = L! k length L = length L'
using Suc(3) (L' = Ly
unfolding pwge-def
by auto (metis Suc-diff-Suc Suc-lel Suc-neq-Zero diff-is-0-eq linorder-cases
nth-list-update-eq nth-list-update-neq)
moreover
hence Suc k < length L
using k < length L)
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using (L # L" Suc(3) list-eq-iff-nth-eq[of L L]
by auto (metis less-linear less-trans-Suc nth-take)

ultimately

have take (Suc k) L' = take (Suc k) L
using Suc(3)
using take-Suc-conv-app-nth[of k L]
using take-Suc-conv-app-nth[of k L’
by auto

moreover

have p = length L — Suc k
using Suc(2) Suc k < length L
by auto

moreover

have VE". k">Suc k N k" < length L — L' k" =0
using Suc(4)
by simp

ultimately

obtain k' where k' > Suc k k' < length L take k' L' = take k' L L' =

me-nth L k'Y k" k" > k' ANE" <length L — L' k" =0

using Suc k < length L
using Suc(1)[of Suc k]
by auto

thus ?thesis
by (rule-tac =k’ in exl) simp

qed
qed

then obtain k'’ where *x: k' > k k' < length L take k' L' = take k' L L' =
(inc-nth LKV k" k" > k' N k" < length L — L1 k" =0
by auto
let 2l = inc-nth L k'
let ?X'={L". L' > 2l A mazL = L' A take k' L' = take k' 2l A = (3 Ls. Ls
= 2L A take k' 71 = take k' Ls AN L' = Ls A stop Ls)}

have 2] = L

using k' < length L

unfolding pwge-def

by (auto simp add: nth-list-update)
have take k L = take k 21

using (k' < length Lk < k*

by simp

have — stop ?I
using * &' > k) %l = Ly (ake k L = take k 21> (L' > (inc-nth L k')
by metis
let ?a = foldl (Ar n. enum-dp-step val r n g stop mazxL L) (val # res) [k..<k’]

have 3 B € set (enum-dp (g val k') %a k' (inc-nth L k') g stop mazL). P B
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L/
proof (rule 1(1)[rule-format])
show L' € ?2X’
proof—
have — (3 Ls. Ls = inc-nth L k' A take k' (inc-nth L k') = take k' Ls A
L' = Ls A stop Ls)
proof (rule ccontr)
assume — ?thesis
then obtain Ls where Ls = ?l take k' 7l = take k' Ls L' = Ls stop Ls
by auto
hence Ls = L A take k L = take k Ls N L' = Ls A stop Ls
using (¢l = Ly pwge-trans|of Ls ¢l L] k' > k) k' < length L
using take-prefiz[of k k' L Ls]
by simp
thus Fulse
using *(4)
by auto
qed
thus ?thesis
using * xx
by auto
qged
next
show k' € set [k..<length L]
using *x
by simp
next
show — (length (inc-nth L k') # length mazL V
stop (inc-nth L k') v
= pwge-impl mazL (inc-nth L k')
using 1(2) x (- stop 7D
using *x(4)
using pwge-trans|of mazL L' ]|
by (auto simp add: pwge-impl)
next
show P (g val k') (inc-nth L k')
using 1(5) 1(7) =x(5) k' < length L) dength L = length mazL)
by simp
next
show length (inc-nth L k') = length maxL
using 1(2)
by simp
next
show k' < length ¢l
using k' < length Ly
by simp
next
fix val L k'
assume Pwval LA K" k" < k" N k" <length L = L1 k" = 0 k' < length
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L k' < length mazL
thus P (g val k') (inc-nth L k')
using 1(7)
by simp
next
fix k'
assume k' < k" N k" < length (inc-nth L k')
thus inc-nth Lk’ k" = 0
using *x(5)
by auto
qed simp-all
hence ++: 3 B € set (enum-dp-step val ?a k' g stop mazL L). P B L’
using dength L = length mazxL) — stop 7D
using (mazL = L’ (L' = 2D
using pwge-trans|of mazL L' ?l]
by (auto simp add: Let-def pwge-impl)

have [k..<length L] = [k..<k’] Q (k' # [Suc k'..<length L])
using upt-add-eg-append|of k k' length L — k]
using upt-conv-Cons|of k' length L]
using <k < k' k' < length L
by auto
hence enum-dp val res k L g stop mazL =
foldl (Ar n. enum-dp-step val r n g stop mazL L) ?a (k' # [Suc k'..<length
L))
by (subst enum-dp.simps)simp
hence enum-dp val res k L g stop mazxL =
foldl (Ar n. enum-dp-step val  n g stop maxL L) (enum-dp-step val ?a k' g
stop mazL L) [Suc k'..<length L]
by (subst (asm) foldl.simps) simp
thus ?thesis
using ++ (ength L = length mazL)
using enum-dp-mono’[where res=enum-dp-step val ?a k' g stop mazL L
and val=val and g=¢ and stop=stop and mazL=mazL and k=Suc k’ and L=I]
by auto
qed
qged
qged

Incrementally build all generating subsets for L-partitioned lists upto the
given bounds

definition enum-dp-mult-P where
enum-dp-mult-P P n perms stops maxL =
enum-dp [[]] [] 0 (replicate (n+1) (0::nat))
(A FFb m. mult-all-base-P-l P FFb n m perms)
(X L. list-ex (A L'. pwge-impl L L') stops)
mazL

lemma enum-dp-mult-P-correct:
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assumes A\ A F. [sd A; sdf F; dm (A # F) n] = Pinc’ A F <— Pinc (set A)
(f-to-set-l F)
incrementally-checks Pinc P inj-preserved Pinc
assumes
X ={L" mazL = L' N - (3 S € set stops. L' = S)} (is - = ?lhs) and
P {} and
length maxL = n+1 and
YV S € set stops. length S = n+1 and
YV p € set perms. p <~~> [0..<n]
shows V L’ € X.3 B € set (enum-dp-mult-P Pinc’ n perms stops maxL).
iso-representing-subset (fs-to-set-l B) (L-part-P P n L’)
proof—
haveV L' € X. 3 B € set (enum-dp-mult-P Pinc' n perms stops maxlL).
iso-representing-subset (fs-to-set-l B) (L-part-P P n L') A sdff B A dmf B

unfolding enum-dp-mult-P-def
proof (rule enum-dp-lemma)
show length (replicate (n+1) (0::nat)) = length mazL
using (ength maxL = n+1)
by simp
next
show VE". 0 < k' AN k" < length (replicate (n+1) (0::nat)) —
replicate (n+1) (0:nat) ' k" = 0
by auto
next
show 0 < length (replicate (n+1) (0::nat))
by simp
next
show iso-representing-subset (fs-to-set-l [[]]) (L-part-P P n (replicate (n+1)
0)) A sdff [[] A dmf [[I} n
proof—
have *: L-part-P P n (replicate (n+1) 0) = {{}}
proof—
have x: L-part-P P n (replicate (n+1) 0) = L-part-P P n []
using is-L-part-zeros-replicate|of n n+1]
by simp
show %thesis
proof (subst x, rule)
show L-part-P P n [| C {{}}
unfolding is-L-part-def
by auto
next
show {{}} C L-part-P P n ||
using (P {}
by (simp add: is-L-part-def)
qed
qed
show ?thesis
by (subst x)+ (auto simp add: iso-represents-def)
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qed
next
fix val L k'
assume *: iso-representing-subset (fs-to-set-l val) (L-part-P P n L) A sdff val
A dmf val n and
k' < length LY k". k"">k' AN k" <length L — L k' = 0 k' < length mazL
moreover
have take (k'+1) L = take k' L Q [L ! k]
using <k’ < length Ly take-Suc-conv-app-nth[of k' L]
by simp
ultimately
have iso-representing-subset (fs-to-set-l val) (L-part-P P n (take k' L @ [L !
)
using is-L-part-zeros|of k' L n]
by auto
have iso-representing-subset (fs-to-set-1 (mult-all-base-P-l Pinc' val n k' perms))
(L-part-P P n (take k' L Q [(L ! k') + 1]))
proof (rule mult-all-base-P-I-correctness| OF assms(1—2)])
show iso-representing-subset (fs-to-set-l val) (L-part-P P n (take k' L @Q [L!
k1)
by fact

next
show fs-to-set-l (mult-all-base-P-l Pinc’ val n k' perms) =
fs-to-set-l (mult-all-base-P-1 Pinc’ val n (length (take k' L)) perms)
using k' < length L
by (simp add: min-def)
next
show length (take k' L) < n
using (length mazL = n + 1) k' < length mazxL
by simp
next
show sdff val dmf val n
using *
by simp-all
next
show V p € set perms. p <~~> [0..<n]
by fact
next
show inj-preserved Pinc
by fact
qed simp-all
moreover
have take (k'+1) (inc-nth L k') = take k' L Q [Suc (L ! k’)]
using k' < length L) take-Suc-conv-app-nth[of k' inc-nth L k']
by auto
ultimately
have iso-representing-subset (fs-to-set-l (mult-all-base-P-l Pinc’ val n k' perms))
(L-part-P P n (take (k'+1) (inc-nth L k)))
by simp

191



hence iso-representing-subset (fs-to-set-1 (mult-all-base-P-1 Pinc’ val n k' perms))
(L-part-P P n (inc-nth L k")) (is ?T1)
using is-L-part-zeros|of k' inc-nth L k' n] v k". k"">k' AN k"' < length L —
L'kE"=0
by auto
moreover
have sdff (mult-all-base-P-l Pinc’ val n k' perms) (is ?T2)
using x[THEN conjunct2, THEN conjunct1]
by (rule mult-all-base-P-l-sorted-distinct)
moreover
have dmf (mult-all-base-P-I Pinc’ val n k' perms) n (is ?T3)
using *[THEN conjunct2, THEN conjunct2]
by (rule mult-all-base-P-l-domain)
ultimately
show ?T1 N T2 N ?T3
by simp
next
show X =
{L'.
L' = replicate (n+1) 0 A mazL = L' A take 0 L' = take 0 (replicate (n+1)
0) A
= (3 Ls. Ls = replicate (n+1) 0 A
take 0 (replicate (n+1) 0) = take 0 Ls N
L' = Ls A list-ex (pwge-impl Ls) stops)} (is - = 2rhs)
proof (subst assms(4), rule)
show ?2lhs C ?2rhs
proof
fix L'
assume L’ € ?lhs
hence mazL = L' — (3 Seset stops. L' = S)
by auto
hence length L' = n + 1
using dength mazxL = n + 1)
by (simp add: pwge-def)
show L’ € ?rhs
proof—
have L’ = replicate (n+1) 0
using ength L' = n+1)
by (rule pwge-replicate-0)
moreover
have — (3 Ls. Ls = replicate (n+1) 0 A take 0 (replicate (n+1) 0) =
take 0 Ls N L' = Ls A list-ex (pwge-impl Ls) stops)
proof (rule ccontr)
assume — ?thesis
then obtain Ls where L’ > Ls list-ex (pwge-impl Ls) stops
by auto
moreover
hence length Ls = n + 1
using <length L' = n + D)
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unfolding pwge-def
by simp
ultimately
obtain S where S € set stops Ls = S
using pwge-impl[of Ls] v S € set stops. length S = n + D
by (auto simp add: list-ex-iff)
thus Fulse
using — (3 Seset stops. L' = S)) <L’ = Ls» pwge-trans[of L' Ls S|
by auto
qged
ultimately
show ?thesis
using (mazL = L)
by auto
qed
qed
next
show ?rhs C ?lhs
proof
fix L'
assume L’ € ?rhs
hence mazL » L' -~ (3Ls. L' = Ls N Ls = replicate (n+1) 0 N list-ex
(pwge-impl Ls) stops)
by auto
have — (3 Seset stops. L' = S)
proof (rule ccontr)
assume — ?thesis
then obtain S where S € set stops L' = S
by auto
moreover
hence length L' = n+1 length S = n+1
using (maxL = L% dength mazL = n+1)
by (auto simp add: pwge-def)
ultimately
have L' = S AN S = replicate (n+1) 0 A list-ex (pwge-impl S) stops
using pwge-refi[of S] pwge-impl[of S S] pwge-replicate-0[of S n+1]
by (auto simp add: list-ex-iff)
thus Fulse
using (- (ILs. L' = Ls A Ls = replicate (n+1) 0 A list-ex (pwge-impl
Ls) stops))
by auto
qged
thus L’ € ?lhs
using <mazL = L)
by simp
qed
qed
qged
thus ?thesis
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by auto
qed

end

16.4 Generating all irreducible families

theory LPartitioninglrreducible
imports LPartitioning Irreducible Families
begin

lemma irreducible-expressible:
incrementally-checks (A A F. — expressible A F) irreducible
proof (safe)
fix A :: ’'a set and F :: 'a set set
assume — ezpressible A F irreducible F finite (| F) finite A
V A" € F. card A > card A’ reducible (F U {A})
obtain A’ Fb where A’ € F U {A} Fb#{} Fv C F U{A} A’ ¢ Fb A'=J
Fb
using (reducible (F U {A})
unfolding reducible-def
by auto
have finite A’
using <A’ € F U {A} (finite (J F) (finite A
by (auto simp add: finite Un-iff )
show Fulse
proof (cases A’ = A)
case True
thus ?thesis
using (- expressible A F»
unfolding expressible-def
using (A’ =J Fb) «Fb C F U {A} (A" ¢ Fb) <Fb # {}
by auto
next
case Fulse
hence A’ € F
using (A" € F U {A}
by simp
have A € Fb
using (Fb C F U {A}h (A" ¢ Fby (A" =) Fb» (A’ e F) (Fb # {}
using «rreducible F)
unfolding reducible-def
by blast
hence A C A’
using (A’ =J Fb
by auto
hence card A’ > card A
using (A’ # A
using card-monolof A’ A] card-seteq[of A" A] «(finite A"
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by auto
thus Fualse
using <A’ € Fy v A’ € F. card A > card A"
by auto
qed
qed (auto simp add: reducible-def expressible-def)

lemma not-expressible-iso:
assumes - expressible A F and inj-on f (J F U A)
shows — expressible (f < A) (op ‘f “ F)
proof (rule ccontr)
assume — ?thesis
then obtain Fb' where Fb' Cop ‘f“ Ff‘A=Fb Fb' # {}
unfolding expressible-def
by auto
then obtain F’' where F' C F and ++: op ‘f ‘ F' = Fb’
by (metis (no-types) subset-image-iff)

have A =J F'
proof
show A C | F’
proof
fix z

assume z € A
then obtain y where y € Fb' fz €y
using <image f A = |J Fb"
by auto
then obtain z’ y’ where y' € F'z' e y' fz' = fz
using ++
by auto
hence z’ = z
using «nj-on f (J FUA) @ e Ay’ e FH (F' C B
unfolding inj-on-def
by auto
thus z € |J F’
using ' € y" ' € F)
by auto
qed
next
show |J F/'C A
proof
fix z
assume z € |J F’
hence fz € f‘ A
using ++
using ¢mage f A = | Fb)
by auto
then obtain z’ where ' € A fz = fz'
by auto
thus z € A
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using «x € |y FH(F'C F)
using «nj-on f (IJ F U A)
unfolding inj-on-def
by auto
qed
qed
moreover
have F' # {}
using ++ Fb' # {h
by auto
ultimately
show Fulse
using (— expressible A F) (F' C F)
unfolding expressible-def
by auto
qed

lemma inj-preserved-not-expressible:
shows inj-preserved (A A F'. - expressible A F)
using not-expressible-iso
by auto

abbreviation L-part-irreducible where

L-part-irreducible = L-part-P irreducible
abbreviation mult-irreducible where

mult-irreducible = mult-P (A A F. — expressible A F)
abbreviation mult-all-irreducible where

mult-all-irreducible = mult-all-P (A A F. — expressible A F)

lemma L-part-irreducible-mult-irreducible:
L-part-irreducible n (L Q [k+1]) = mult-all-irreducible (L-part-irreducible n (L
@ [k])) n (length L)
using L-part-mult-Plof irreducible X A f. — expressible A fn L k, OF irreducible-expressible]
by auto

lemmas L-part-irreducible-mult-irreducible-iso-representing-subset =
L-part-mult-iso-representing-subset|of irreducible X A F. — expressible A F,
OF irreducible-expressible inj-preserved-not-expressible]

end

16.5 Generating all families that are not FCs covered by the
given collection

theory LPartitioningNonFCsCovered
imports LPartitioning Covering
begin

lemma pwge-FCs-covered:
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assumes V F € L-part n L. FCs-covered F F L' = L
shows V F € L-part n L’. FCs-covered F F
proof (safe)
fix F’
assume is-L-part n L' F'
then obtain F where F C F'is-L-part n L F
using (L' = L) is-L-part-subset[of L' L n F|
by auto
then obtain Fc¢ where FC-covered Fc F Fc € F
using assms(1)[rule-format,of F)
by auto
thus FCs-covered F F'
using FC-covered-mono|of F' F' Fe| (F C F
by auto
qed

lemma notFCs-covered:
incrementally-checks (A A F. = FCs-covered F (F U {A})) (A F. = FCs-covered
F F)
using FC-covered-mono
by blast

lemma notFCs-covered-iso:
assumes — FCs-covered F (F' U {A}) and inj-on f (|J F' U A)
shows — FCs-covered F ((op ‘f “F) U {f * A})
proof—
have iso (F U {A}) ((op ‘f*F) U {f‘A})
unfolding iso-def
unfolding bij-betw-def
using <nj-on f (J F U A)
by (rule-tac z=f in exl) (auto simp add: Un-commute)
thus ?thesis
using assms
using FC-covered-iso[of (op ‘f ‘F) U {f A} F U {A}] iso-sym
by blast
qed

lemma inj-preserved-not-FCs-covered:

inj-preserved (A A F. =~ FCs-covered F (F U {A}))
using notFCs-covered-iso
by blast

abbreviation L-part-notFCs-covered where

L-part-notFCs-covered F = L-part-P (A F. = FCs-covered F F)
abbreviation mult-all-notFCs-covered where

mult-all-notFCs-covered F = mult-all-P (A A f. = FCs-covered F (f U {A}))

lemma L-part-mult-iso-representing-subset-notFC-covered:
assumes
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iso-representing-subset FFb (L-part-notF'Cs-covered F n (L Q [k]))

FFb' = mult-all-notFCs-covered F FFb n (length L)

length L < n

shows iso-representing-subset FFb' (L-part-notFCs-covered F n (L Q [k + 1]))

using assms
using L-part-mult-iso-representing-subset[of A\ F. - FCs-covered F F X A f. =
FCs-covered F (f U{A}) FFbn L k, OF notFCs-covered inj-preserved-not-FCs-covered)]
by auto

end

16.5.1 Implementation

theory LPartitioningNonFCsCoveredImpl
imports LPartitioningNonFCsCovered Coveringlmpl LPartitioningImpl
begin

lemma notFCs-covered-I:

assumes perms = permute [0..<n] dmf F n sdff F dm (A # F) n

sd A sdf F

shows
- FCs-covered-l F (A # F) perms <—
- FCs-covered (fs-to-set-l F) (f-to-set-l F U {set A})
using FC-covered-l-soundness|of perms n - A # F|
using FC-covered-l-completeness[of A # F - n perms]
using assms
unfolding FCs-covered-I-def
by (auto simp add: list-ex-iff isPermutation-permute)

definition mult-notFCs-covered-I where
mult-notFCs-covered-l F F A perms =
(let F' = filter (A f. A & set f) F;
F'"=map ANz. A# z) F'
in filter (A X. - FCs-covered-l F X perms) F")

definition mult-all-notFCs-covered-l where
mult-all-notFCs-covered-1 F F nm perms = concat (map (A A. mult-notFCs-covered-1
F F A perms) (all-mn-subsets n m))

definition mult-all-base-notFCs-covered-l where
mult-all-base-notFCs-covered-l F F n m perms = non-isomorphic-families-l perms
(mult-all-notFCs-covered-1 F F n m perms)

lemma mult-all-base-notF Cs-covered-I:

mult-all-base-notF'Cs-covered-l F F n m perms = mult-all-base-P-l (A A F. =
FCs-covered-l F (A # F) perms) F n m perms
by (simp add: mult-all-base-P-l-def mult-all-base-notFCs-covered-I-def mult-all-P-1-def
mult-all-notFCs-covered-I-def mult-P-I-def mult-notFCs-covered-l-def filter-map)
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definition FC-covered-l-opt :: nat list list list = nat list list = bool where
FC-covered-l-opt Fe-perms F <— list-ex (A Fc'. set Fc' C set (close-l F))
Fe-perms
definition FCs-covered-l-opt where
FCs-covered-l-opt F-perms F <— list-ex (A Fe. FC-covered-l-opt Fc F) F-perms

definition F'Cs-covered-l-opt’ where
FCs-covered-l-opt” F-perms F +—
(let clF = set (close-l F)
in list-ex (list-ex (N Fc'. set Fc¢' C clF)) F-perms)

lemma [simp|: FCs-covered-l-opt’ = FCs-covered-l-opt
by (rule ext)+ (simp add: FCs-covered-l-opt’-def FCs-covered-l-opt-def FC-covered-l-opt-def )

definition mult-notFCs-covered-l-opt where

mult-notF'Cs-covered-l-opt F-perms F A =

(let F' = filter (\ f. A & set f) F;
F"=map N z. A# z) F’
in filter (A X. = FCs-covered-l-opt’ F-perms X) F'')

definition mult-all-notFCs-covered-l-opt where

mult-all-notFCs-covered-l-opt F-perms F nm = concat (map (A A. mult-notFCs-covered-l-opt
F-perms F' A) (all-mn-subsets n m))
definition mult-all-base-notFCs-covered-l-opt where

mult-all-base-not FCs-covered-l-opt F-perms F n m perms = non-isomorphic-families-1
perms (mult-all-notFCs-covered-l-opt F-perms F n m)

lemma mult-all-base-notF Cs-covered-opt:
assumes F-perms = map (A F. map (A p. permute-family-l p F') perms) F

shows mult-all-base-notF Cs-covered-l-opt F-perms F' n m perms =
mult-all-base-notFCs-covered-I F F n m perms
using assms
by (auto simp add: list-ex-iff mult-all-base-notFCs-covered-I-def mult-all-base-notF Cs-covered-l-opt-def
mult-all-notFCs-covered-I-def mult-all-not F Cs-covered-l-opt-def mult-notF Cs-covered-I-def
mult-not FCs-covered-l-opt-def FCs-covered-l-opt-def FCs-covered-I-def FC-covered-l-opt-def
FC-covered-I-def)

abbreviation enum-rec-notFCs-covered-l where

enum-rec-notFCs-covered-l F-perms L n perms =

enum-rec L [[]] (A F L. mult-all-base-notFCs-covered-l-opt F-perms F n (length
L — 1) perms)

lemma enum-rec-notFCs-covered-l-iso-representing-subset:

assumes F-perms = map (A F. map (A p. permute-family-l p F) (permute
[0.<n)])) F [| ¢ set F

dmf F n sdff F length L — 1 < n

shows iso-representing-subset (fs-to-set-l (enum-rec-notFCs-covered-l F-perms L
n (permute [0..<n)))) (L-part-notFCs-covered (fs-to-set-l F) n L)
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using assms
proof—
have V Fceset F. = FC-covered (f-to-set-l Fe) {}
using ([] ¢ set F»
unfolding FC-covered-def
by (auto simp add: closure-def)
thus ?thesis
using «sdff F»
by (subst mult-all-base-notFCs-covered-opt| OF assms(1)])+
(rule enum-rec-iso-representing-subset[where n=n and perms=permute
[0..<n], OF notFCs-covered-l[of permute [0..<n], OF - assms(8)] notFCs-covered
inj-preserved-not-FCs-covered - dength L — 1 < n)], simp-all add: isPermutation-permute
mult-all-base-notF'Cs-covered-1)
qed

end

16.6 Generating all irreducible families that are not FCs cov-
ered by the given collection

theory LPartitioninglrreducibleNonFCsCovered
imports LPartitioninglrreducible L PartitioningNonFCsCovered Irreducible Families
begin

lemma irreducible-expressible-notFCs-covered:
incrementally-checks
(A A F. — expressible A F N = FCs-covered F (F U {A}))
(A F. irreducible F N —~ FCs-covered F F)
using irreducible-expressible
using notFCs-covered|of F|
by metis

lemma irreducible-expressible-notFCs-covered-iso:

assumes — expressible A F — FCs-covered F (F U {A}) inj-on f (JF U A)
shows — expressible (f * A) (op ‘f *F) A = FCs-covered F (op ‘f‘F U {f ‘A})

using assms

using not-expressible-iso[of A F f] notFCs-covered-isolof F F A f]

by auto

lemma inj-preserved-not-expressible-notFCs-covered:

inj-preserved (A A F. = expressible A F N = FCs-covered F (F U {A}))
using inj-preserved-not-expressible inj-preserved-not-FCs-covered
by blast

abbreviation L-part-irreducible-notFCs-covered where

L-part-irreducible-notFCs-covered F = L-part-P (A F'. irreducible F N — FCs-covered
F F)
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abbreviation mult-all-irreducible-notFCs-covered where
mult-all-irreducible-notF'Cs-covered F = mult-all-P (A A f. — expressible A f N —
FCs-covered F (f U {A}))

lemma L-part-mult-iso-representing-subset-irreducible-notFC-covered:
assumes
iso-representing-subset FFb (L-part-irreducible-notFCs-covered F n (L Q [k]))
length L < n
FEb' = mult-all-irreducible-notFCs-covered F FFb n (length L)
shows iso-representing-subset FFb' (L-part-irreducible-notFCs-covered F n (L @
k+ 1))
using assms
using L-part-mult-iso-representing-subset[of A F'. irreducible F' A = FCs-covered F
FXAf. - expressible A f N\ = FCs-covered F (f U{A}) FFb, OF irreducible-expressible-notFCs-covered
inj-preserved-not-expressible-notFCs-covered)
by auto

lemma iso-represents-L-part-irreducible-notFCs-covered:
fixes F N FFb :: nat set set set
assumes iso-representing-subset FFb (L-part-irreducible-notFCs-covered F n L)
Y F € FFb. nonFCs-covered N' F
V N e N. finite (U N)
shows V F € L-part-irreducible n L. covered F N F
using assms
using iso-represents-nonFCs-covered[of {F € L-part n L. irreducible F A\ = FCs-covered
F F} N FFb)
using is-L-part-finite[of n L]
unfolding covered-def
by auto blast

end

16.6.1 Implementation

theory LPartitioninglrreducibleNonFCsCoveredImpl

imports LPartitioninglrreducibleNonFCsCovered Irreducible FamiliesImpl CoveringImpl
LPartitioningNonFCsCoveredImpl

begin

lemma irreducible-expressible-notFCs-covered-1:
assumes perms = permute [0..<n] dmf F n sdff F
sd A sdf Fdm (A# F)n
shows — expressible-l A F' A = FCs-covered-l F (A # F) perms «— — expressible
(set A) (f-to-set-l F) N = FCs-covered (fs-to-set-l F) (f-to-set-l F U {set A})
using assms
using expressible-l-soundness[of A F]
using expressible-lI-completeness| OF assms(4—5)]
using notFCs-covered-l[OF assms(1—3) assms(6)]
by auto
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definition mult-irreducible-notFCs-covered-l where
mult-irreducible-notFCs-covered-l F F A perms =
(let F' = filter (A f. A ¢ set f N — expressible-l A f) F;
F'"=map ANz. A# z) F'
in filter (A X. = FCs-covered-l F X perms) F')

definition mult-all-irreducible-notFCs-covered-l where
mult-all-irreducible-notFCs-covered-l F F n m perms =
concat (map (A A. mult-irreducible-notFCs-covered-l F F A perms) (all-mn-subsets
nm))

definition mult-all-base-irreducible-notFCs-covered-l where
mult-all-base-irreducible-notFCs-covered-l F F n m perms =
non-isomorphic-families-1 perms (mult-all-irreducible-notFCs-covered-l F F n
m perms)

lemma mult-all-base-irreducible-notFCs-covered:
mult-all-base-irreducible-notFCs-covered-l F F n m perms =
mult-all-base-P-1 (A A F. — expressible-l A F N = FCs-covered-l F (A # F)
perms) F n m perms
unfolding mult-all-base-irreducible-notF Cs-covered-I-def mult-all-base- P-I-def mult-all-irreducible-notFCs-cove
mult-all- P-l-def mult-irreducible-notFCs-covered-I-def mult-P-l-def
by (simp add: filter-map Let-def)

definition mult-irreducible-notF Cs-covered-l-opt where
mult-irreducible-notFCs-covered-l-opt F-perms F A =
(let F' = filter (A f. A & set f N\ — expressible-l A f) F;
F"=map N z. A# z) F’
in filter (A X. = FCs-covered-l-opt’ F-perms X) F")
definition mult-all-irreducible-notFCs-covered-l-opt where
mult-all-irreducible-notFCs-covered-l-opt F-perms F n m =
concat (map (A A. mult-irreducible-notFCs-covered-l-opt F-perms F A) (all-mn-subsets
n m))
definition mult-all-base-irreducible-notFCs-covered-l-opt where
mult-all-base-irreducible-not FCs-covered-l-opt F-perms F n m perms =
non-isomorphic-families-l perms (mult-all-irreducible-notFCs-covered-l-opt F-perms
Fnm)

lemma mult-all-base-irreducible-notF Cs-covered-opt:

assumes F-perms = map (A F. map (X p. permute-family-l p F) perms) F

shows mult-all-base-irreducible-notFCs-covered-l-opt F-perms F n m perms =

mult-all-base-irreducible-notFCs-covered-l F F n m perms

using assms
by (auto simp add: list-ex-iff mult-all-base-irreducible-notF Cs-covered-I-def mult-all-base-irreducible-not FCs-co
mult-all-irreducible-notF Cs-covered-l-def mult-all-irreducible-notF Cs-covered-l-opt-def
mult-irreducible-notF Cs-covered-I-def mult-irreducible-not F Cs-covered-l-opt-def FCs-covered-I-opt-def
FCs-covered-l-def FC-covered-l-opt-def FC-covered-I-def)
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abbreviation enum-rec-irreducible-notFCs-covered-l where
enum-rec-irreducible-notFCs-covered-1 F-perms L n perms =

enum-rec L [[]] (A F L. mult-all-base-irreducible-notF'Cs-covered-l-opt F-perms F
n (length L — 1) perms)

abbreviation enum-dp-irreducible-notFCs-covered-l where
enum-dp-irreducible-notF Cs-covered-l F-perms n perms stops maxL =
enum-dp [[]] [] 0 (replicate (n+1) (0::nat))
(A FEb m. mult-all-base-irreducible-notFCs-covered-l-opt F-perms FFb n m
perms)
(XN L. list-ex (A L'. pwge-impl L L') stops)
maxl

lemma enum-dp-irreducible-notFCs-covered-I:

assumes F-perms = map (AF. map (Ap. permute-family-l p F) perms) F

shows

enum-dp-irreducible-notFCs-covered-l F-perms n perms stops mazxL =
enum-dp-mult-P (A A F. - expressible-l A F N = FCs-covered-l F (A # F)

perms) n perms stops maxL
unfolding enum-dp-mult-P-def
by (subst mult-all-base-irreducible-notFCs-covered-opt| OF assms], subst mult-all-base-irreducible-notFCs-cover:
simp)

lemma enum-dp-irreducible-notFCs-covered-l-iso-representing-subsets:
assumes
F-perms = map (AF. map (Ap. permute-family-l p F) perms) F
X ={L" mazL = L' A= (3 S € set stops. L' = S)} (is - = ?lhs)
length mazxL = n + 1V S € set stops. length S = n + 1
(| & set F perms = permute [0..<n| dmf F n sdff F
shows V L' € X. 3 B € set (enum-dp-irreducible-notFCs-covered-l F-perms n
perms stops mazxL).
iso-representing-subset (fs-to-set-1 B) (L-part-irreducible-notFCs-covered
(fs-to-set-1 F) n L)
proof—
have irreducible {} N = FCs-covered (fs-to-set-l F) {}
using «[] ¢ set F»
unfolding FC-covered-def
by (auto simp add: closure-def reducible-def)
thus ?thesis
using assms
by (subst enum-dp-irreducible-notFCs-covered-l]OF assms(1)])

(rule enum-dp-mult-P-correct [where Pinc’=\ A F. — expressible-l A F A
= FCs-covered-l1 F (A # F) perms, OF irreducible-expressible-notFCs-covered-1|OF
assms(6) assms(7)] irreducible-expressible-notFCs-covered inj-preserved-not-expressible-notFCs-covered),
auto simp add: isPermutation-permute)
qed

end
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17 Minimal FC(6) families and maximal nonFC(6)

families

theory FC6-Data

imports Main

begin

nat list list list where

definition FC6 ::
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nat list list list where

definition nonFC6 ::
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end

theory FranklImpl

imports Frankl FamilyImpl

begin

context SetImpl

begin

end

end
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18 Tactics

theory FCTactics
imports FranklImpl SomeShareNegativelmpl
begin

ML-file eval-tac. ML

18.1 Tactics for verifying FC families

Tactic relies on applying the SomeShareNegativelmpl.some-share-negative
function.

ML(
fun FC-family-uce-shares-nonneg-inst w =
Thm.instantiate’
[SOME @{ctyp nat}]
[SOME (Thm.cterm-of Q{context} w)]
@{thm FC-family-uce-shares-nonneg};

fun SomeShareNegativeSound-nats-inst A A" w w’ =
Thm.instantiate’
[
(map (fn ¢ => SOME (Thm.cterm-of @{context} z)) [A, A', w’, w]) @{thm
some-share-negative-soundness-nats };

fun fe-family-tac ctx A Al wl =
let
val term-zip = Q{term (zip::(nat list = nat list = (nat x nat) list)) [0..<6::nat]}
val term-weights2map = Q{term weights2map::(nat x nat) list = nat = nat};
val term-sls = Q{term sorted-list-of-set::nat set=-nat list};
val term-tabulate = Q{term Mapping.tabulate::nat list = (nat = nat) = (nat,
nat) mapping};
val term-sup = Q{term Sup::(nat set set=nat set)};

val w = term-weights2map $ (term-zip $ wl);
val w’ = list-comb (term-tabulate, [term-sls $ (term-sup $ A), w]);
m

resolve-tac ctx [FC-family-uce-shares-nonneg-inst w]
THEN' asm-full-simp-tac (ctz addsimps [Q{thm weight-fun-def }, Q{thm weights2map-def},
@{thm upt-def}])
THEN' resolve-tac ctx [SomeShareNegativeSound-nats-inst A Al w w’)
THEN' asm-full-simp-tac ctz
THEN' asm-full-simp-tac ctz
THEN' asm-full-simp-tac ctz
THEN' asm-full-simp-tac ctz
THEN' asm-full-simp-tac ctz
end

211



18.2 Tactics for verifying nonFC families

Tactic for checking if a family belongs to the union-closed extension of a
given family

thm SetUnionImpl-nats.union-closed-additional-set

ML

(*
fun union-closed-additional-tac’ ctz F I 1 =
EqSubst.eqsubst-tac ctz [0] [f-to-set-I-thm F| i THEN
EqSubst.eqsubst-tac ctx [0] [f-to-set-I-thm I]| i THEN
resolve-tac ctr [Q{thm SetUnionImpl-lists.union-closed-additional-set}] i THEN
eval-tac ctz 1

*)

fun union-closed-additional-tac’ ctx F 11 =
EqSubst.eqsubst-tac ctx [0] [f-to-set-n-thm F] i THEN
EqSubst.eqsubst-tac ctx [0] [f-to-set-n-thm I| i THEN
resolve-tac ctr [@Q{thm SetUnionImpl-nats.union-closed-additional-set}] i THEN
eval-tac ctz ¢

fun union-closed-tac’ ctx F i =
EqSubst.eqsubst-tac ctxz [0] [f-to-set-I-thm F| i THEN
resolve-tac ctr [Q{thm SetUnionImpl-lists.union-closed-set}| i THEN
eval-tac ctz ¢

fun union-closed-additional-select-tac ctz (t, i) =
case t of
Q@{term Trueprop} $ t' => union-closed-additional-select-tac ctr (t', 1)
| @{term UnionClosed.union-closed-additional::nat set set = nat set set = bool }
$ F $ I => union-closed-additional-tac’ ctx F I i
- => raise Fail (select-tac: pattern not matched)

fun union-closed-additional-tac ctr i =
SUBGOAL (union-closed-additional-select-tac ctx) i

fun union-closed-select-tac ctx (t, i) =
case t of
Q@{term Trueprop} $ t' => union-closed-select-tac ctx (t', i)
| @{term UnionClosed.union-closed::nat set set = bool} $ F => union-closed-tac’
ctr F'1
| - => raise Fail (select-tac: pattern not matched)

fun union-closed-tac ctx i =
SUBGOAL (union-closed-select-tac ctx) i

fun union-closed-extension-tac ctr =
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rewrite-goals-tac ctz [@{thm union-closed-extensions-def }| THEN
EqSubst.eqsubst-tac ctz [0] [Q{thm mem-Collect-eq}] 1 THEN
resolve-tac ctx [@Q{thm conjl}] 1 THEN
union-closed-additional-tac ctx 2 THEN

auto-tac ctr

)

Tactic for checking if the given coefficients ¢ satisfy the given system of
inequalities determined by the given families F's

Lemma that allows to reformulate the statement as a problem over lists and
gain faster executability.

lemma nonFC-is-system-solution-lists:
assumes F's = map f-to-set-l Fs-l set Fc-l =) Fc V F € set Fs-l. distinct F
V F € set Fs-1.V A € set F. sorted A N\ distinct A
shows (let Fs' = Fsin ¥V a € |J Fe. sum-list (map (A (z, y). int z x y) (2ip ¢
(map (Frankl.frankl-fun a) Fs"))) < 0) <—
(list-all (A a. sum-list (map (A (z, y). int x * y) (zip ¢ (map (frankl-fun-1
a) Fs-l))) < 0) Fe-l)
proof—
have V a. map (Frankl.frankl-fun a) Fs = map (frankl-fun-l a) Fs-1
using assms SetImpl-lists.frankl-fun-set
by (simp add: count-l-def)
thus ?thesis
using assms(2)
unfolding list-all-iff
by auto
qged

ML

fun nonFC-is-system-solution-tac’ ctx FF Fc-1 i =
let
val thm = @Q{thm nonFC-is-system-solution-lists} OF [list-f-to-set-I-thm FF]
val thm = Thm.instantiate’ [| [SOME (Thm.cterm-of Q{context} Fc-l)] thm
m
EqSubst.eqsubst-tac ctz [0] [thm] @
end

fun nonFC-is-system-solution-tac-select ctx Fe-l (t, 1) =
case t of
@{term Trueprop} $ t =>
nonFC-is-system-solution-tac-select ctx Fe-l (t, i)
| @{term HOL.Let :: nat set set list = (nat set set list = bool) = bool} $ FF
$-=>
nonF C-is-system-solution-tac’ ctx FF Fec-l i
| - $ t => nonFC-is-system-solution-tac-select ctx Fe-l (t, 1)
| - => no-tac
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fun nonFC-is-system-solution-tac ctx Fc-l i =
SUBGOAL (nonFC-is-system-solution-tac-select ctx Fc-l) i THEN
eval-tac ctx 1 THEN
eval-tac ctx i THEN
eval-tac ctx i THEN
eval-tac ctz 1

)

end

19 FC status proofs

theory FC6-Status
imports FC6-Data SomeShareNegativelmpl WeightsShares-NotFCFamily FCTactics
begin

lemma [simp]: - FC-family ({{},{0,1,2,5},{0,1,2,4}{0.,1,3,4}.{0,2,3,4}.{0,1,2,3,4},{1,2,3,4,5}.{0,1,2,
set set) (is - FC-family ?Fc)

roof —
plet ?Fs1 = {{},{0}{1},{0,1},{2}{0,2}{1,2},{0,1,2} {3},{0,3},{1,8},{0,1,3},{2,3},{0,2,3},{1,2,8},{
set set

let ?Fs2 = {{} {0}.{1}.{0,1} {2} {0.2}{1,2}{0,1,2},{0,1,2,3},{4}.{0,4}.{1.4}.{0,1,4}.{2.4},{0,2,4}
set set

let ?Fs3 = {{},{0},{2},{0,2},{3},{0,3},{2,3},{0,2,3}.{0,1,2,3} {4} .{0,4 }.{2,4}.{0,2,4}.{0,1,2,4 }.{3.-
set set
let ?Fs/ = {{}7{0}7{1}7{071}7{3}7{073}7{173}3{0a173}7{071a273}7{4}7{074}7{134}3{0a174}7{071a274}7{37‘
set set
let ?Fs5 = {{}.{1}.{2}.{1,2},{3}.{1,3},{2,3},{1,2,8}.40,1,2,3} {4} {14 }.{2.4}.{1,2,4}.{0,1,2,4 }.{3.-
set set
let ?Fs6 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3}.,{
set set
let ?Fs = [?Fsl1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs()|
let 7c = [29, 29, 29, 29, 37, 4] : nat list
show %thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic {{ union-closed-extension-tac Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs4 € {?Fc|}
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by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: - FC-family ({{},{0,1,2,3},{0,1,2,4},{0,1,3,4},{0,1,3,5},{0,1,2,3,4},{0,1,2,3,5},{0,1,3,
set set) (is =~ FC-family ?Fc)

roof —
plet ?Fs1 ={{} {0} {1}{0.1}.{2}.{0,2} {1,2} {0.1,2} {3}.{0,5}{1,3},{0,1,3}{2,3},{0,2,3} {1,2,5} .{
set set

let ?Fs2 = {{} {1}.{2}.{1.2}.{3}{1.3}.{2,5}.{1.2,3},{0,1,2,3} {4} {1.4} {2.4}.{1.2,4}.{0.1,2,4} {3,
set set

let ?Fsg = {{}7{0}7{2}7{072}7{3}7{073}7{2’3}’{03273}7{0713273}7{4}7{074}7{2’4}’{0’274}7{071’274}7{37‘

set set

let ?Fsy = {{} {0} {1}.{0,1}.{2},{0,2},{1,2},{0,1,2},{0,1,2,3},{4 10,4} {14 }.{0,1,4},{2,4},{0,2,4 }

set set

let ?Fs5 = {{}.{0},{1},{0,1},{3},{0,3},{1,3},{0,1,3}.0,1,2,3} {4} .{0,4 }.{1,4}.{0,1,4}.{0,1,2,4 }.{3.-

set set

let ?FS6 = {{}7{0}’{1}7{0’1}7{2}’{072}7{172}’{0’1’2}7{3}7{073}7{173}’{0’173}7{273}?{0’2’3}7{172’3}’{‘
set set

let 2Fs7 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs = [9Fsl1, 9Fs2, ?Fs3, ?Fsj, ?Fs5, ?FsG, ?Fs7|
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let ¢ = [21, 37, 37, 30, 21, 1, 12] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %))
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs7 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed
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lemma [simp]: = FC-family ({{},{0,1,2,3},{0,1,2,4},{0,1,3,5},{0,1,4,5},{0,1,2,3,4},0,1,2,3,5},{0,1,2,
set set) (is -~ FC-family ?F'c)
proof—
let ?Fs1 = {{},{0},{1},{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3}{2,5},{0,2,3},{1,2,3},{
set set
let 7Fs2 = {{}.{1}.{2}.{1,2}.{3}.{1,3}.{2,5}.{1,2,5}.{0,1,2,3} {4} {1,4}.{2,4}.{1,2,4}.{0,1,2,4}.{3.-
set set
let 753 = {{}.{0},{2}.{0.2}.491.00,91.{2,91.{0,2,3},{0,1,2,3} {4} {041 {24 1.00,2,41.00,1,2.4 1.43..
set set
let ?Fs4 = {{}7{0}7{1 }’{071 }7{2}7{072}’{1 ’2}’{0a1 72}7{0’1 a273}7{4 }7{074}’{1 a4}7{0a1 4 }7{2a4}’{07274}
set set
let 7Fs5 = {{}.{0},{1}.{0,1},{3}.{0,3},{1,5},{0,1,5},{0,1,2,3},{4}.{0,4},{1,4}.{0,1,4},{0,1,2,4},{3.-
set set
let 2Fs6 = {{},{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{3}.{0,3},{1,8}.{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ¢ = [11, 19, 19, 11, 11, 11] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %))
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qged
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
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by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [S’me] - FC—fa’mlly ({{}7{0717273}7{0717274}7{0717375}7{0727475}7{071727374}7{071 727375}a{071727
set set) (is - FC-family ?Fc)

roof —
plet ?Fs1 = {{},{0}{1},{0,1},{2}{0,2}{1,2},{0,1,2} {3},{0,3},{1,8},{0,1,3},{2,3},{0,2,3},{1,2,8},{
set set

let ?Fs2 = {{} {1}.{2}.{1.2} {3} {1.3}.{2,5}.{1,2,3},{0,1,2,3} {4 }.{1,4} {2.4}.{1,2,4}.{0,1,2,4} {5
set set

let ?Fs3 = {{},{0},{2},{0,2},{3}.,{0,3},{2,3},{0,2,3}.{0,1,2,3} {4} .{0,4 }.{2,4}.{0,2,4}.{0,1,2,4 } {3
set set
let ?F54 - {{}7{0}7{1 }’{071 }7{3}7{073}7{1 73}3{031 73}7{071 3273}7{4 }7{074}7{1 34}3{0a1 4 }7{071 a274}7{37‘
set set
let 2Fs5 = {{},{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{3}.{0,3},{1,8}.{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs6 = {{},{0},{1}.,{0,1},{2},{0,2},{1,2},{0,1,2}.,{0,1,2,3} {4 }.{0.4 }.{1,4}.{0,1,4},{2,4},{0,2.4}
set set
let ?Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs6)|
let 7c = [11, 19, 15, 15, 11, 11] = nat list
show %thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c])
show V F € set ?Fs. F' € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} ))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
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have ?Fs¢ € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1))
next
show Jwj€List.set ?c. 0 < wj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: - FC-family ({{},{0,1,2,3},{0,1,2,4},{0,1,3,4},{0,2,3,5},{0,1,2,3,4},{0,1,2,3,5},{0,1,2,
set set) (is -~ FC-family ?Fc)

roof —
plet ?Fs1 = {{},{0},{1},{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set

let ?Fs2 = {{} {1} {2} {1,2} {3} {1,5}.{2,3}.{1,2,3} {0.1,2,3} {4} {1.4}{2.4}.{1,2.4}.{0,1,2,4} {3,
set set

let ?Fsg = {{}7{0}’{1}7{0’1}7{3}’{073}7{173}’{0)173}7{071)273}7{4}7{074}7{1’4}3{0’174}7{071’274}7{37“

set set

let ?Fsj = {{}7{0}7{1}7{071}7{2}7{072}’{172}7{0’172}7{0’15273}7{4}7{074}’{174}’{0a174}’{2a4}7{0a274}

set set

let ?Fs5 = {{},{0},{2},{0,2},{5},{0,3},{2,5},{0,2,8},{0,1,2,3},{4},{0,4},{2,4}.{0,2,4},{0,1,2,4 },{3.
set set
let 7Fs6 = {{}7{0}7{1}7{071}7{2}7{072}7{172}a{0a172}7{3}7{073}7{173}a{0a]73}7{273}7{0a273}7{172a3}a{‘
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = [20, 57, 45, 45, 46, 33] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
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moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [Slmp]: - FC_faley ({{}7{07172’3}7{07172’4}7{07173’5}7{27374’5}7{07172’374}7{071 727375}’{07172’
set set) (is - FC-family ?Fc)
proof—

let ?Fs1 = {{}.{0}.{1},{0,1}.{2}.10,2}.{1,2}.{0,1,2},{3}.{0,5}.{1,3}.{0,1,3}.{2,3}.{0,2,8}.{1,2,3}.{

set set

let ?FSQ = {{}7{0}’{1}7{0’1}7{2}’{072}7{172}3{0’172}7{071)273}7{4}7{074}7{1’4}’{0’174}7{274}’{0’2?4}

set set

let ?Fs3 = {{} {1} {2}{1,21 {3} {1,3}1,{2,3}.{1,2,3}.40,1,2,3} {4 } {14} {24 1{1,2,41.{0,1,2,4},{3.

set set

let 7Fsy = {{}.{0},{2}.{0,2},{3}.{0,3}.{2,5},{0,2,5},{0,1,2,3}.{4}.{0,4}.{2,4}.{0,2,4},{0,1,2,4},{3.-
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set set
let 7Fs5 = {{}7{0}’{1 }7{0’1 }7{3}’{073}7{1 73}3{0a1 ,3},{0,] a2>3}7{4 }7{074}7{1 a4}a{0a1 4 }7{07] a274}7{37‘
set set
let ?Fs6 = {{},{0},{1}.{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set
let ?Fs = [?Fsl, 9Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs0)|
let ¢ =1[5,7,7, 7,7, 5] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
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qed
qed

lemma [simp]: = FC-family ({{},{0,1,2,3},{0,1,2,4},{0,3.4,5},{1,3,4,5},{0,1,2,3.4},10,1,2,8,5}.{0,1,2,
set set) (is -~ FC-family ?Fc)
proof—
let 2Fs1 = {{},{0},{1},{0,1},12},{0,2}.11,2},{0,1,2},18},{0,3}.{1,8},{0,1,3}.12,8},{0,2,3}.{1,2,3}.{
set set
let ?Fs2 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2}.{0,1,2}.,{0,1,2,3} {4 }.{0.4 }.{1,4}.0,1,4},{2,4},{0,2.4}
set set
let 2Fs3 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let 2Fsf = {{}{1 112011, 20 03041, 31 2,30 {1,2,31.00,1,2,8 L L4 WL 41424 11,24 1,00,1,2.4 1,43,
set set
let ?Fs5 = {{},{0},{2},{0,2},{3},{0,3},{2,3},{0,2,8}.0,1,2,3} {4 }.{0,4 }.{2,4}.{0,2,4}.{0,1,2,4 }.{3.
set set
let 7Fs6 = {{}.{0},{1}.{0,1},{3}.{0,3},{1,5},{0,1,5},{0,1,2,3} {4 }.{0,4}.{1,4}.{0,1,4},{0,1,2,4},{3.-
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = (3,4, 4, 4, 4, 8] = nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F' € set ?Fs. F' € {?Fc|
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show “thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
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list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2,3},{0,1,2,4},{0,1,3,4},{2.9.4,5},{0,1,2,3.4},0,1,2,3,5},{0,1,2,
set set) (is -~ FC-family ?F'c)
proof—
let ?Fs1 = {{},{0},{1}.{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let 7Fs2 = {{}.{0},{1}.{0,1},{3}.{0,3}.{1,5},{0,1,5},{0,1,2,3}.{4}.{0,4}.{1,4}.{0,1,4},{0,1,2,4}{3.-
set set
let 753 = {}{0}{1}.40.11.421.40,21.41,21.40,1,21,{0,1,2,51 {41 {041 {1 410,14 1,02,41.00.2.4)
set set
let ?Fs) = {{},{0},{1}.{0,1}{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3}{2,5},{0,2,3},{1,2,5},{
set set
let 7Fs5 = {{}.{1}.{2}.{1,2}.{3}.{1,3}.{2,5}.{1,2,5},{0,1,2,3} {4} {1,4}.{2,4}.{1,2,4}.{0,1,2,4},{3.-
set set
let ?Fs6 = {{},{0},{2},{0,2},{3},{0,3},{2,3},{0,2,8}.0,1,2,3},{4}.{0,4 }.{2,4}.{0,2,4}.{0,1,2,4 }.{3.-
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let %¢c = [8, 17, 17, 17, 18, 18] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c])
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} ))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
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have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: = FC-family ({{},{0,1,2,5},{0,1,2,4},{0,1,3,4},{0,2,3,5},{1,2,8,5},{0,1,2,8,4},{0,1,2,3,
set set) (is - FC-family ?Fc)
proof—

let ?Fst = {{}{0},{1}.{0,1},{3}.{0,3}.{1,5},{0,1,5},{0,1,2,3}.{4}.{0,4}.{1,4}.{0,1,4},{0,1,2,4},{3.-

set set

let ?Fs2 = {{}.{0}.{1},{0,1}{2}.{0,2},{1,2},{0,1,2},{0,1,2,5}.{4}.{0,4}{1,4}.{0,1,4}.{2,4}.{0,2,4}

set set

let ?Fs3 = {{} {1} {2}{1,21 {3} {1,3}1,{2,3},{1,2,3}.{0,1,2,3} {4 {14 1 {24 11,24 1,{0,1,2,4},{3.

set set

let ?FS4 = {{}7{0}7{2}7{072}7{3}7{073}7{273}’{03273}7{0713273}7{4}7{074}7{2’4}’{0’274}7{071’274}7{37‘

set set

let 7Fs5 = {{},{0}.{1},00,1},{2},0,2},11,2},10,1,2},{3},{0,3},{1,3}.{0,1,3}.12,3}.10,2,3}.{1,2,3}.{,

set set
let ?Fs6 = {{},{0}.{1}.{0,1}.,{2}.,{0,2}.{1,2},{0,1,2},{3},{0,3}.{1,5}.{0,1,3},{2,9},{0,2,3}.{1,2,3}.{
set set
let 7Fs7 = {{}7{0}’{1}7{0’1}7{2}’{072}7{172}3{0a1a2}7{3}7{073}7{173}a{0a173}7{273}3{0a2’3}7{172a3}a{‘
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6, ?Fs7|
let ¢ = (8, 8,8, 8, 3, 2, 2] = nat list
show ?thesis
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proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs7 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2,5},{0,1,2,4},{0,1,3,4},{0,2,3,5},{2,53,4,5},{0,1,2,8,4},{0,1,2,3,
set set) (is — FC-family ?Fc)
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proof—
let ?Fs1 = {{}7{0}’{1 }7{0’1 }7{3}’{073}7{1 73}3{0a1 ,3},{0,] a2>3}7{4 }7{074}7{1 a4}a{0a1 4 }7{07] a274}7{37‘
set set
let ?Fs2 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.,{0,1,2,3} {4 }.{0.4 }.{1,4}.40,1,4},{2,4},{0,2.4}
set set
let 7Fs3 = {{}.{1}.{2}.{1,2}.{3}.{1,3}.{2,5}.{1,2,5}.{0,1,2,3} {4} {1,4}.{2,4}.{1,2,4}.{0,1,2,4}{3.-
set set
let ?Fsj = {{},{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs5 = {{},{0},{2},{0,2},{3},{0,3},{2,3},{0,2,3}.{0,1,2,3} {4 }.{0,4 }.{2,4}.{0,2,4}.{0,1,2,4 }.{3.-
set set
let 2Fs6 = {{},{0},{1},{0,1},12},{0,2},11,2},{0,1,2},18},{0,3}.{1,8},{0,1,3}.,12,8},{0,2,3}.{1,2,3}.{
set set
let ?Fs = [?Fsl, ?Fs2, 9Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = [23, 23, 24, 17, 18, 11] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F' € set ?Fs. F' € {?Fc|
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show “thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
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show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [simp]: = FCO-family ({{},{0,1,2,3Y,{0,1,2,43,0,1,3,5Y,00,1,4,5},{2,3.4,5Y,{0,1,2,3.4},{0,1,2,3,
set set) (is -~ FC-family ?F'c)
proof—
let ?Fs1 = {{},{0},{1}.{0,1}{2}.,{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let 2Fs2 = {{},{0},{1},{0,1},12},{0,2},11,2},{0,1,2),18},{0,3}.{1,8},{0,1,3},{2,8},{0,2,3}.{1,2,3}.{
set set
let ?Fs3 = {{}.{0},{1},{0,1}{5}.{0,3},{1,5},{0,1,5},{0,1,2,5},{4}.{0,4}.{1,4}.{0,1,4},{0,1,2,4},{3.-
set set
let ?Fsj = {{}7{0}7{1}){071 }7{2}7{072}7{1 ’2}’{0a1 72}7{0’1 a273}7{4 }7{074}’{1 a4}’{0a1 4 }7{2a4}’{07274}
set set
let ?Fs5 = {{}{2}.{3}.{2,5}.{0,1,2,3} {4} {2.,4}.{0,1,2,4}{3,4}.{2,3,4}.{0,1,2,3,4}.{5}{2,5},{3,5}
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5|
let ¢ =1, 1,1, 1, 3] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (sitmp del: union-closed-extensions-def )
qed
next
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show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2,5},{0,1,2,4},{0,1,3,5},{0,2,4,5}{1,3,4,5},{0,1,2,3.4},{0,1,2,3,
set set) (is -~ FC-family ?Fc)

roof —
plet ?FSI = {{}’{0}7{1}’{071}7{2}7{072}7{1’2}’{0’172}7{3}7{073}7{1’3}’{0’173}7{273}’{0’273}7{17233}’{‘
set set

let ?Fs2 = {{} {1} {2} .{1.2}{3}{1.3}.{2,5}.{1.2,3},{0,1,2,3} {4} {1,4} {2.4}.{1,2,4}.{0.,1,2,4} {3,
set set

let ?Fs3 = {{},{0},{2},{0,2},{3},{0,3},{2,3},{0,2,3}.{0,1,2,3} {4 }.{0,4 }.{2,4 }.{0,2,4}.{0,1,2,4 } {3

set set

let ?FS4 = {{}7{0}’{1}7{0’1}7{2}’{072}7{172}’{0’17‘2}7{3}7{073}7{173}’{0’173}7{273}’{0’2’3}7{172’3}’{‘

set set
let ?Fs5 = {{}{0}{1},{0,1}{3}{0,5}.{1,3}{0,1,5}{0,1,2,3}{4}{0.4}{1,4},{0,1,4},{0,1,2,4} {3,
set set
let ?Fs6 = {{},{0}.{1}.{0.1}{2}{0,2}{1,2}.{0,1,2}{0,1,2,3},{4}{0.4}{1.4}{0,1.4}{2.4}{0.2,4}
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ?c = [13, 18, 18, 13, 13, 13] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F' € set ?Fs. F' € {?Fc|
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
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have ?Fsj € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{}.,{0,1,2,3},{0,1,2,4},{0,1,3,4},{0,1,3,5},{2,%3,4,5},{0,1,2,3,4},{0,1,2,3,
set set) (is =~ FC-family ?F'c)

proof—

let ?Fs1 = {{},{0},{1},{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set

let 7Fs2 = {{}.{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2}{0,1,2,5} {4 }.{0,4}{1,4}.{0,1,4}.{2,4}.{0,2,4}

set set

let ?Fs3 = {{}{1}.{2}{1,2}{3}.{1,5}.{2,3}.{1,2,3}.{0,1,2,3} {4} {1,4}.{2,4}.{1,2,4},{0,1,2,4} {3

set set

let ?Fs4 = {{}7{0}7{1}’{071}7{3}7{07‘?}’{1’3}7{05173}7{0’1a273}7{4}7{074}’{1a4}7{0a174}7{0a1a274}7{3"

set set

let 7Fs5 = {{},{0},{2}.{0,2},{3}.{0,3},{2,5},{0,2,5},{0,1,2,3}.{4}.{0,4}.{2,4}.{0,2,4},{0,1,2,4},{3.-

set set

let ?Fs6 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = [37, 52, 56, 37, 53, 24] :: nat list
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show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs4 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )
moreover
have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1))
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qged
qed

lemma [S’me] - FC'famlly ({{}7{0717273}7{0717274}7{0717374}7{0727375}7{1727475}7{071727374}7{071 72737
set set) (is - FC-family ?Fc)
proof—

let ?Fs1 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2}.{3}.,{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3}.,{
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set set
let 7Fs2 = {{}7{0}’{1 }7{0’1 }7{3}’{073}7{1 73}3{0a1 ,3},{0,] a2>3}7{4 }7{074}7{1 a4}a{0a1 4 }7{07] a274}7{37‘
set set
let 2Fs3 = {{}.{1}.{2}.{1,2},{3}.{1,3},{2,3},{1,2,8}.0,1,2,3} {4} {14 }.{2.4}.{1,2,4}.{0,1,2,4 }.{3.-
set set
let ?Fsj = {{},{0},{2},{0,2},{5},{0,3},{2,5},{0,2,8},{0,1,2,3},{4},{0,4},{2,4}.{0,2,4 },{0,1,2,4 } {3
set set
let 7Fs5 = {{}7{0}7{1}7{071 }7{2}7{072}7{1 72}1{0a] 72}7{3}7{073}7{1 73}a{0a1 73}7{273}7{0a273}7{1 72a3}’{‘
set set
let ?Fs6 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2}.,{0,1,2,3} {4 }.{0.4 }.{1,4}.40,1,4},{2,4},{0,2.4}
set set
let ?Fs = [?Fsl, 9Fs2, 9Fs3, ?Fsj, ?Fs5, ?Fs0)|
let %c = [14, 29, 31, 31, 22, 22] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )
moreover
have ?Fs¢ € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
2c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
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next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2,3},{0,1,2,4},{0,1,3,4},{0,1,3,5},{0,2,3,5},{0,3,4,5},{0,1,2,3./
set set) (is —~ FC-family ?Fc)
proof—
let #Fs1 = {{}{ 1} {21 {12131 1,91 12.9101,2,9100, 1,2,V 44 {1 A 12,4 101.2,4 1.40,1,2,4 105,
set set
let ?Fs2 = {{},{0},{1}.{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3}{2,5},{0,2,3},{1,2,5},{
set set
let 7Fs3 = {{}.{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{0,1,2,5} {4 }.{0,4}{1,4}.{0,1,4}.{2,4}.{0,2,4}
set set
let ?F'sy = {{},{0}.{2}.{0.2}.{3}.{0,5}.{2,5},{0,2,5}.{0,1,2,3}.{4}.{0.4}.{2,4}.{0,2,4}.{0.1,2,4}.{3..
set set
let ?Fs5 = {{},{0},{1}.{0,1}{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let 7Fs6 = {{}7{0}7{1}7{071}7{3}7{073}7{173}3{0a173}7{071a273}7{4}7{074}7{134}3{0a174}7{071a274}7{37‘
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = [44, 16, 32, 23, 15, 15] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} ))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
ultimately
show ?thesis
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by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1))
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2,3},{0,1,2,4},{0,1,3,4},{0,1,3,5},{0,2,3,5},{0,2,4,5},{0,1,2,3,4]
set set) (is =~ FC-family ?F'c)
proof—

let ?Fs1 = {{} {1} .{2}.{1,2},{3}.{1,8},{2,8},{1,2,3},{0,1,2,3} {4} {1,4}.{2,4}.{1,2,4},{0,1,2,4} {3
set set

let ?FSQ = {{}7{0}7{2}7{072}7{3}7{073}7{2’3}’{0’273}7{071’273}7{4}7{074}7{2’4}’{0’274}7{071’274}7{37‘
set set

let ?Fs3 = {{}.{0},{1},{0,1}.{2}.{0,2},{1,2},{0,1,2},{0,1,2,5}.{4}.{0,4}{1,4}.{0,1,4}.{2,4}.{0,2,4}

set set
let ?Fsj = {{}7{0}7{1}){071}7{3}7{073}7{1v‘?}’{07173}7{0’1 7273}7{4}7{074}’{1a4}’{0a174}7{0a1 a274}7{3"
set set
let ?Fs5 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3}{
set set
let ?Fs6 = {{},{0},{1},{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 2c = [704124, 378530, 378530, 368378, 247096, 247096] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
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have ?Fs8 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2,5},{0,1,2,4},{0,1,3.4},{0,2,3,5},{0,2,4,5},{0,3,4,5},{0,1,2,5 4]
set set) (is -~ FC-family ?Fc)
proof—

let ?FSI = {{}7{1}7{2}’{1 72}7{3}7{173}7{2’3}’{1 ’273}7{071 5273}7{4}7{174}7{2’4}’{1 ’274}7{071 ’274}7{37‘

set set

let ?Fs2 = {{},{0}{1}.{0,1}.{3},{0,3},{1,3}.,{0,1,3}.{0,1,2,3} {4 }.{0,4 }{1,4},{0,1,4},{0,1,2,4} {3

set set

let ?Fs3 = {{},{0},{2},{0,2},{3},{0,3},{2,3},{0,2,3}.{0,1,2,3} {4 }.{0,4 }.{2,4 }.{0,2,4}.{0,1,2,4 } {3

set set

let ?FS4 = {{}7{0}’{1}7{0’1}7{2}’{072}7{172}’{0’1’2}7{3}7{073}7{173}’{0’173}7{273}’{0’2’3}7{172’3}’{‘

set set

let ?Fs5 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.{0,1,2,3} {4 }.{0.4 }.{1,4}.0,1,4},{2,4},{0,2.4}

set set
let ?Fs6 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{
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set set
let ?Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs6)|
let 7c = [143, 75, 52, 52, 75, 75] == nat list
show %thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c])
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,3,4},{0,2,3,5},{0,1,2,3,4},{0,1,2,3,5},{1,2,8,4,5},{0,1,2,
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set set) (is =~ FC-family ?Fc)

proof—

let ?Fs1 ={{}{0}{1}.{0,1}.{0,1,2}{3}.,{0,5}.{1,3}.{0.1,5}.{0,1,2,3} {4} .{0.4}{1.4},{0,1,4},{0,1,
set set

let ?Fs2 = {{} {0}.{1}.{0,1} {2} {0.2}{1.2} {0.1,2}.{4}.{0,4} {1.4}.{0.1,4} {2.4}.{0.2,4} {1.2.4}.{
set set

let 7Fs3 = {{}.{1}.{2}.{1,2}.{0,1,2}.{3},{1,5},{2,5}.{1,2,3},{0,1,2,5} {4 }.{ 1,4} {24 }.{1,2,4}.{0,1,:
set set
let ?Fsq = {{},{0},{2}.,{0,2},{0,1,2},{3},{0,3}.{2,8}.{0,2,3},{0,1,2,3} {4 }.{0,4}.{2,4}.{0,2,4 },{0,1:
set set
let ?Fs5 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3}.,{
set set
let 7Fs6 = {{}7{0}’{1}7{0’1 }7{2},{072}7{1 72}a{0a1 72}7{3}7{073}7{1 73}a{0a1 73}7{273}7{0a2’3}7{1 72a3}a{‘
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = [32, 19, 38, 32, 11, 11] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs4 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
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next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qged
qed

lemma [‘%mp] - Fc'famlly ({{}?{0’172}3{0a1 ,374}3{032,374}3{031 ’273)4}7{0’173)475}7{072’374?5}){1 7273a
set set) (is - FC-family ?Fc)
proof—
let ?Fst = {{},{1},{2}.{1,2},{0,1,2}.{3}.{1,3}.{2,3}.{1,2,3},{0,1,2,3} {4 }.{ 1.4 }.{2,:4 }.{1,2,4 },{0,1:
set set
let 7Fs2 = {{},{0},{2},{0,2},{0,1,2},{3}1.{0,3}1.42,31,{0,2,8}.{0.1,2,8}. 14} {04 }.{2,4 1.{0,2,4 1,10,1,,
set set
let ?Fs3 = {{},{0},{1},{0,1},{0,1,2},{3},{0,3}.{1,8}.{0,1,3},{0,1,2,3} {4 }.{0,4}.{1,4}.{0,1,4},{0,1:
set set
let 2Fs) = {{},00},11},{0,1},{2},00,2}.11,2),10,1,2}.0,1,8,4},10,2,8.43.10,1,2,3,4}.15},{0,5},{1,5}
set set
let 7Fs5 = {{}.{0},{1}.{0,1},{2}.,{0,2},{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5|
let %c = [58, 47, 47, 60, 6] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs4 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
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next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,3,4},{0,53,4,5},{0,1,2,3,4},{0,1,2,3,5},{0,1,58,4,5},{0,2,3,
set set) (is — FC-family ?Fc)
proof—

let 7Fst = {{}.{1},{2}.{1,2},{0,1,2}.{3},{1,5},{2,5}.{1,2,3},{0,1,2,3} {4 }.{ 1,4 }.{2,4}.{1,2,4 }.{0,1,:

set set

let ?Fs2 = {{},{0},{2},{0,2},{0,1,2}.{3}.{0,3},{2,5},{0,2,3},{0,1,2,8},{4}.{0,4}.{2,4},{0,2,4}.{0,1:

set set

let 7Fs3 = {{}.{0},{1}.{0,1},{2}.{0,2}.{1,2}.{0,1,2} {4} {04} {1,43.{0,1,4}.{2,4}.{0,2,4}.{1,2,4 }.{

set set

let ?Fsy = {{},{0},{1}.{0,1},{0,1,2},{3},{0,3},{1,3}.{0,1,3}.{0,1,2,8} {4 }.{0,4 },{1,4}.{0,1,4},{0,1,,

set set

let ?Fs5 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set
let 2Fs6 = {{},{0},{1},{0,1},12},{0,2}.11,2},{0,1,2},18},{0,3}.{1,8},{0,1,3}.12,8},{0,2,3}.{1,2,3}.{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = [32, 27, 18, 21, 16, 10] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
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moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4},{0,1,2,3,4},{0,1,2,4,5},{0,1,3,4,5},{0,2,3,
set set) (is -~ FC-family ?F'c)
proof—

let ?Fs1 = {{}{0},{1}.{0,1}{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{

set set

let 7Fs2 = {{}.{1}.{2}.{1,2}.{0,1,2}.{3},{1,5},{2,5}.{1,2,3},{0,1,2,5} {4 }.{ 1,4} {24 }.{1,2,4 }.{0,1,:

set set

let ?Fs3 = {{},{0},{2},{0,2},{0,1,2},{3}.{0,3},{2,5}.,{0,2,3},{0,1,2,8},{4}.{0,4}.{2,4},{0,2,4},{0,1:

set set

let ?Fs/ = {{}7{0}7{]},{071}7{0’1,2},{3},{0,3}7{]73}7{071 53}>{0717253}7{4}7{0>4}7{174}7{0a1 54}7{071’é

set set

let ?Fs5 = {{}{0},{1}.{0,1},{2}.{0,2},{1,2}{0,1,2},{0,1,2,3} {4}.{0.4}{1,4}.{0,1,4}{2,4}.{0,2,4}

set set

let 2Fs6 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs = [?Fs1, 9Fs2, 9Fs3, ?Fsj, ?Fs5, ?Fs0)|
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let ¢ = [14, 32, 32, 26, 14, 7] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %))
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qged
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,3,4},{2,5,4,5},{0,1,2,3,4},{0,1,2,3,5},{0,1,58,4,5},{0,2,3,

set set) (is = FC-family ?Fc)
proof—
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let 7751 = {1 {1} {2101 21401 21T {1123 1,2, 91(0,1,2,3 LA LA LA T2 A1 124 10,1,
set set
let ?Fs2 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,8}.{0,2,3},{0,1,2,3} {4 }.{0,4}.{2,4}.{0,2,4 },{0,1:
set set
let ?Fs3 = {{}.{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2}.{4} {04 }{1,4}.{0,1,4}.{2,4 }.{0,2,4 }.{1.2,4 },{
set set
let ?Fsf = {{}7{0}7{1 }7{071 }7{071 ,2},{3},{0,3},{1 73}7{071 33}7{071 72ﬂ3}7{4}ﬂ{074 }7{1 4 }7{071 4 }7{071 Y
set set
let 2Fs5 = {{},{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{3}.{0,3},{1,8}.{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs6 = {{},{0},{0,1},{2},{0,2}{1,2},{0,1,2}{53}.{0,3},{1,3}.{0,1,3},{2,3},{0,2,3},{1,2,3},{0,1,
set set
let ?Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs6)|
let 7c = [46, 45, 30, 44, 27, 17] = nat list
show %thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %))
show V F € set ?Fs. F' € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
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by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [Szmp]: - FC—faley ({{}7{071’2}’{071 7273}’{071 7475}’{07172’3,4}7{071’2,375}7{0’1 ,274’5}’{071737
set set) (is =~ FC-family ?Fc)

roof—
Flot 2751 — (00 {13,{0,13,{21,{0,2},41,2},0,1,2},{3}.{0,3},{1,3},{0,1,3}.12,3},10,2,3},{1,2,3}.{
set set

let ?Fs2 = {{} {1}.{2}.{1.2}.{0.1,2} {5} .{1.,5}.{2,3}.{1,2,3}.{0.1,2,3} {4} {1.4}{2.4}.{1.2,4}.{0,1.;
set set

let ?Fs3 = {{}{0}.{2}{0,2}.{0,1,2},{3},{0,3},{2,3}.{0,2,5},{0,1,2,3}{4}.{0.4}{2,4}.,{0,2,4},{0,1,

set set

let ?Fs4 = {{}7{0}7{1},{071}7{0,],2},{3},{0,3},{]73},{0,],3},{0,1,2,3},{4},{0,4},{174},{0,],4},{071,é

set set
let ?F'55 = {{}7{0}7{1}7{071}7{2}7{072}7{1’2}’{0?172}7{3}7{073}7{1’3}’{0?173}7{273}’{0?273}7{172?3}?{‘
set set
let 2Fs6 = {{},{0}.{11,{0,1}.{2}1,{0,2},{1,2}.10,1,2},{0,1,2,3} {4 }.{0.4}.{1,4},{0,1,4},{2,4},{0.2.4}
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ?c = [27, 64, 64, 52, 27, 16] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs4 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
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show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [simp|: = FC-family ({{},{0,1,2},{0,1,3,4},{0,2,3,4},{0,2,3,6},{0,1,2,8,/},{0,1,2,3,5},{0,1,5,4,
set set) (is - FC-family ?Fc)
proof—

let 7Fs1 = {}{1} 0214 1,21{0,1, 21031 {1,31.02,3101,2,81,(0,1,2,3 1 L4 W A A2 AL (1,24 10,1,
set set

let 2Fs2 = {{3,51,{0,3,51,10,2,3,5},00,1,2,3,5Y,00,1,3,4,5Y,{0,2,3,4,5},{0,1,2,3 .45} }::nat
set set

let 2Fs3 = {{}.{0}.{1}.{0.1},{0.1,2} {3}.{0,5}.{1,3}.{0.1.8},{0.1,2,5 {4} L0.4}. {1 4}.{0.1 4} .{0.1,
set set

let ?F54 = {{}7{0}7{2}7{072}7{07172}’{3}7{073}7{273}7{07273}7{0717273}7{4}7{074}7{274}7{072’4}7{0717é
set set

let 7Fs5 = {{},{0}.{1}.{0,1}.{2}.{0,2}{1,2},{0,1.2},{4}.{0.4}.{1.4}.{0,1,4}{2.4}.{0,2,4}{1.2.4}.{
set set

let 2Fs6 = {{}.{1}.{2}.{1.2},{0.1,2} {3} 1.9} .{2.91.01,2.8),{0.1,2,5} (4} {1 4} {24} (1,24 1.00,1,
set set

let ?Fs7 = {{} {0}{1}.{0.1} {2} {0.2}{1.,2}{0,1,2} {5}.{0,5}.{1,5}.{0,1,5}.{2,5}.{0,2,5}{1,2,5} {
set set

let ?Fs8 = {{},{0},{1},{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ¢Fsj, ?Fs5, ?Fs6, ?Fs7, ?Fs8]

let ¢ = [61, 1, 44, 34, 27, 2, 5, 16] :: nat list

show ?thesis

proof (rule nonFC|where Fs = ?Fs and ¢ = %))

show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
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by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs4 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs7 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs8 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qged
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,3,4}.{0,2,5,4}.{1,3.4,5},{0,1,2,5,4},{0,1,3.4,5},{0,2,5 4,

set set) (is -~ FC-family ?Fc)
proof—
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let 7751 = {1 {1} {2101 21401 21T {1123 1,2, 91(0,1,2,3 LA LA LA T2 A1 124 10,1,
set set
let ?Fs2 = {{},{0},{2},{0,2}.{0,1,2}{3}.{0,3},{2,5}.,{0,2,3},{0,1,2,5}.{4}.{0,4}.{2,4}.{0,2,4}.,{0,1:
set set
let 2Fs3 = {{}.{0}.{1}.{0,1},{2}.{0,2}.11,2}.10,1,2},0,1,8.4},{0,2,8.4}.{0,1,2,3,4 }.{5}.{0,5}.{1,5}
set set
let ?Fsf = {{}7{0}7{1 }’{071 }7{071 32}7{3}3{073}7{1 73}7{071 ﬂ3}7{071 72ﬂ3}7{4}ﬂ{074 }7{1 4 }7{071 4 }7{071 Y
set set
let ?Fs5 = {{},{0},{1},{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5|
let %c = [35, 32, 44, 26, 6] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
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show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,3.4},0,3.4,5},{2,9.4,5},{0,1,2,3.4},{0,1,2,3,5},0,1,3.4,
set set) (is = FC-family ?F'c)
proof—
let ?Fs1 = {{},{1},{2},{1,2},{0,1,2},{3}.{1,3}.{2,8}.{1,2,3},{0,1,2,3} {4 }.{ 1,4 }.{2,4 }.{1,2,4 }.{0,1:
set set
let ?Fs2 = {{},{0},{1},{0,1},{0,1,2},{3},{0,3}.{1,3}.{0,1,3},{0,1,2,3} {4 }.{0:4 }.{1,4}.{0,1,4},{0,1:
set set
let 7Fs5 = {{}7{0}’{1}7{0’1}7{2}7{072}7{172}a{0a172}7{4}7{074}7{174}){0a174}7{274}3{0a2’4}7{172a4}a{‘
set set
let ?Fs4 = {{}7{0}7{2},{072}7{0’]’2},{3}’{0)3},{273}7{0’2,3},{071’2,3}?{4},{0?4}7{274}7{0’2,4},{071’ﬁ
set set
let 2Fs5 = {{},{0},{1},{0,1},12},{0,2}.11,2},{0,1,2},18},{0,3}.{1,8},{0,1,3},12,8},{0,2,3}.{1,2,3}.{
set set
let 2Fs6 = {{},{0}.,12}.{0,2},{0,1,2},{3}.10,3},12,8}.{0,2,8},{0,1,2,8},0,1,3.4},{0,1,2,3.4} {5 }.{0,:
set set
let ?Fs7 = {{},{0},{1}.{0,1}{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let ?Fs = [?Fsl1, 9Fs2, 9Fs3, ?Fs4, ?Fs5, ?FsG, ?Fs7|
let 7c = [29, 21, 20, 21, 12, 2, 17] = nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs4 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} ))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs7 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
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show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [simp]: - FC-family ({{}.{0,1,2},{0,1,2,5},{0,1,5.4}.{0,3.4,5},{0,1,2,5,4},{0,1,3.4,5},{0,2,3 .4,
set set) (is - FC-family ?Fc)
proof—

let ?Fst = {{},{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.,{0,1,2,3} {4 }.{0.4 }.{1,4}.40,1,4},{2,4},{0,2.4}

set set

let 7Fs2 = {{}.{1},{2}.{1,2},{0,1,2}.{3},{1,5},{2,5}.{1,2,3},{0,1,2,3} {4 }.{ 1,4 }.{ 2,4 }.{1,2,4 }.{0,1,:

set set

let ?Fs3 = {{},{0},{2},{0,2},{0,1,2}.{3}.{0,3},{2,5}.,{0,2,3},{0,1,2,8},{4},{0,4}.{2,4},{0,2,4},{0,1:

set set

let ?Fsy = {{}.{0}.{1}.{0,1},{0,1,2}.{3},{0,5},{1,5},{0,1,3},{0,1,2,3} {4 }.{0,4}.{1.4}.{0,1,4}.{0,1,:

set set

let ?Fs5 = {{},{0},{1}.,{0,1},{2},{0,2},{1,2},{0,1,2} {3}.{0,5}.{1,3},{0,1,3},{2,3}.{0,2,3}.{1,2,3},{
set set
let ?Fs6 = {{},{0}{1}.{0,1},{2}.{0.2} {1,2},{0,1,2},{3}.{0,3},{1,8}.{0,1,5},{2,3},{0,2,3},{1,2,3}.{
set set
let 9Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs()|
let 7c = [32, 58, 49, 38, 28, 16] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
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moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,4,5},{0,3,4,5},{0,1,2,4,5},{0,1,3,4,5},{0,2,3,4,
set set) (is — FC-family ?Fc)
proof—

let 7Fst = {{}.{1},{2}.{1,2},{0,1,2}.{3},{1,5},{2,5}.{1,2,3},{0,1,2,3} {4 }.{ 1,4} {24 }.{1,2,4 }.{0,1,:

set set

let ?Fs2 = {{},{0},{2},{0,2},{0,1,2}.{3}.{0,3},{2,5},{0,2,3},{0,1,2,8},{4}.{0,4}.{2,4},{0,2,4},{0,1:

set set

let 7Fs3 = {{}{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2}.,{0,1,2,3} {4 }.{0,4}{1,4}.{0,1,4},{2,4}.{0,2,4}

set set

let ?Fsy = {{},{0},{1}.{0,1},{0,1,2},{3},{0,3},{1,3}.{0,1,3}.{0,1,2,3} {4 }.{0,4 }.{1,4},{0,1,4},{0, 1,

set set

let 2Fs5 = {{},{0}.{1},{0,1}.{2}.,{0,2},{1,2},{0,1,2}.{3}.{0,3}.{1,3}.{0,1,3},{2.3}.{0,2,3},{1,2,5} .{

set set
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let ?Fs = [9Fsl1, 9Fs2, ?Fs3, ?Fsj, ?Fs5|
let %c = [26, 22, 8, 17, 27] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [Slmp]: - FC—famlly ({{}7{0’172}’{0’1 ’374}’{0’1 ’375}’{0’3’475}’{0’1 ?27354}7{0?1725375}7{071 7274’
set set) (is -~ FC-family ?F'c)
proof—

let ?Fs1 = {{}.{1},{2},{1,2},{0,1,2}.{3}.{1,3},{2,8},{1,2,3}.{0,1,2,8}. {4} .{1.4}.{2,4}.{1,2,4}.{0,1,:

set set
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let 7Fs2 = {{}.{0},{2}.{0,2},{0,1,2}.{3},{0,5},{2,5},{0,2,3},{0,1,2,3},{4 }.{0,4 }.{2,4}.{0,2,4 }.{0,1:
set set
let ?Fs3 = {{},{0},{1},{0,1},{0,1,2},{3},{0,3}.{1,8}.{0,1,3},{0,1,2,3} {4 }.{0,4}.{1,4}.{0,1,4},{0,1:
set set
let ?Fs) = {{},{0},{1}.{0,1}{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set
let 2Fs5 = {{},{0},11}.{0,1},{2}.,{0,2}.11,2),10,1,2} {3},{0,3},{1,3}.,{0,1,3},12,3),10,2,3}.11,2,3}.{
set set
let ?Fs6 = {{}.{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2}.{4} {04} 1,4 }.{0,1,4}.{2,4 }.{0.2,4 }.{1,2,4}.{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 7c = (79696, 57824, 31844, 22436, 22436, 34534] = nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
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show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,8,4},{0,1,2,8,/},{0,1,2,8,5},{0,2,5,4,
set set) (is -~ FC-family ?Fc)

roof —
plet ?Fs1 = {{},{0}{1},{0,1},{2}{0,2}{1,2},{0,1,2},{3},{0,3},{1,8},{0,1,3},{2,3},{0,2,3},{1,2,8},{
set set

let ?Fs2 = {{} {1}.{2}.{1.2}{0.1,2} {3} .{1.5}{2.3},{1,2,3}{0.1,2,3} {4} {1.4}.{2,4}.{1.2,4}.{0,1
set set

let ?Fs3 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,3}.{0,2,3},{0,1,2,3}{4}.{0,4 }.{2,4}.{0,2,4 },{0,1:
set set
let 7Fs) = {{}.{0}41}.40.11.40.1,2}.03}.40.3 41,3100 1.8}.{0.1,2,81, {4} {04} {14 1.00,1.41.00.1.;
set set
let 2Fs5 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.{0,1,2,3} {4 }.{0.4 }.{1,4}.0,1,4},{2,4},{0,2.4}
set set
let ?Fs6 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,3},{0,1,3},{2,5},{0,2,3},{1,2,3}.{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 7c = [30252, 74746, 74746, 61390, 3126/, 14168] = nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c])
show V F € set ?Fs. F' € {?Fc]
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
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qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1))
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: = FC-family ({{}.{0,1,2},{0,1,2,3},{0.1,2,4},{0,1,8,4},{0,1,2,%3,4},{0,1,3,4,5},{0,2,3,4,
set set) (is = FC-family ?F'c)

roof —
Vet 751 — (0403 {13,{0,13,{21,{0,2},41,2},0,1,2},{3}.{0,3},{1,3},{0,1,5},{2,3},{0,2,3},{1,2,3}.{
set set

let ?Fs2 = {{} {1}.{2}.{1.2}.{0.1,2} {5} .{1.5}.{2,3}.{1,2,3}.{0.1,2,3} {4} {1.4}{2.4}{1.2.4}.{0,1.;
set set

let 7Fs3 = {{}.{0},{2}.{0,2},{0,1,2},{3},{0,5},{2,5},{0,2,3},{0,1,2,3},{4 }.{0,4 }.{2,4},{0,2,4 }.{0,1:

set set

let ?Fs4 = {{},{0}7{]},{071},{0,],2},{3},{0,3},{173},{0,],3},{0,1,2,3},{4},{0,4}7{]74},{0,],4},{071,ﬁ

set set
let ?Fs = {{},{0},{1},{0,1}.{2},{0,2},{1,2},{0,1,2},{0,1,2,3} {4 },{0,4}.{1,4},{0,1,4}.{2,4 }.{0,2,4 }
set set
let ?Fs6 = {{},{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2} {3}.{0,5},{1,3},{0,1,3},{2,3}.{0,2,3}.{1,2,3},{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = (9240, 22078, 22078, 17794, 9240, 4172] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %))
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
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by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs¢ € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qged
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,3,5},{0,1,2,3,4},{0,1,2,3,5},{0,1,2,4,
set set) (is - FC-family ?Fc)
proof—

let ?Fs1 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,83},{1,2,3},{
set set

let 7Fs2 = {{}.{1}.{2}.{1,2},{0,1,2}.{3},{1,5},{2,5}.{1,2,3},{0,1,2,3} {4 }.{ 1,4 }.{ 2,4 }.{1,2,4 }.{0,1:

set set

let ?Fs3 = {{},{0},{2},{0,2},{0,1,2}.{3}.,{0,3},{2,5},{0,2,3},{0,1,2,8}.{4}.{0,4}.{2,4},{0,2,4},{0,1:

set set

let ?Fsj = {{}.{0},{1}.{0,1},{0,1,2}{3},{0,5},{1,5},{0,1,3},{0,1,2,3} {4 }.{0,4}.{1.,4}.{0,1,4}.{0,1,:

set set

let ?Fs5 = {{}.{0},{1},{0,1}{2}.{0,2}{1,2},{0,1,2},{0,1,2,5}.{4}.{0,4}{1,4}.{0,1,4}.{2,4}.{0,2,4}

set set

let 2Fs6 = {{},{0}.{1},{0,1}.{2},{0,2},{1,2},{0,1,2}.{3}.{0,3}.{1,3}.{0,1,3},{2.,3}.{0,2,3}.,{1,2,5} .{

set set
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let ?Fs = [?Fs1, 9Fs2, 9Fs3, ?Fsj, ?Fs5, ?Fs0)|
let 7c = [57, 145, 145, 120, 61, 32] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2.4},{0,1,3,5},{0,1,2,3,4},{0,1,2,3,5},{0,1,3.4,
set set) (is — FC-family ?Fc)
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proof—

let ?FS‘Z = {{}7{0}’{1}7{0’1}7{2}’{072}7{172}’{0’1’2}7{3}7{073}7{1?3}3{0’173}7{273}?{0’2’3}7{172’3}’{‘
set set

let ?Fs2 = {{}.{1}.{2},{1,2}.{0,1,2}{3}.{1,3},{2,8}.,{1,2,3}.{0,1,2,8}. {4} .{1,4}.{2,4 }.{1,2,4}.{0,1:

set set

let 7Fs3 = {{}.{0},{2}.{0,2},{0,1,2}.{3},{0,5},{2,5},{0,2,3},{0,1,2,5} {4 }.{0,4}.{2,4}.{0,2,4}.{0,1:

set set

let ?Fsy = {{},{0}.{1}.{0,1},{0,1,2},{3},{0,3},{1,3}.{0,1,3}.{0,1,2,8} {4 }.{0,4 },{1,4},{0,1,4},{0,1,

set set
let ?Fs5 = {{}{0}.{1}.{0,1}.{2}{0,2}.{1,2}{0,1,2} {0,1,2,3} {4} .{0.4}{1,4}.{0,1,4}{2,4},{0,2.4}
set set
let ?Fs6 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,83},{1,2,3},{
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 2c = [8, 36, 36, 29, 16, 14] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F' € set ?Fs. F' € {?Fc|
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} ))
ultimately
show “thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wj
by auto
next
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show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [simp|: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4},{2,%3,4,5}.{0,1,2,3,4},{0,1,2,3,5},{0,2,3,4,
set set) (is -~ FC-family ?F'c)
proof—

let ?Fs1 = {{},{0},{1},{0,1},{0,1,2}.{3}.{0,3},{1,8},{0,1,3},{0,1,2,8}.{4}.{0,4}.{1,4},{0,1,4},{0,1,:

set set

let 7Fs2 = {{}.{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{0,1,2,5} {4 }.{0,4}{1,4}.{0,1,4}.{2,4}.{0,2,4}

set set

let ?Fs3 = {{}.{1}.{2},{1,2}.{0,1,2}{3}.{1,3},{2,5}.{1,2,3},{0,1,2,8} {4} .{1,4}.{2.,4}.{1,2,4}.{0,1:

set set

let ?Fsj = {{}7{0}7{2}){072}7{07172}5{3}7{073}’{273}7{0’253}7{071v2a3}>{4}5{0>4}7{274}7{&2;4}){071’:

set set
let ?FS5 = {{}7{0}7{1}7{071}7{2}7{072}7{172}’{03172}7{3}7{073}7{1’3}?{0’173}7{273}’{0?273}7{172?3}’{‘

set set
let ?Fs6 = {{},{0},{1}.,{0,1},{2}.{0,2}.{1,2}.,{0,1,2},{0,3},{1,5},{0,1,3},12,3}.,{0,2,3},{1,2,3},{0,1 :
set set
let ?Fs7 = {{},{0}.{1}.{0,1},{2}.,{0,2}.{1,2},{0,1,2},{3},{0,9}.{1,5}.{0,1,3},{2,9},{0,2,3}.{1,2,3}.{
set set

let ?Fs = [?Fs1, 9Fs2, ?Fs3, ¢Fs4, ¢Fs5, ?FsG, ?Fs7|
let 7c = [37, 24, 38, 38, 20, 4, 8] : nat list
show %thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %))
show V F € set ?Fs. F' € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
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have ?Fs¢ € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs7 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [Simp]: - FO—faml’ly ({{}7{07172}7{0’]7273}7{0717374}7{2737475}7{071727374}7{071737475}7{07273747
set set) (is - FC-family ?Fc)
proof—

let 7Fst = {{}{0},{1}.{0,1}{2}.{0,2}{1,2},{0,1,2},{0,1,2,3} {4 }.{0,4}{1,4}.{0,1,4}.{2,4}.{0,2,4}

set set

let ?Fs2 = {{}.{1}.{2}.{1,2}.{0,1,2}{3}.{1,3},{2,5}.{1,2,3}{0,1,2,8} {4} {1,4}.{2,4}.{1,2,4}.{0,1:

set set

let ?Fs3 = {{},{0},{2},{0,2},{0,1,2}.{3}.{0,3},{2,8},{0,2,3}.{0,1,2,8},{4},{0,4}.{2,4},{0,2,4}.{0,1:

set set

let ?FS4 = {{}7{0}7{1}7{071}7{07132}’{3}3{073}7{173}7{07133}7{07172’3}7{4}’{074}7{174}7{071’4}7{0717’2

set set

let ?Fs5 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set

let ?Fs6 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3}.,{
set set

let 9Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs6)|

let %¢c = [12, 19, 19, 18, 11, 6] :: nat list

show ?thesis

proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)

show V F € set ?Fs. F' € {?Fc]}
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proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs¢ € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
2c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1))
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,4,5},{2,3,4,5},{0,1,2,8,4},{0,1,2,4,5},{0,2,3,4,
set set) (is -~ FC-family ?Fc)
proof—

let ?Fs1 = {{0,1,2,5},{0,1,2,3,4},{0,1,2,3,4,5}}::nat set set

let ?Fs2 = {{}{0},{1}.{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3}{2,5},{0,2,3},{1,2,5},{
set set

let 7Fs3 = {{}.{1}.{2}.{1,2}.{0,1,2}{3},{1,5}.{2,5}.{1,2,3},{0,1,2,58} {4 }.{ 1.4} {24 }.{1.2,4}.{0,1,:
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set set

let 7Fsj = {{}.{0},{2}.{0,2},{0,1,2},{3},{0,5},{2,5},{0,2,3},{0,1,2,3},{4 }.{0,4 }.{2,4},{0,2,4 }.{0,1:

set set

let ?Fs5 = {{}.{0},{1},{0,1},{0,1,2}.{3}.{0,3},{1,8},{0,1,3},{0,1,2,8}.{4},{0,4}.{1,4},{0,1,4},{0,1,:

set set
let ?Fs6 = {{},{0},{1},{0,1},{2}.,{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{
set set
let 71s7 = {{},{0}.{1},{0,1},{2},{0,2},{1,2},{0,1,2},{0,1,2,3},{4}{0.4}.{1,4}.,{0.1.4},{2,4}.{0.2.4}
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6, ?Fs7|
let 2c = [1, 29, 50, 50, 49, 27, 18] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs4 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs7 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's

259



by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,4,5},{2,%3,4,5},{0,1,2,4,5},{0,1,3,4,5},{0,2,3,4,
set set) (is =~ FC-family ?Fc)
proof—
let ?Fst = {{},{1}.{2},{1,2},{0,1,2},{3},{1,3}.{2,8}.{1,2,3},{0,1,2,3} {4 }.{1,4}.{2,4 }.{1,2,4 },{0,1:
set set
let ?Fs2 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,3}.{0,2,3},{0,1,2,3}{4}.{0,4 }.{2,4}.{0,2,4 },{0,1:
set set
let 7Fs3 = {{}.{0},{1}.{0,1},{2}.,{0,2}.{1,2},{0,1,2},{0,1,2,3}{4}.{0,4}.{1,4}.{0,1,4},{2,4},{0,2,4}
set set
let ?Fs4 = {{}7{0}7{1 }7{071 }7{0’1 ’2}7{3}’{073}7{1 73}7{0’1 53}7{071 a2a3}7{4}a{0,4 }7{1 4 }7{0v1 4 }’{071 »”
set set
let ?Fs5 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,3},{0,2,3},{1,2,3}.,{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5|
let %¢c = [17, 17, 6, 16, 20] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %))
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
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?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1))
next
show Jwj€List.set ?c. 0 < wy
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qged
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,5},{0,1,3,4},{2,3,4,56}.{0,1,2,5,4}.{0,1,2,3,5}{0,1,2.4,
set set) (is - FC-family ?Fc)
proof—
let ?FSI = {{}7{0}7{1}7{071}7{2}7{072}7{1’2}’{07172}7{3}7{073}7{1’3}7{07173}7{2’3}’{07273}7{17273}’{‘
set set
let 7Fs2 = {{} {0}{1}.{0.1}{0.1,2},{3}{0.3}{1,5}.{0,1,3},{0,1,2,3} {4} {04} {1.4}{0.1,4}{0.1,
set set
let 2Fs3 = {{}.{1}.{2}.{1.2),{0.1,2} {3} 1,9} {2.91.1,2.8),{0.1,2,5 (4} {1 4} {24} {1.2.43.00.1,
set set
let ?F54 = {{}7{0}7{1}7{071}7{2}7{072}7{1v'g}v{05172}7{0715273}7{4}7{074}7{1a4}5{05174}7{274}a{03274}
set set
let 7Fs5 = {{},{0},{1},{0,1},12},{0,2}.11,2},{0,1,2},18},{0,3}.11.8},{0,1,3}.12.8},{0,2,3}.11,2,3}.{
set set
let 2Fs6 = {{},{0}.{2},{0,2),{0.1,2} {3}.{0,5}.{2,3}.{0,2,3},{0.1,2,5} {4 00,4} {2.4}.{0.2.4}.{0.1,
set set
let 9Fs = [?Fsl1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs6)|
let 7c = [33, 101, 114, 59, 55, 107] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c])
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs4 € {?Fc|}
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by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,4,5},{2,%3,4,5},{0,1,2,8,4},{0,1,2,3,5},{0,1,2,4,
set set) (is =~ FC-family ?Fc)

roof —
plet ?Fs1 ={{} {0} {1}.{0.1}{2}.{0,2} {1,2}{0.1,2} {3}.{0,5}{1,3},{0,1,3} {2,3},{0,2,3} {1,2,5} {
set set

let 2Fs2 = {{},{0},{1}.{0,1},{2}.,{0,2}.{1,2},{0,1,2},{3},{0,3}.,{1,5}.{0,1,3},{2,9},{0,2,3}.{1,2,3}.{
set set

let 7Fs3 = {{}.{1}.{2}.{1,2}.{0,1,2}.{3},{1,5},{2,5}.{1,2,3},{0,1,2,3} {4 }.{ 1,4} {24 }.{1,2,4}.{0,1,:

set set

let ?Fsy = {{},{0}.{1}.{0,1},{0,1,2},{3},{0,3},{1,3}.{0,1,3}.{0,1,2,3} {4 }.{0,4 }.{1,4},{0,1,4},{0, 1,

set set

let 2Fs5 = {{}.{0},{1}.,{0,1},{2},{0,2},{1,2},{0,1,2}.,{0,1,2,3} {4 }.{0.4 }.{1,4}.{0,1,4},{2,4},{0,2.4}

set set

let 7Fs6 = {{}.{0},{2}.{0,2},{0,1,2},{3},{0,5},{2,5},{0,2,3},{0,1,2,3},{4 }.{0,4 }.{2,4},{0,2,4 }.{0,1:

set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 2c = [20, 20, 41, 36, 13, 38] :: nat list
show ?thesis
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proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
ultimately
show “thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [simp|: = FC-family ({{},{0,1,2},{0,1,2,3},{0,3,4,5},{1,3,4,5},{0,1,2,83,4},{0,1,2.4,5},{0,1,3,4,
set set) (is -~ FC-family ?F'c)
proof—

let 2Fs1 = {{},{0}.{1},{0,1}.{2},{0,2},{1,2},{0,1,2}.{3}.{0,3}.{1,3}.{0,1,3},{2.3}.{0,2,3},{1,2,5} .{

set set
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let 7Fs2 = {{}.{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{0,1,2,5} {4 }.{0,4}{1,4}.{0,1,4},{2,4}.{0,2,4}
set set
let ?Fs3 = {{},{1}.,{2}.{1,2},{0,1,2},{3},{1,3}.{2,8}.{1,2,3},{0,1,2,3} {4 }.{ 1,4 }.{2,4 }.{1,2,4 }.{0,1:
set set
let ?Fsj = {{}7{0}7{2}){072}7{071 72}7{3}7{073}’{273}7{0’253}>{071a2a3}>{4}a{0>4}7{274}7{&2;4}){071’:
set set
let 7Fs5 = {{}7{0}7{1 }7{071 }7{071 ,2},{3},{0,3},{1 73}7{071 a3}7{071 7233}7{4}a{074 }7{1 4 }7{071 4 }7{071 Y
set set
let 2Fs6 = {{},{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{3}.{0,3},{1,8}.{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ¢ = [17, 17, 27, 27, 22, 16] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{ context} @{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
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show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4},{0.1,3,5},{0,2,4,5},{0,1,2,3,4},{0,1,2,3,5)
set set) (is -~ FC-family ?Fc)
proof—
let 7Fs1 = {{F{1 A1 12100,1, 2L (3L L T2, 5 11, 2,9100,1,2,3 LA LA A2 A AT, 24 10,1,
set set
let ?Fs2 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,8}.{0,2,3},{0,1,2,3} {4 }.{0,4}.{2,4}.{0,2,4 },{0,1:
set set
let ?Fs3 = {{},{0},{1},{0,1},{0,1,2},{3},{0,3},{1,3}.{0,1,3},{0,1,2,3} {4 }.{0:4 }.{1,4}.{0,1,4},{0,1,:
set set
let ?Fsj = {{}.{0},{1}.{0,1},{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,5},{
set set
let 2Fs5 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.{0,1,2,3} {4 }.{0.4 }.{1,4}.0,1,4},{2,4},{0,2.4}
set set
let ?Fs6 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3}.,{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 7c = [12100, 9034, 6824, 2830, 3222, 2830] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
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qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1))
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: = FC-family ({{}.{0,1,2},{0,1,2,3},{0,1,8,4}.{0,1,8,5},{2,%,4,5},{0,1,2,3,4},{0,1,2,3,5]
set set) (is = FC-family ?Fc)

proof—

let ?Fs1 = {{}{0}{1}.{0,1},{0,1,2}{3}.{0,5}.{1,3}.{0,1,5}.{0,1,2,3} {4} .{0.4}{1.4}.{0,1,4},{0,1,
set set

let ?Fs2 = {{}{0},{1}.{0,1}{2}{0,2},{1,2}{0.,1,2}{0,1,2,3} {4} .{0.4}{1,4}.{0,1,4}{2,4}.{0,2,4}
set set

let 7Fs3 = {{},{2}1,{0,1,2}.{31.{2,81,{0, 12,3 14} {24 1.00,1,2,4 1, 13,4 1,00,1,8,41,(2,3.41.{0,1,2,3,
set set
let ?Fs) = {{},{0},{1}.{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let 2Fs5 = {{},0},11},{0,1},{2}.,{0,2},11,2),10,1,2}.{3},{0,9},{1,3}.,{0,1,3},12,3),10,2,3}.{1,2,3} {
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5|
let ?c = [18, 15, 53, 8, 8] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F' € {?Fc|
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
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have ?Fsj € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,5},{0,1,5.,4},{0,2,3,5},{0,2,4,5},{0,1,2,3.4},{0,1,2,53,5]
set set) (is - FC-family ?Fc)

proof—

let ?Fsi = {{} {1}.{2}.{1.2} {0, 1,2}, {3} {1.3}{2,5}.{1.,2,5}{0,1,2,3}, {4} {1.4} {2.4}{1.2,4}{0.1,
set set

let ?Fs2 = {{}{0}{1}.{0,1}.{0,1,2}{3}.{0,5}.{1,3}.{0,1,5}.{0,1,2,3} {4} {0.4}{1.4},{0,1,4}.{0,1,
set set

let ?Fs3 = {{},{0},{2},{0,2},{0,1,2}.{3}.{0,3},{2,5},{0,2,3},{0,1,2,8},{4},{0,4}.{2,4},{0,2,4},{0,1,:

set set

let ?FS4 = {{}7{0}7{1}7{071}7{2}7{072}7{172}’{03172}7{0713273}7{4}7{074}7{1’4}’{0’174}7{274}’{0’274}

set set

let 7Fs5 = {{},{0}.{1}.00.1},{2},{0,2}.11,2},10,1,2},{3},{0,3},{1,3}.{0,1,3}.12,3}.,10,2,3}.{1,2,3}.{

set set

let ?Fs6 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3}.,{
set set

let ?Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs()|

let ¢ = [932597, 693189, 527149, 236278, 219240, 231261] :: nat list

show ?thesis

proof (rule nonFC|where Fs = ?Fs and ¢ = %c])

show V F € set ?Fs. F' € {?Fc]}
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proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs¢ € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
2c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1))
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [Slmp]: - FC_faley ({{}7{071’2}’{071 72’3}’{0’1 7374}’{0’17475}7{0727475}7{07172’3,4}7{071’27475_]
set set) (is -~ FC-family ?Fc)
proof—

let ?Fs1 = {{}.{1}.{2},{1,2}.{0,1,2}{3}.{1,3},{2,5}.{1,2,3}.{0,1,2,8} {4 }.{1,4}{2,4}.{1,2,4}.{0,1:

set set

let ?Fs2 = {{},{0},{2},{0,2},{0,1,2}.{3}.{0,3},{2,8},{0,2,3},{0,1,2,8},{4},{0,4}.{2,4},{0,2,4},{0,1:

set set
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let 7Fs3 = {{}{0},{1}.{0,1},{0,1,2}.{3},{0,5},{1,5},{0,1,3},{0,1,2,3} {4 }.{0,4}.{1.4}.{0,1,4}.{0,1,:
set set
let ?Fs = {{}.{0}{1}.{0,1},{2}.{0,2},{1,2},{0,1,2}.{3},{0,3}.{1,3},{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs5 = {{},{0},{1}.{0,1}{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let 7Fs6 = {{}7{0}7{1 }7{071 }7{2}7{072}7{1 72}3{031 72}7{071 33}7{071 72ﬂ3}7{4}ﬂ{074 }7{1 4 }7{071 4 }7{274}
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 7c = (37927, 27507, 20582, 15435, 9416, 4017 :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
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next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: ~ FC-family ({{}{0,1,2},{0,1,2,8},10,1,3.4},00,1,4,5}{2,3,4,5}.{0,1,2,3,4}.{0,1,2.4,5
set set) (is -~ FC-family ?F'c)
proof—
let ?Fs1 = {{},{0},{1}.{0,1}{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let 7Fs2 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{0,1,2,3} {4 },{0,4 }.{1,4},{0,1,4}.{2,4 }.{0,2,4 }
set set
let ?Fs3 = {{},{0},{1},{0,1},{0,1,2},{3},{0,3}.{1,8}.{0,1,3},{0,1,2,3} {4 }.{0,4}.{1,4}.{0,1,4},{0,1:
set set
let ?Fsj = {{}7{2}7{071’2}’{3}’{253}a{0717253}7{4}7{274}7{071v274}7{374}7{0a1 a374}7{2v354}7{071v25374
set set
let 2Fs5 = {{},{0},{1},{0,1},12},{0,2}.11,2},{0,1,2),18},{0,3}.{1,8},{0,1,3}.12,8},{0,2,3}.{1,2,3}.{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5)|
let %c = [17, 11, 22, 65, 10] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} ))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)

next
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show Jwj€List.set c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4},{0,3.4,5},{2,3.,4,5},{0,1,2,3,4},{0,1,3,4,5)
set set) (is = FC-family ?Fc)
proof—

let ?Fs1 = {{} {0} {1}{0,1}{2}{0,2}{1,2}{0.1,2}{0,1.2,3} {4}{0,4}{1.4}{0,1,4}.{2.4}{0,2,4}

set set

let ?Fs2 = {{}.{1}.{2},{1,2}.{0,1,2}{3}.{1,3},{2,8}.,{1,2,3}.{0,1,2,8}. {4} {1.4}.{2,4 }.{1,2,4}.{0,1:

set set

let 7Fs3 = {{}.{0},{1}.{0,1},{0,1,2}{3},{0,5},{1,5},{0,1,3},{0,1,2,5} {4 }.{0,4}.{1.4}.{0,1,4}.{0,1,:

set set

let 7Fsf = {{},{0},{2},{0,2},{0,1,2}{5}{0,3}.{2,3},{0,2,5},{0,1,2,5}{4}{0,4}.{2.,4}.,{0,2,4},{0,1,;

set set
let ?Fs5 = {{},{0},{1}.{0,1}.,{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3}.{1,2,3}.,{0,1,2,3} {

set set
let ?Fs6 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs7 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6, ?Fs7|
let ¢ = [27, 40, 29, 31, 1, 23, 14] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %))
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
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have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs7 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: - FC-family ({{}.,{0,1,2},{0,1,2,3},{0,1,4,5},{0,3,4,5},{1,3,4,5},{0,1,2,4,5},{0,1,3,4,5]
set set) (is =~ FC-family ?F'c)
proof—

let ?Fs1 = {{}.{1}.{2},{1,2}.{0,1,2}{3}.{1,3},{2,8}.{1,2,3}.{0,1,2,8}. {4} {1,4}.{2,4 }.{1,2,4}.{0,1:

set set

let 7Fs2 = {{}.{0},{2}.{0,2}.{0,1,2}.{3}.,{0,5},{2,5},{0,2,3},{0,1,2,5} {4 }.{0,4}.{2.,4}.{0,2,4 }.{0,1:

set set

let ?Fs3 = {{}{0},{1}.{0,1},{2}.{0,2},{1,2}{0,1,2},{0,1,2,3}{4}.{0.4}{1,4}.{0,1,4}{2,4}.{0,2,4}

set set

let 7Fs/ = {{}.{0}.{1},10,1},{2}.10,2}.{1,2},{0,1,2},{3}.{0,8}.{1,3}.{0,1,3}.{2,3},{0,2,8}.{1,2,3}.{

set set

let ?Fs5 = {{},{0},{1},{0,1},{0,1,2},{58},{0,8},{1,8},{0,1,3},{0,1,2,8},{0,1,4,5},{0,1,2,4,5},{3,4,5},
set set

let ?Fs6 = {{},{0},{1},{0,1},{0,1,2},{3},{0,3},{1,5},{0,1,3},{0,1,2,3},{5},{0,5},{1,5},{0,1,5},{0,1,.
set set

let ?Fs7 = {{},{0},{1},{0,1},{0,1,2}.{3}.{0,3},{1,8},{0,1,3},{0,1,2,8}.{4},{0,4 }.{1,4},{0,1,4},{0,1,:

set set
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let ?Fs = [?Fs1, 9Fs2, 9Fs3, ?Fs4, ?Fs5, ?FsG, ?Fs7|
let ¢ = [14, 14, 6, 16, 5, 4, 4] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs7 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1))
next
show Jwje€List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qged
qed
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lemma [simp]: ~ FC-family ({{},{0,1,2},{0,1,2,8},{0,1,4,5}.{0,3,4,51,12,8,4,5},{0,1,2,4,51,10,1,8,4,5)
set set) (is -~ FC-family ?F'c)
proof—
let ?Fst = {{},{1},{2},{1,2},{0,1,2}.{3}.{1,3}.{2,8}.{1,2,3},{0,1,2,3} {4 }.{ 1.4 }.{2,4 }.{1,2,4 },{0,1.:
set set
let 7Fs2 = {{}7{0}7{1 }’{071 }7{071 32}7{3}3{073}7{1 73}7{071 ﬂ3}7{071 72a3}7{4}a{074 }7{1 4 }7{071 4 }7{071 Y
set set
let ?Fs3 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.{0,1,2,3} {4 }.{0.4 }.{1,4}.0,1,4},{2,4},{0,2.4}
set set
let ?Fs4 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3}.,{
set set
let 755 = {{}.{01,{2}1.40.21.40,1,21.03}1.40,3}1,42,31,{0,2,51.{0.1,2,81, 14 {04} {24 1.{0,2,41.{0,1.;
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5)|
let %c = [22, 16, 9, 27, 17] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
2c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?F's
by auto
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next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,3,5},{0,3,4,5},{0,1,2,3,4},{0,1,2,3,5)
set set) (is —~ FC-family ?Fc)

roof —
plet ?FS‘Z = {{}7{0}’{1}7{071}7{2}7{072}7{172}’{0’172}7{3}7{073}7{173}’{0’173}7{273}’{0’2’3}7{172’3}’{‘
set set

let ?Fs2 = {{} {1}.{2}.{1.2}.{0.1,2} {5} .{1.5}.{2.3}.{1,2,3}.{0.1,2,3} {4} {1.4}{2.4}.{1.2,4}{0,1.;
set set

let 7Fs3 = {{}.{0},{2}.{0,2},{0,1,2}.{3},{0,5},{2,5},{0,2,3},{0,1,2,5} {4 }.{0,4}.{2,4}.{0,2,4}.{0,1:

set set

let ?Fsy = {{},{0}{1}.40,1}.{2},{0,2},{1,2},{0,1,2},{0,1,2,3},{4 }{0,4 }.{1,4},{0,1,4},{2,4},{0,2,4 }

set set
let ?Fs5 = {{} {0}.{1}.{0,1}.{0,1,2} {5}.{0,5}.{1,3},{0,1,5}.{0,1,2,3} {4}.{0.4}{1,4}.{0.1,4}{0,1.;
set set
let 7Fs6 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{4
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ?c = (78955, 295203, 264999, 147297, 196138, 128904] =: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show “thesis
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by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1))
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4},{0,1,3,5},{0,3,4,5},{0,1,2,3,4},{0,1,2,3,5]
set set) (is -~ FC-family ?F'c)
proof—

let #Fs1 = {{}.{1},{2}{1,2},{0.1,2},(3}.{1,3}.{2,51.{1,2,81.{0,1,2,3} L4 1AL A3 {241 (1,2.41,.{0.1,
set set

let ¥Fs2 = {{174,5},{0,174,5},{0,172,475}7{07],37475},{0,172,3,475}}51710,25 set
set

let ?Fss = {{} {0}.{1}.{0,1}.{0.1,2} {3}.{0,5}{1,3},{0,1,3},{0,1,2,3} {4}{0.4}{1,4}.{0,1,4}{0,1,
set set

let #Fsf = {{}.{0},{2}.00,2},{0.1,2},{3}.00,3}.{2,9}.{0,.2,8},{0,1,2,3} L4 1.{0.4}.{2.41.{0,2.4},{0.1,
set set

let ?Fs5 = {{}{0}.{1}.{0,1},{2}.{0,2},{1,2}{0,1,2},{0,1,2,3} {4}.{0.4}{1,4}.{0,1,4}{2,4}.{0,2,4}
set set

let ?Fs6 = {{},{0},{0,1},{2}.,{0,2}.,{0,1,2},{3},{0,3},{0,1,3}.{2,3},{0,2,3},{0,1,2,3},{0,1,3,4},{0.1
set set

let ?Fs7 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3}.,{
set set

let ?Fs8 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3}{1,2,3}{
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6, ?Fs7, ?Fs8]

let %c = (28,1, 11, 20, 13, 1, 7, 6] :: nat list

show ?thesis

proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)

show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
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moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs7 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1))
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,5},{0,1,5.,4}.{0,2,3,5},{0,3,4,5},{0,1,2,3.4},{0,1,2,5,5]
set set) (is - FC-family ?Fc)
proof—

let 7Fst ={{}.{1}.{2}.{1,2}.{0,1,2}{3},{1,5}.{2,5}.{1,2,3},{0,1,2,58} {4 }.{ 1.4} {24 }.{1.2,4}.{0,1,:
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set set
let 7Fs2 = {{}.{0},{2}.{0,2},{0,1,2},{3},{0,5},{2,5},{0,2,3},{0,1,2,3},{4 }.{0,4 }.{2,4},{0,2,4 }.{0,1:
set set
let ?Fs3 = {{},{0},{1},{0,1},{0,1,2},{3},{0,3},{1,8}.{0,1,3},{0,1,2,3} {4 }.{0,4}.{1,4}.{0,1,4},{0,1:
set set
let ?Fs = {{},{0}.{1},{0,1}.{2},{0,2},{1,2},{0,1,2},{0,1,2,3} {4 },{0,4}.{1,4},{0,1,4}.{2,4 }.{0,2,4 }
set set
let 7Fs5 = {{}7{0}7{1}7{071 }7{2}7{072}7{1 72}1{0a] 72}7{3}7{073}7{1 73}a{0a1 73}7{273}7{0a273}7{1 72a3}’{‘
set set
let ?Fs6 = {{},{0},{1}.{0,1}{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let 9Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs0)|
let 7c = [117, 68, 68, 50, 29, 29] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs¢ € {?Fc}
by (tactic { union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
2c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
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next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4},{0,1,4,5},{0,3,4,5},{0,1,2,3,4},{0,1,2,4,5)
set set) (is —~ FC-family ?Fc)
proof—

let 7Fs = {{},{1}.{2},{1.,2}.{0,1,2}.{3}.{1,8},{2.3},{1,2,3}.{0,1,2,3} {4 }.{1 .4} {2.4}.{1,2,4}.{0.1

set set

let ?Fs2 = {{},{0},{2},{0,2},{0,1,2}.{3}.{0,3},{2,5},{0,2,3},{0,1,2,8},{4},{0,4}.{2,4},{0,2,4},{0,1:

set set

let 7Fs3 = {{}.{0},{1}.{0,1},{0,1,2},{3},{0,5},{1,5},{0,1,3},{0,1,2,5} {4 }.{0,4}.{1.4}.{0,1,4}.{0,1,:

set set

let 2Fsf = {{},{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{3}.{0,3},{1,8}.{0,1,5},{2,3},{0,2,3},{1,2,3},{

set set
let ?Fs5 = {{}{0}.{1}.{0,1}.{2}{0,2}.{1,2}{0.1,2}{0,1,2,3} {4} .{0.4}{1,4}.{0,1,4}{2,4},{0,2.4}
set set
let ?FS6 = {{}7{0}7{1}7{071}7{2}7{072}7{172}’{03172}7{3}7{073}7{1’3}’{0’173}7{273}’{0’273}7{172’3}’{‘
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ?c = [165/36, 122596, 67260, 1682, 45304, 71336) =: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show “thesis
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by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1))
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4},{0,2,4,5},{0,3,4,5},{0,1,2,3,4},{0,1,2,3,5]
set set) (is =~ FC-family ?F'c)
proof—
let #Fs1 = {{}.{1},{2}{1,2},{0.1,2},(3}.{1,3}.{2,51.{1,2,81.{0,1,2,3 L4 1AL A3 {24 11,24 1.{0.1,
set set
let 7Fs2 = {{}7{0}7{2}7{072}7{07152}5{3}3{073}7{273}7{07253}7{0717253}7{4}5{074}7{274}7{07254}7{0717‘Z
set set
let ?Fss = {{} {0}.{1}.{0,1}.{0.1,2} {3}.{0,5}{1,3},{0,1,3},{0,1,2,3} {4}{0.4}{1,4}.{0,1,4}{0,1,
set set
let ?Fs4 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set
let ?Fs5 = {{}.{0},{1},{0,1}.{2},{0,2},{1,2},{0,1,2},{0,1,2,3},{4 },{0,4 }.{1,4},{0,1,4}.{2,4 }.{0,2,4 }
set set
let ?Fs6 = {{},{0},{1}.{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set
let 7Fs7 = {{}7{0}7{1},{071}7{2}7{072},{1,2},{0,172}7{3}7{073},{1,3},{0,173},{2,3},{0,273}7{1,2,3},{4
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6, ?Fs7|
let 7c = [50, 29, 29, 21, 14, 2, 11] = nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )
moreover
have ?Fs2 € {?Fc|}
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by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs7 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ¢Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,5},{0,1,2,4},{0,1,3,5},{2,3,4,5},{0,1,2,3,4},{0,1,2,5,5]
set set) (is - FC-family ?Fc)
proof—

let ?Fs1 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{
set set

let ?Fs2 = {{}.{0},{1},{0,1}{2}.{0,2},{1,2},{0,1,2},{0,1,2,5}.{4}.{0,4}{1,4}.{0,1,4}.{2,4}.{0,2,4}

set set

let ?Fs3 = {{}.{1}.{2},{1,2}.{0,1,2}.{3}.{1,3}.{2,8},{1,2,3}.{0,1,2,8}.{4 }.{1.4}.{2,4 },{1,2,4}.{0,1:

set set
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let 2F5f = {{LAOLLT 10,1 140,121 {100,941, 3140,1,9100,1,2, 91, (4 {04 AT 41 10.1,41.40,1,
set set
let ?Fs5 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,8}.{0,2,3},{0,1,2,3} {4 }.{0,4}.{2,4}.{0,2,4 },{0,1:
set set
let 2Fs6 = {{},{0}.{1}.{0,1},{0,1,2},{3}.{0,3},11,8},{0,1,8},{0,1,2,8},{0,1,2,4},{0,1,2,8.4} {5 }.{0,’
set set
let 2Fs7 = {{},{0},{1},{0,1},12},{0,2}.11,2},{0,1,2},18},{0,3}.{1,8},{0,1,3}.12,8},{0,2,3}.{1,2,3}.{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6, ?Fs7|
let %c = [22, 24, 48, 48, 45, 1, 13] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs7 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
2c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
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next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,3,5},{2,3,4,5},{0,1,2,3,4},{0,1,2,3,5)
set set) (is —~ FC-family ?Fc)

roof —
plet ?FS‘Z = {{}7{0}’{1}7{071}7{2}7{072}7{172}’{0’172}7{3}7{073}7{173}’{0’173}7{273}’{0’2’3}7{172’3}’{‘
set set

let ?Fs2 = {{} {0}.{1}.{0,1}.{0.1,2} {5}.{0,5}{1,3},{0,1,3}.{0.1,2,3} {4}.{0.4}{1,4}.{0.1,4}{0,1.;
set set

let 7Fs3 = {{}.{1}.{2}.{1,2}.{0,1,2}{3},{1,5}.{2,5}.{1,2,3},{0,1,2,58} {4 }.{ 1.4} {24 }.{1,2,4}.{0,1,:
set set
let ?F'sy = {{} {0}.{1}.{0.1}.{2}.{0,2}{1,2}.{0,1,2}{0,1,2,3}.{4}{0.4}{1.4}.{0.1.4}{2.4}.{0.2.4}
set set
let ?Fs5 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3},{2,3}.{0,2,3},{0,1,2,3}.{4}.{0,4}.{2,4}.{0,2,4 },{0,1:
set set
let 7Fs6 = {{},{0}1,40,1},42}.40,2},40,1,21,{0,1,2,3} {14} {04 1.00,1.4 1124 1.10,2,41,40,1,2,4},{0.1.
set set
let 2Fs7 = {{},{0},{1}.{0,1},{2}.{0,2} {1,2},{0,1,2},{3}.{0,3},{1,8}.{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6, ?Fs7|
let ¢ = [19, 65, 73, 39, 66, 1, 34] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c])
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
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moreover
have ?Fs7 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [simp]: ~ FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},00,3,4,5},41,3,4,51,{0,1,2,3,4},{0,1,3,4,5’
set set) (is -~ FC-family ?F'c)
proof—

let ?Fs1 = {{},{0}.{1}.{0,1}.{2}.{0.2}{1,2},{0,1,2},{0,1,2,3} {4 }{0.4}.{1,4}.{0.1.4}{2,4}.{0.2.4}
set set

let 7Fs2 = {{}7{0}7{1},{071}7{2}7{072},{1,2},{0,172},{3}7{0,3},{1,3},{0,173},{2,3},{0,273}7{1,2,3},{4
set set

let 7Fs3 = {{},{1}.{2}.{1.2}.{0,1.2} {3}.{1.5}.{2,3}.{1.2,3},{0,1,2,3} {4} {1.4}.{2.4}.{1,2,4}.{0.1,
set set

let ?Fsf = {{},{0}.{2}.{0.2}{0,1,2} {3}.{0,5}.{2,3}.{0.2,3},{0,1,2,3},{4}.{0,4}.{2.4}.{0,2,4}.{0.1 .
set set

let ?Fs5 = {{}{0}.{1},{0,1},{0,1,2},{3}{0,3},{1,3},{0,1,5},{0,1,2,3}{4}.{0.4}{1,4}.{0,1,4},{0,1,
set set

let ?Fs6 = {{},{0},{1},{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]

let ¢ = [10, 10, 16, 16, 13, 9] :: nat list

show ?thesis

proof (rule nonFC|where Fs = ?Fs and ¢ = %c])

show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
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by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs4 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ¢Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,4,5},{0,2,4,5},{0,3,4,5},{0,1,2,3,4},{0,1,2,5,5]
set set) (is - FC-family ?Fc)
proof—

let 7Fst ={{}.{1},{2}.{1,2}.{0,1,2}{3},{1,5},{2,5}.{1,2,3},{0,1,2,5} {4 }.{ 1,4} {24 }.{1,2,4}.{0,1,:

set set

let ?Fs2 = {{},{0},{2},{0,2}.{0,1,2}{3}.{0,3},{2,5}.,{0,2,3},{0,1,2,8}.{4},{0,4}.{2,4}.{0,2,4},{0,1:

set set

let ?Fs3 = {{},{0},{1},{0,1},{0,1,2}.{3}.{0,3},{1,8},{0,1,3},{0,1,2,8}.{4},{0,4 }.{1,4},{0,1,4},{0,1,:

set set
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let ?Fs4 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,3},{0,2,3},{1,2,3}.{

set set
let ?Fs5 = {{} {0}.{1}.{0,1} {2} {0.2}{1,2}.{0,1,2},{0,1,2,3} {4}{0.4}.{1.4}.{0,1,4}.{2.4}.,{0,2.4}
set set
let ?Fs6 = {{},{0},{1}.{0,1},{2}.{0,2}.{1,2}.,{0,1,2},{3},{0,3},{1,3}.{0,1,5},{2,3},0,2,3}.{1,2,3}.{
set set

let ?Fs7 = {{} {0} {1} {0,1}{2}{0,2}{1,2}{0.1,2}{0,1.2,3} {4}{0,4}{1.4}.{0,1,4}.{2.4}.,{0,2,4}
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6, ?Fs7|
let 2c =[98, 56, 56, 42, 8, 42, 3] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs7 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
2c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
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next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,3.4},{2,3.4,5},{0,1,2,3,4},{0,1,2,3,5)
set set) (is —~ FC-family ?Fc)

roof —
plet ?FS‘Z = {{}7{0}’{1}7{071}7{2}7{072}7{172}’{0’172}7{3}7{073}7{173}’{0’173}7{273}’{0’2’3}7{172’3}’{‘
set set

let ?Fs2 = {{} {0}.{1}.{0,1} {2} {0.2}{1,2}{0.1,2}{0,1.2,3} {4}{0.4}.{1.4}.{0,1,4}.{2.4}.,{0,2.4}
set set

let 7Fs3 = {{}.{0},{1}.{0,1},{0,1,2}.{3},{0,5},{1,5},{0,1,3},{0,1,2,5} {4 }.{0,4 }.{1.4}.{0,1,4}.{0,1,:
set set
let ?Fsq = {{}.{1}.{2}.{1,2},{0,1,2},{3},{1,3}.{2,8}.{1,2,3},{0,1,2,3} {4 }.{ 1,4 }.{2,4 }.{1,2,4 },{0,1:
set set
let ?Fs5 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,3}.{0,2,3},{0,1,2,3} {4 }.{0,4},{2,4}.{0,2,4 },{0,1:
set set
let 7Fs6 = {{}7{0}7{1 }7{071 }7{2}7{072}7{1 72}3{031 72}7{3}7{073}7{1 ,3},{0,1 73}7{273}3{03273}7{1 7233}a{‘
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ?c = 79763, 73763, 138832, 153866, 144226, 38988] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show “thesis
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by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1))
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,3,4}.{2,3,4,5},{0,1,2,3,4},{0,1,2,3,5]
set set) (is -~ FC-family ?F'c)
proof—

let ?Fs1 = {{},{0},{1}.{0,1}{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set

let 7Fs2 = {{}.{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{0,1,2,3} {4 }.{0,4}{1,4}.{0,1,4},{2,4}.{0,2,4}

set set

let 2Fs3 = {{} {1},{2}.{1.2}.{0,1,2} {5} .{1,3},{2,3},{1,2,3}.,{0,1,2,3} {4} {1.4}.{2,4},{1,2,4},{0,1,
set set
let 2Fsf = {{}.{0}.{1}.{0,1},{0.1,2} {3}.{0,5}.{1,3}.{0,1.8),{0.1,2,8} {4} L0.4}. {1 43.{0.1 4}.{0,1,
set set
let 7Fs5 = {{},{0}.{2},{0,2},{0,1,2},{3},{0,3}.{2,8},{0,2,9}.00,1,2,5},{4 }.10,4}.{2,4 1,{0,2,4 }.{0.,1.
set set
let ?Fs6 = {{},{0},{1}.{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 7c = [214769, 223347, 447215, 395473, 419030, 113672] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
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have ?Fs8 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,2,5},{0,3.4,5}.{0,1,2,3.4},{0,1,2,5,5]
set set) (is -~ FC-family ?Fc)

roof —
plet ?FSI = {{}7{0}7{1}’{071}7{2}7{072}7{1’2}’{0’172}7{3}7{073}7{1’3}’{0’173}7{273}’{0’273}7{17233}’{‘
set set

let ?Fs2 = {{} {1}.{2}.{1.2}.{0.1,2} {3} .{1.,5}{2.3},{1,2,3},{0.1,2,3} {4} {1.4}{2,4}.{1.2,4}.{0,1,;
set set

let ?Fs3 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,3}.{0,2,3},{0,1,2,3}{4 }.{0,4 }.{2,4 }.{0,2,4 },{0,1:

set set

let ?Fsj = {{}.{0},{1}.{0,1},{0,1,2},{3},{0,3},{1,5},{0,1,3},{0,1,2,3}, {4 }.{0,4 }.{1,4}.{0,1,4}.{0,1:

set set

let ?Fs5 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.{0,1,2,3} {4 }.{0.4 }.{1,4}.{0,1,4},{2,4},{0,2.4}

set set
let ?Fs6 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,83},{1,2,3},{
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set set
let ?Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs6)|
let 7c = [11, 27, 23, 23, 11, 11] :: nat list
show %thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )
moreover
have ?Fsj € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{}.,{0,1,2},{0,1,2,3},{0,1,2,4},{0,3,4,5},{1,3,4,5},{0,1,2,3,4},{0,1,2,3,5]
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set set) (is =~ FC-family ?Fc)
proof—
let ?Fs1 = {{}.{0},{1},{0,1}{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs2 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.,{0,1,2,3} {4 }.{0.4 }.{1,4}.{0,1,4},{2,4},{0,2.4}
set set
let 2Fs3 = {{},{0},11}.{0,1},{2}.,00,2}.11,2),10,1,2} {3},{0,3},{1,3}.,{0,1,3},12,3),10,2,3}.11,2,3}.{
set set
let ?Fsq = {{}.{1}.{2}.{1,2},{0,1,2}.{3}.{1,3}.{2,8}.{1,2,3},{0,1,2,3} {4 }.{ 1.4 }.{2.,4 }.{1,2,4 },{0,1:
set set
let ?Fs5 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,3}.{0,2,3},{0,1,2,3}{4}.{0,4}.{2,4 }.{0,2,4 },{0,1:
set set
let 7Fs6 = {{}.{0},{1}.{0,1},{0,1,2},{3},{0,3},{1,5},{0,1,3},{0,1,2,3} {4 }.{0,4 }.{1,4}.{0,1,4}.{0,1:
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 2c = [27, 29, 29, 54, 51, 42] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs4 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
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next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qged
qed

lemma [simp]: = FC-family ({{}7{0’172}3{0a1 ,273}3{0a1 ,274}3{0a1 ,374}3{0a2a375}3{0a3a475}3{0a1727374}7{
set set) (is - FC-family ?Fc)
proof—
let ?Fst = {{},{1},{2},{1,2},{0,1,2}.{3}.{1,3}.{2,3}.{1,2,3},{0,1,2,3} {4 }.{ 1.4 }.{2,4 }.{1,2,4 },{0,1:
set set
let 7Fs2 = {{},{0},{2},{0,2},{0,1,2},{3}1.{0,3}1.42,81,{0,2,5}.{0.1,2,8}. 14} {04} {2,4 }.{0,2,4 1,10,1,,
set set
let ?Fs3 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.{0,1,2,3} {4 }.{0.4 }.{1,4}.40,1,4},{2,4},{0,2.4}
set set
let ?Fsj = {{}.{0}.{1}.{0,1},{0,1,2}{3},{0,5},{1,5},{0,1,3},{0,1,2,5} {4 }.{0,4}.{1.4}.{0,1,4}.{0,1,:
set set
let 7Fs5 = {{}.{0},{1}.{0,1},{2}.,{0,2},{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{
set set
let 2Fs6 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs()|
let 7c = [57, 33, 24, 33, 13, 14] = nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs4 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs6 € {?Fc|}
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by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} @{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,2,5},{0,3,4,5},{1,3.4,5},{0,1,2,3,4 } .{
set set) (is — FC-family ?Fc)

roof —
plet ?Fsl = {{}7{0}’{1}7{0’1}7{2}’{072}7{172}a{0a172}7{3}7{073}7{1ag}a{oal73}7{273}3{0a2’3}7{172a3}a{‘
set set

let ?Fs2 = {{} {1}.{2}.{1.2}.{0.1,2} {5}.{1.3}.{2.3}.{1,2,3}.{0.1,2,3} {4} {1.4}{2.4}.{1.2.4}.{0,1.;
set set

let 7Fs3 = {{}.{0},{2}.{0,2},{0,1,2}.{3},{0,5},{2,5}.{0,2,3},{0,1,2,3},{4 }.{0,4}.{2,4}.{0,2,4}.{0,1:

set set

let ?Fsy = {{}.{0}.{1}.{0.1}.{2}.{0,2}{1,2}.{0,1,2}{0,1,2,3}.{4}{0.4}{1.4}.{0.1.4}{2.4}.{0.2.4}
set set
let ?Fs5 = {{},{0},{1}.{0,1}{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let ?Fs6 = {{},{1}.{0,1,2} {3}.{1,5}.{0,1,2,8}.{4}.{1,4}.{0.1,2.4}{5,4}.{1,3.4}{0,1,2,5,4} {5}.{1
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 2c = [32, 19, 62, 32, 32, 86] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
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have ?Fs2 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
ged

lemma [simp|: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,3,5},{0,1,4,5},{0,3,4,5}.,{0,1,2,3,4}{
set set) (is — FC-family ?F'c)
proof—

let ?Fs1 = {{}.{1}.{2},{1,2},{0,1,2}.{3}.{1,3},{2,8}.,{1,2,3}.{0,1,2,8}. {4} {1.4}.{2,4 }.{1,2,4}.{0,1:

set set

let 7Fs2 = {{}.{0},{2}.{0,2},{0,1,2}.{3}.,{0,5},{2,5},{0,2,3},{0,1,2,5},{4 }.{0,4 }.{2,4}.{0,2,4 }.{0,1:

set set

let ?Fs3 = {{}.{0},{1},{0,1},{0,1,2}{3}.{0,3},{1,8},{0,1,3},0,1,2,8}.{4},{0,4}.{1,4}.{0,1,4},{0,1:

set set

let 2Fsf = {{},{0}.{1},{0,1}.{2}.,{0,2},{1,2},{0,1,2}.{3}.{0,3}.{1,3}.{0,1,3},{2.3}.{0,2,3}.,{1,2,8} .{

set set
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let 2Fs5 = {{},0},11},{0,1},{2}.,{0,2}.,11,2),10,1,2} .{3},{0,9},{1,3}.,{0,1,3},12,3),10,2,3}.{1,2,3}.{
set set
let ?Fs6 = {{}.{1},{0,1},{2}.{0,2},{1,2}.{0,1,2}£0,1,2,5} {4}{0,4}.{1,4}.{0,1,4}.{2,4}.{0,2,4} {1
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 7c = [204402, 158745, 86596, 82121, 52537, 52479] =: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %))
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
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qed

lemma [simp]: ~ FC-family ({{}{0,1,2},{0,1,2,9},10,1,2.4}{0,1,2,5}.{0.1,3.4}.{0.3.4,5}.10,1,2.3 4}
set set) (is - FC-family ?Fc)
proof—
let 7Fst ={{}.{1}.{2}.{1,2}.{0,1,2}{3}.{1,5}.{2,5}.{1,2,3},{0,1,2,58} {4 }.{ 1.4} {24 }.{1.2,4}.{0,1,:
set set
let 7Fs2 = {{}7{0}7{1}7{071 }7{2}7{072}7{1 72}1{0a] 72}7{3}7{073}7{1 73}a{0a1 73}7{273}7{0a273}7{1 72a3}’{‘
set set
let ?Fs3 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3},{2,8}.,{0,2,3},{0,1,2,3} {4 }.{0,4}.{2,4}.{0,2,4 },{0,1:
set set
let 2Fs) = {{1AOLLT 10,1 140,121 {91 00,31A1,3140,1,9100,1,2, 91, (4 {04 A1 41 10.1,41.40,1,
set set
let ?Fs5 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.{0,1,2,3} {4 }.{0.4}.{1,4}.40,1,4},{2,4},{0,2.4}
set set
let ?Fs6 = {{}.{0}{1}.{0,1},{2}.{0,2}.{1.2},{0,1.2},{0,3}{1,3}.{0,1,3},{2,8}.{0,2,3}{1,2,3}.{0,1,
set set
let 9Fs = [?Fsl1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs6)|
let ¢ = [256637, 76996, 189326, 145602, 81687, 50367) :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )
moreover
have ?Fsj € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fs in ¥V a € |J 2Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat

list} 1)
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next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,2,5},{0,1,3,4},{2,3,4,5},{0,1,2,3,4}{
set set) (is -~ FC-family ?Fc)

roof —
plet ?Fs1 ={{} {0} {1}.{0.1}.{2}.{0,2} {1,2} {0.1,2} {3}.{0,5}{1,3},{0,1,3} {2,3},{0,2,3} {1,2,5} .{
set set

let ?Fs2 = {{} {0}.{1}.{0,1}.{0,1,2} {5}.{0,5}.{1,3},{0,1,3}.{0,1,2,3} {4}.{0.4}{1,4}.{0.1,4}{0,1.;
set set

let ?Fs3 = {{}{0},{1}.{0,1},{2}{0,2},{1,2}{0,1,2},{0,1,2,3} {4}.{0.4}{1,4}.{0,1,4}{2,4}.{0,2,4}
set set
let 2Fsf = {{},{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{3}.{0,3},{1,8}.{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs = {{},{2},{0,1,2},{3},{2,5}.{0,1,2,3} {4 }.{2,4 }.{0,1,2,4}.{3,4},{0,1,3,4 },{2,3,4},{0,1,2,3 4
set set
let 9Fs = [?Fs1, 9Fs2, ?Fs3, ?Fsj, ?Fs)|
let %c = [3, 10, 5, 5, 23] :: nat list
show %thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c])
show V F € set ?Fs. F' € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs4 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
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show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [simp|: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,3,4},{0,1,5,5},{0,3,4,5},{0,1,2,3,4}{
set set) (is - FC-family ?Fc)
proof—

let ?Fs1 = {{},{1}.{2},{1,2},{0,1,2}.{3}.{1,3},{2,8},{1,2,3}.{0,1,2,8}, {4} .{1.4}.{2,4 },{1,2,4}.{0,1,:

set set

let 7Fs2 = {{}.{0},{2}.{0,2},{0,1,2},{3},{0,5},{2,5},{0,2,3},{0,1,2,3},{4 }.{0,4 }.{2,4},{0,2,4 }.{0,1:

set set

let ?Fs3 = {{}.{0},{1},{0,1},{0,1,2},{3}.{0,3},{1,8},{0,1,3},{0,1,2,8}.{4}.{0,4}.{1,4},{0,1,4},{0,1:

set set

let ?Fsj = {{}.{0}{1}.{0,1}{2}.{0,2}{1,2},{0,1,2},{0,1,2,5} {4 }.{0,4}{1,4}.{0,1,4}.{2,4}.{0,2,4}

set set

let ?Fs5 = {{},{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2} {3}.{0,5}.{1,3},{0,1,3},{2,3}.{0,2,3}.{1,2,3},{
set set
let ?Fs6 = {{},{0}{1}.{0,1},{2}.{0.2} {1,2},{0,1,2},{3}.{0,3},{1,8}.{0,1,5},{2,3},{0,2,3},{1,2,3}.{
set set
let 9Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs0)|
let 7c = (459409, 352236, 190460, 188023, 101088, 10886] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))

298



moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0.1,2,5},{0,1,3,4}.{0,2,3,4},{0,1,2,3 4} {
set set) (is — FC-family ?Fc)
proof—

let ?Fs1 = {{1,2,3,4},{0,1,2,3,4},{0,1,2,3,4,5}}::nat set set

let ?Fs2 = {{}{1}.{2}.{1,2}{0,1,2} {3}.{1,5}.{2,5}.{1,2,3}.{0,1,2,5} {4 }.{ 1.4} {2.4}.{1.2.4}.{0.1.
set set

let ?Fs3 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,3}.{0,2,3},{0,1,2,3} {4 }.{0,4 },{2,4 }.{0,2,4 },{0,1:

set set

let ?Fsj = {{}.{0},{1}.{0,1},{0,1,2},{3},{0,3},{1,5},{0,1,3},{0,1,2,3}, {4 }.{0,4 }.{1,4}.{0,1,4}.{0,1:

set set

let 7Fs5 = {{}.{0}.{1},00,1},{2}.10,2}.{1,2},{0,1,2},{3}.{0,8}.{1,3}.{0,1,3}.{2,3).{0,2,8}.{1,2,3}.{

set set

let 7Fs6 = {{}.{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{0,1,2,5} {4 }.{0,4}.{1,4}.{0,1,4}.{2,4}.{0,2,4}

299



set set
let ?Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs6)|
let %c = [1, 17, 12, 12, 6, 6] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4}{0,1,2,5}{0,1,3,4},{0,2,3,5},{0,1,2,3,4}
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set set) (is =~ FC-family ?Fc)

proof—

let ?Fs1 = {{}{1}{2}.{1,2}{0,1,2}{3}.{1,5}.{2,3}{1.2,5}.{0,1,2,3} {4} {1.4}{2.4}.{1,2.4}.{0,1,
set set

let ?Fs2 = {{}{0}.{1},{0,1}.{0,1,2}{3},{0,5}.{1,3}.{0,1,5},{0,1,2,3} {4} .{0.4}{1.4}.{0,1,4},{0,1,
set set

let 7Fs3 = {{}.{0},{2}.{0,2},{0,1,2},{3},{0,5},{2,5},{0,2,3},{0,1,2,5},{4 }.{0,4 }.{2,4},{0,2,4 }.{0,1:
set set
let ?Fsg = {{}.{0},{1}.,{0,1},{2},{0,2},{1,2},{0,1,2}.,{0,1,2,3} {4 }.{0.4}.{1,4}.40,1,4},{2,4},{0,2.4}
set set
let 2Fs5 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3}.,{0,3},{1,5}.,{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let 2Fs6 = {{},{2},10,2},{0,1,2} {3}.{0,5}1,12,3}.{0,2,3},{0,1,2,3}.{0.1,2,4 }.{0,1,3,4 },10,1,2,3 4 }.{!
set set
let ?Fs7 = {{},{0},{1}.{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let ?Fs = [?Fsl, 9Fs2, ?Fs3, ?Fsj, ?Fs5, ?FsG, ?Fs7|
let %c = [34, 25, 24, 13, 7, 1, 6] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} ))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs7 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
ultimately
show “thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
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by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [simp]: = FO-family ({{},{0,1,2},{0,3,43.00,1,2,3.43,00,1,2,3,5},{0,1,3,4,5Y.01,2,3.4.5},{0,1,2,
set set) (is -~ FC-family ?F'c)
proof—
let ?Fs1 = {{},{1},{2},{1,2},{0,1,2},{3},{1,3}.{2,3}.{1,2,3},{0,1,2,3} {4 }.{ 1.4 }.{2,4 }.{1,2,4 },{0,1:
set set
let ?Fs2 = {{},{0},{2}.{0,2},{0,1,2}.{3},{0,3}.,{2,3}.{0,2,3},{0,1,2,3},{4}.,{0,4},{2.4},{0,2,4},{0,1,
set set
let ?Fs3 = {{}.{0},{1},{0,1}.{2}.{0,2}.{1,2},{0,1,2}.{4}{0,4 31,4 }.{0,1,4}.{2,4 }.{0,2,4 }.{1,2,4}.{
set set
let ?Fs/ = {{}7{0}7{]},{071}7{0,1,2},{3},{0,3},{173}7{0,1,3},{0,1’2,3},{4},{0,4}7{]74},{0’1,4},{071,é
set set
let 7Fs5 = {{}7{0}’{1}7{0’1}7{2}’{072}7{172}3{0a1a2}7{3}7{073}7{173}a{0a173}7{273}3{0a2’3}7{172a3}a{‘
set set
let ?Fs6 = {{},{0},{1}.{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let 9Fs = [?Fs1, 9Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs0)|
let 7c = [62, 38, 38, 35, 35, 8] : nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs4 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
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moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1))
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,3,4}.,{1,2,3,5}.{0,1,2,3,4},{0,1,2,3,5},{0,1,2,4,5},{0,1,2,3,
set set) (is —~ FC-family ?Fc)
proof—

let ?Fs1 = {{}{1}.{2}{1,2}.{0,1,2}{3}{1,5},{2,3}.{1,2,5},{0,1,2,3} {4} .{1.4}{2.4}.{1,2,4}.{0,1,

set set

let ?Fs2 = {{}.{0}.{1}.{0,1},{2},{0,2},{1,2},{0,1,2} {41404 }.{1,43.{0,1,4}.{2,4}.{0,2,4 }.{1,2.4 }.{

set set

let ?Fs3 = {{},{0},{0,1,2},{3}.,{0,3},{0,1,2,3},{4}.{0,4}.{0,1,2,4}.{5,4},{0,3,4}.{0,1,2,3,4},{5},{0.:

set set

let 7Fsy = {{}{0},{1},{0,1},{2}{0,2},{1,2},{0,1,2},{53},{0,3}{1,3},{0,1,3}{2,3},{0,2,3},{1,2,3}{

set set
let ?Fs5 = {{} {0}.{1}.{0,1} {2} {0.2}{1.,2} {0,1.2},{4}.{0,4} {1.4}{0,1,4} {2.4}.{0.2,4} {1.2.4}.{
set set
let ?Fs6 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,8},{1,2,3},{
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ¢ = [137, 84, 213, 63, 1, 27] :: nat list

show ?thesis

proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
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show V F € set ?Fs. F' € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [simp|: - FC-family ({{}.,{0,1,2},{0,1,3},{0,1,2,3},{0,2,4,5},{0,1,2,3,4},{0,1,2,4,5},{0,1,3,4,5]
set set) (is -~ FC-family ?F'c)
proof—

let 7Fs1 = {{}.{1}.{2},11,21,{0,1,2} {3}.{1,5},{0.1,3}.12,3}.11,2,3},{0.,1,2,3} . 14} 11,4 }.12,41.{1,2.

set set

let ?Fs2 = {{},{0},{2}.{0,2},{0,1,2}.{3},{0,3},{0,1,3},{2,3},{0,2,3},{0,1,2,3}{4}.{0,4},{2,4},{0.,2,.
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set set

let 7Fs3 = {{}.{0},{1}.{0,1},{0,1,2},{3},{0,5},{1,5},{0,1,3},{0,1,2,3}, {4 }.{0,4 }.{1,4}.{0,1,4}.{0,1,:

set set

let ?Fs4 = {{}7{0}7{1}7{071}7{2}7{072}’{1’2}7{05172}7{0’153}7{071a2a3}»{4}5{0,4}’7{174}’{0a1a4}’{274}

set set
let ?Fs5 = {{},{0},{1},{0,1},{2}.,{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{
set set
let ?FS6 = {{}7{0}7{1}7{071}7{2}7{072}7{172}7{0’]72}7{3}7{073}7{173}’{0’173}7{273}7{0’273}7{172’3}’{‘
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 7c = [97755, 16615, 44765, 30765, 12600, 13440] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs4 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1))
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next

show finite (|J ¢Fc)
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by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac Q{context} 1 )))
qged
qed

lemma [simp]: — FC-family ({{},{0,1,2},{0,1,8},{0,1,2,3},{0,2,4,5},{0,1,2,8,4},{0,1,2,4,5}1,10,2,3,4,5)
set set) (is - FC-family ?Fc)
proof—
let 2Fs1 = {{}{1},{2}.{1,2},{0,1,2}{5},{1,3},{0,1,3},{2,3},{1,2,3},{0,1,2,3}{4}.{1,4},{2,4},{1,2,.
set set
let 752 = {{}.{0},{1}.40.11.40,1, 2103 1.40,3141,31,40,1,53.{0.1,2,8 1,4 {04} {1 4 1.0,1.41.00,1,
set set
let ?Fs3 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.,{0,1,3},{0,1,2,3} {4 1404 }.{1,4}.{0,1,4 }.{2.4}
set set
let ?Fsj = {{}.{0},{2}.{0,2},{0,1,2}.{3},{0,5},{0,1,3},{2,3},{0,2,5},{0,1,2,3},{4}.{0,4}.{2,4}.{0,2..
set set
let ?Fs5 = {{},{0},{1}.,{0,1},{2},{0,2},{1,2},{0,1,2} {3}.{0,5}.{1,3},{0,1,3},{2,3}.{0,2,3}.{1,2,3},{
set set
let ?Fs6 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let 9Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs0)|
let %c = [99652, 47993, 31140, 75844, 14050, 13168 :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
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next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,3},{0,1,2,3}.{2,3,4,5}.{0,1,2,4,5},{0,1,3,4,5},{0,1,2,3.4,
set set) (is — FC-family ?Fc)
proof—

let 7Fst = {{}.{0},{1}.{0,1},{0,1,2},{3},{0,3},{1,5},{0,1,3},{0,1,2,3}, {4 }.{0,4 }.{1,4}.{0,1,4}.{0,1,:

set set

let ?Fs2 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.{0,1,3},{0,1,2,3}.{4 1404 }.{1,4}.{0,1,4}.{2.4}
set set
let 2Fs3 = {{},{0},11},{0,1},{2},{0,2}.11,2),10,1,2} .{3},{0,9},{1,3}.,{0,1,3},12,3),10,2,3}.11,2,3} {
set set
let ?Fs = {{}.{2},{0,1,2}.{3},{0,1,5}.,{2,3},{0,1,2,3} {4 }.{2,4}.{0,1,2,4 }.{3,4}.{0,1,3,4},{2,3,4 } {(
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj]
let ¢ = [13, 13, 8, 50] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %))
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
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show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [Slmp]: - FC_faley ({{}7{07172}7{0’1 73}7{071’273}7{273’475}7{071’27374}7{0’]727375}7{071727475}
set set) (is - FC-family ?Fc)
proof—

let ?Fs1 = {{},{0},{1},{0,1}.{2},{0,2},{1,2},{0,1,2},{0,1,3}.{0,1,2,3} {4 }.{0,4 }.{1,4}.{0,1,4}.{2,4}

set set

let 7Fs2 = {{}.{0},{1}.{0,1},{0,1,2},{3},{0,5},{1,5},{0,1,3},{0,1,2,3}, {4 }.{0,4 }.{1,4},{0,1,4}.{0,1:

set set

let ?Fs3 = {{},{2},{0,1,2},{3},{0,1,3}.{2,3}.{0,1,2,3} {4 }.{2,4 }.{0,1,2,4}.{3,4}.{0,1,3.4 }.{2, 3,4 } {(

set set

let ?Fs4 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3}.{

set set
let ?Fs5 = {{} {0}.{1}.{0,1} {2} {0.2}.{1,2} {0,1,2},{3},{0,5} .{1,3}.{0,1,5} .{2,5}.{0,2,5} .{1,2,3}.{
set set
let ?Fs6 = {{},{0},{1}.{0,1},{2}.{0,2}.{1,2},{0,1,2},{3},{0,3},{1,5}.,{0,1,5}.{2,3},0,2,3}.{1,2,3}.{
set set

let ?Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs0)|
let 7c = [42, 44, 163, 12, 1, 11] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
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moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2}.,{0,3.4},{0,1,2,5}.{0,1,2,3,4},{0,1,2,3,5},{0,1,2,4,5},{1,2,3.4,
set set) (is —~ FC-family ?Fc)
proof—

let 7Fst = {{}.{1},{2}.{1,2},{0,1,2},{3},{1,5},{2,5}.{1,2,3},{0,1,2,3} {4 }.{ 1,4} {24 }.{1,2,4 }.{0,1:

set set

let ?Fs2 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2} {4 }.40.4 }.{1,4}.{0,1,4}.{2,4}.{0,2,4 }.{1,2.4 }.{

set set

let ?Fs3 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,83},{1,2,3},{
set set

let ?Fsq = {{},{0},{0,1,2},{3},{0,3},{0,1,2,3},{4}.{0,4},{0,1,2,4}{3,4}.{0,3,4},{0,1,2,3,4 }.{5},{0,

set set

let 2Fs5 = {{},{0}.{1},{0,1}.{2},{0,2},{1,2},{0,1,2}.{3}.{0,3}.{1,3}.{0,1,3},{2.3}.{0,2,3},{1,2,8} .{

set set
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let ?Fs = [9Fsl1, 9Fs2, ?Fs3, ?Fsj, ?Fs5|
let ¢ = [15, 8, 8, 19, 2] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [simp|: = FC-family ({{},{0,1,2},{3,4,5},{0,1,2,3},{0,1,2,3,4},{0,1,2.4,5},{0,1,3,4,5},{0,2,3,4,
set set) (is -~ FC-family ?F'c)
proof—

let 2Fs1 = {{},{0}.{1},{0,1}.{2}.,{0,2},{1,2},{0,1,2}.{3}.{0,3}.{1,3}.{0,1,3},{2.3}.{0,2,3},{1,2,5} .{

set set
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let 7Fs2 = {{}.{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{0,1,2,5} {4 }.{0,4}{1,4}.{0,1,4},{2,4}.{0,2,4}
set set
let ?Fs3 = {{},{1}.,{2}.{1,2},{0,1,2},{3},{1,3}.{2,8}.{1,2,3},{0,1,2,3} {4 }.{ 1,4 }.{2,4 }.{1,2,4 }.{0,1:
set set
let ?Fsj = {{}7{0}7{2}){072}7{071 72}7{3}7{073}’{273}7{0’253}>{071a2a3}>{4}a{0>4}7{274}7{&2;4}){071’:
set set
let 7Fs5 = {{}7{0}7{1 }7{071 }7{071 ,2},{3},{0,3},{1 73}7{071 33}7{071 72ﬂ3}7{4}ﬂ{074 }7{1 4 }7{071 4 }7{071 Y
set set
let 2Fs6 = {{},{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{3}.{0,3},{1,8}.{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ¢ = [12, 12, 12, 12, 12, 11] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qged
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
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show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,3},{0,1,2,3},0,1,2,4},10,3,4,5},{0,1,2,3,4},{0,1,3.4,5}
set set) (is = FC-family ?Fc)
proof—
let 2Fs1 = {{},{1},02}.{1,2},{0,1,2},{3}.11,3),10,1,3),12,8},{1,2,3},{0,1,2,3}, {4}, {1 4}, {2.43.{1,2..
set set
let 2Fs2 = {{},{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{3}.{0,3},{1,8}.{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs3 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3}.,{
set set
let #Fsf = {{}.{0}.{1}1,00,1}.40.1,2} {3}, {0,5}.01,9}.40.1,3}.{0,1,2,3} {4 }{0.4 1 {14 1.00,1,.4}.{0.1,
set set
let ?Fs5 = {{},{0},{2}.{0,2},{0,1,2}{5},{0,3},{0,1,3},{2,3}.{0,2,3}.,{0,1,2,3}{4}.{0,4}.,{2,4},{0,2..
set set
let 7Fs6 = {{}.{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2}{0,1,3},{0,1,2,5} {4} {04} .{1,4}.{0,1,4}.{2.4}
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 7c = [39709, 5528, 4837, 12536, 31167, 18165) = nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
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qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1))
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [Slmp]: - FC_faley ({{}7{071’2}’{07374}7{0717273}7{0717375}7{0717273’4}7{0717273,5}7{071’3,475}
set set) (is = FC-family ?Fc)
proof—

let ?Fs1 = {{}.{1},{2},{1,2}.{0,1,2}{3}.{1,3},{2,8}.,{1,2,3}.{0,1,2,8}. {4} .{1,4}.{2,4}.{1,2,4}.{0,1:

set set

let ?Fs2 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,3}.{0,2,3},{0,1,2,3}{4 }.{0,4 }.{2,4}.{0,2,4 },{0,1:

set set

let ?Fs3 = {{}{0},{1}.{0,1},{2}.{0,2},{1,2}{0,1,2},{0,1,2,3} {4}.{0.4}{1,4}.{0,1,4}{2,4}.{0,2,4}

set set

let ?Fs4 = {{},{0}7{]},{071},{0,],2},{3},{0,3},{173},{0,],3},{0,1,2,3},{4},{0,4},{]74},{0,],4},{071,ﬁ

set set
let ?Fs5 = {{},{0},{1},{0,1},{2},{0,2} {1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fs6 = {{} {0} {1}.{0,1} {2} {0.2}{1,2} {0,1,2}{3},{0,5} .{1,3}.{0,1,5}.{2,5},{0,2,5} .{1,2,3}.{
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = [69366, 37435, 36332, 25335, 6449, 22026) :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %))
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
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by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs¢ € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qged
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,3,4}.{0,1,2,3},{1,2,4,5},{0,1,2,3,4},{0,1,2,4,5},{0,1,2,5 .4,
set set) (is - FC-family ?Fc)
proof—

let ?Fs1 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{
set set

let 7Fs2 = {{}.{1},{2}.{1,2},{0,1,2}.{3},{1,5},{2,5}.{1,2,3},{0,1,2,3} {4 }.{ 1,4 } {24 }.{1,2,4 }.{0,1:

set set

let ?Fs3 = {{}.{0},{1}.,{0,1},{2},{0,2},{1,2},{0,1,2}.{0,1,2,3} {4 }.{0.4 }.{1,4}.{0,1,4},{2,4},{0,2.4}

set set

let ?Fsj = {{}.{0},{1}.{0,1},{0,1,2}{3},{0,5},{1,5},{0,1,3},{0,1,2,3} {4 }.{0,4 }.{1.,4}.{0,1,4}.{0,1,:

set set

let ?Fs5 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set

let ?Fs6 = {{},{0},{2},{0,2},{0,1,2}.{3},{0,3},{2,8},{0,2,3},{0,1,2,8},{4},{0,4}.{2,4},{0,2,4}.,{0,1,:

set set
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let 7Fs7 = {{}{0}{1}.{0,1},{1,2},{0,1,2},{5},{0,5}.{1,3},{0,1,5},{1,2,3},{0,1,2,3}, {4 }.{0.4 }.{ 1.4}
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6, ?Fs7|
let ?c = [13, 25, 11, 10, 9, 47, 37] = nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F' € set ?Fs. F' € {?Fc|
proof—
have ?Fs1 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs7 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
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qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,3.4},{0,1,2,5},{1,3,4,5},{0,1,2,3.4},{0,1,3.4,5},0,1,2,3.4,
set set) (is - FC-family ?Fc)
proof—
let ?Fs1 = {{}7{1 }7{2}’{1 72}7{071 a2}7{3}3{1 ,3}7{273}7{1 72a3},{071 72a3},{4}a{1 4 }7{274}7{1 12,4 }7{071 Y
set set
let ?Fs2 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,8}.{0,2,3},{0,1,2,3} {4 }.{0,4}.{2,4}.{0,2,4 },{0,1:
set set
let ?Fs3 = {{58.,4,5},{0,3,4,5},{1,3,4,5}.{0,1,3,4,5},{0,1,2,3,4,5}}:nat set
set
let #Fsf = {{}{0} {11 {0.11421{0.21.01.21,{0.1,21.40,3,4 1,10,1,5,4 1.00.2.3,4 1.{0.1,2,3.4 {5} {0,
set set
let ?Fs5 = {{},{0},{1},{0,1},{0,1,2},{3},{0,3},{1,8}.{0,1,3},{0,1,2,3} {4 }.{0.4 }.{1,4}.{0,1,4},{0,1:
set set
let 2Fs6 = {{},{0},{1},{0,1},12},{0,2},11,2},{0,1,2},18},{0,3}.{1,8},{0,1,3},{2,8},{0,2,3}.{1,2,3}.{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ?c = [34, 23, 1, 50, 16, 7] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F' € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
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list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{}.,{0,1,2},{0,1,3},{0,1,2,3},{0,1,2,4},{0,2,4,5},{0,1,2,3,4},{0,1,2,3,5}{
set set) (is =~ FC-family ?F'c)
proof—

let 7Fs1 = {{}.{1}.{2},11,21,{0,1,2} {3}.{1,3},{0.1,3}.12,3}.11,2,3},{0.,1,2,3} . 14} 11,4 }.12.4 1 .{1,2.

set set

let ?Fs2 = {{},{0},{2}.{0,2},{0,1,2}.{3},{0,3}.,{0,1,3},{2,3},{0,2,3},{0,1,2,3},{4}.{0,4},{2,4},{0,2,.

set set

let 7Fs3 = {{}.{0},{1}.{0,1},{0,1,2},{3},{0,3},{1,5},{0,1,3},{0,1,2,3}, {4 }.{0,4 }.{1,4}.{0,1,4}.{0,1:

set set

let 7Fs/ = {{}.{0}.{1},10,1},{2}.10,2}.{1,2}.{0,1,2},{3}.{0,8}.{1,3}.{0,1,3}.{2,3},{0,2,8},{1,2,3}.{

set set
let ?Fs5 = {{} {0}{1}.{0.1} {2} {0,2}{1,2}.{0,1,2}{0,1,3}{0,1,2,3} {4 }.{0.4}{1.4}{0.1,4}.{2.4}
set set
let ?Fs6 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = [73661, 57777, 35199, 8792, 22307, 9420) :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c])
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
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have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: = FC-family ({{},{0,1,2},{0,1,3},{0,1,2,3},{0,1,2,4},{2,3,4,5},{0,1,2,3,4},{0,1,2,3,5}{
set set) (is - FC-family ?Fc)
proof—

let 7Fs1 = {{}7{0}7{1}7{071}7{07152}1{3}3{073}7{173}7{07133}7{0717233}7{4}3{074}7{174}7{0a154}7{071aé
set set

let 7Fs2 = {{},{0}.{1}.{0,1},{2}.{0,2},{1,2},{0,1,2},{0,1,3},{0,1,2,5},{4}.{0,4}{1.4}.{0,1.4}{2.4}
set set

let 7Fs3 = {{},{2},{0,1,2},{3},{0,1,8},{2,3},{0,1,2,3},{4}.{2,4}.10,1,2,4 },{3,4},{0,1,3,4 },{2,3,4 } ,{(
set set

let ?Fsy = {{} {0} {1} {0,1}.{2}{0.2}{1,2} {0,1,2}{3}.{0,5}.{1,3},{0,1,5}.{2,3},{0,2,5}.{1,2,3}.{
set set

let ?Fs5 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5|

let %c = [39, 37, 144, 10, 11] :: nat list

show ?thesis

proof (rule nonFC|where Fs = ?Fs and ¢ = %c])

show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
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by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs4 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [Slmp]: - FC—faley ({{}7{07172}’{071 73}7{0717273}7{0717274}7{2737475}7{0717273’4}7{07172’455}7{
set set) (is = FC-family ?Fc)

proof—

let ?Fs1 ={{}{0}.{1}.{0,1}.{0,1,2}{3},{0,5}.{1,3}.{0,1,5}.{0,1,2,3} {4} .{0.4}{1.4},{0,1,4},{0,1,
set set

let ?Fs2 = {{}{0}.{1}.{0,1}{2}{0,2}.{1,2}{0.,1,2},{0,1,5},{0,1,2,3} {4} {04} {1.4}.{0,1,4}{2.4}
set set

let ?Fs3 = {{} {2}.{0,1,2}{3}{0,1,3}.{2,3}{0,1,2,3} {4}{2,4}.{0,1,2,4} {5.4}.{0,1,5,4}.{2,3,4 } {(

set set

let 7Fsf = {{}.{1},{0,1},{2}.{1,21,40,1,2},{3},{1.8},{0.1,3},12,3}.{1,2,3},{0,1,2,3}.{4}.{1,4}.{0.1,

set set
let ?Fs5 = {{},{0},{1},{0,1},{2}.,{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{
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set set
let 7Fs6 = {{}7{0}’{2}7{0’2}7{071 a2}7{3}a{073}’{0a1 73}3{2a3}»{0’273}3{031 ’273}3{4}7{034}a{2a4 }7{0a27‘
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = [42, 89, 147, 14, 12, 8] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs¢ € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1))
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qged
qed
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lemma [simp]: = FC-family ({{},{0,1,2},{0,3,4},10,1,2,3},{0,1,2,5},{0,1,2,8,4},{0,1,2,3,5},{1,2,8,4,5)
set set) (is -~ FC-family ?F'c)
proof—
let ?Fst = {{},{1},{2},{1,2},{0,1,2}.{3}.{1,3}.{2,8}.{1,2,3},{0,1,2,3} {4 }.{ 1.4 }.{2.:4 }.{1,2,4 },{0,1:
set set
let ?Fs2 = {{} {0} {1} {0,1} {2} {0,2}{1,2}{0.1,2}{0,1.2,3} {4}{0,4}{1.4}.{0,1,4}.{2.4}{0,2,4}
set set
let ?Fs3 = {{},{0},{0,1,2},{3},{0,3},{0,1,2,3} {4}.{0,4}.{0,1,2,4}.{5.4}.{0,3,4},{0,1,2,3,4 }.{5}.{ 0,
set set
let ?Fs4 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set
let 7Fs5 = {{}7{1 }’{071 }7{2}7{072}7{1 ,2},{0,1 72}7{3}7{1 73}7{0a1 ’3}7{273}7{072»3},{1 72,3},{0,1 7233}a{(
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5)|
let ?c = [5950, 3438, 7803, 2511, 984] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
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next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,3,4},{0,1,2,3}.{1,2,3,5},{0,1,2,3,4},{0,1,2,3,5},{1,2,3,4,5)
set set) (is —~ FC-family ?Fc)
proof—

let 7Fs1 = {{},{1}{2},{1,2}.{0,1,2}.{3}.{1,8},{2.3},{1,2,3}.{0,1,2,3} {4 }.{1 4} {2.4}.{1,2,4}.{0.1

set set

let ?Fs2 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.{0,1,2,3} {4 }.{0.4 }.{1,4}.40,1,4},{2,4},{0,2.4}

set set
let ?Fs3 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,83},{1,2,3},{
set set
let ?Fsy = {{} {0} {1}.{0,1} {2} {0.2}{1.,2} {0,1,2},{3},{0,5} .{1,3}.{0,1,5}.{2,5}.{0,2,5} .{1,2,3}.{
set set

let ?Fs5 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,3}.{0,2,3},{0,1,2,3}.{4}.{0,4}.{2,4}.{0,2,4 },{0,1:
set set
let 7Fs6 = {{}.{0},{1}.{0,1},{1,2},{0,1,2},{5},{0,3}.{1,3},{0,1,5},{1,2,3},{0,1,2,3}, {4 }{0.4 }.{ 1.4}
set set
let ?Fs = [?Fsl, ?Fs2, 9Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = [56, 32, 23, 24, 146, 146] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 ¢ {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show “thesis
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by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1))
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,3,41,10,1,2,3},{0,3.4,5},00,1,2,8,4},{0,1,2,3,5},{1,2,8,4,5)
set set) (is =~ FC-family ?F'c)
proof—
let ?Fst = {{},{1},{2},{1,2},{0,1,2},{3},{1,3}.{2,8}.{1,2,3},{0,1,2,3} {4 }.{ 1.4 }.{2,4 }.{1,2,4 },{0,1:
set set
let ?Fs2 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{0,1,2,3} {4 },{0,4}.{1,4},{0,1,4}.{2,4 }.{0,2,4 }
set set
let ?Fs3 = {{},{0},{0,1,2},{3},{0,3},{0,1,2,3} {4}.{0,4}.{0,1,2,4}{5.,4}.{0,3,4},{0,1,2,3,4 }.{5}.{ 0,
set set
let ?Fsj = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3}.,{
set set
let 2Fs5 = {{},{0},11},{0,1},{2}.,{0,2}.11,2).,10,1,2} {3},{0,3},{1,3}.,{0,1,3},12,3),10,2,3}.11,2,3} {
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5|
let ?c = [50, 80, 61, 26, 5] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
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moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1))
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,3.4},{0,1,2,5},{0,3.4,5},{0,1,2,3.4},{0,1,2,3,5},{1,2,3.,4,5]
set set) (is -~ FC-family ?Fc)
proof—
let 2Fs1 = {{},{0},11},{0,1},{2},{0,2}.11,2),10,1,2} {3},{0,3},{1,3}.,{0,1,3},12,3),10,2,3}.11,2,3} {
set set
let 752 = {{}.{1}L21,{1,21.(0,1, 2103} {1,8}.02,3}.{1,2,8),(0.1,2,3} L4 L A 124 1 (1,24 10,1,
set set
let ?Fs3 = {{},{0}{1}.,{0,1}{2}.{0.2}{1,2},{0,1.2},{4}.{0.4}.{1.4}.{0,1,4}{2.4}.{0.2,4}{1.2.4}{
set set
let 7Fs/ = {{},{0}.{0,1,2},{3},10,3}.{0,1,2,3},{4 1004 1,40,1,2,4 113, 41.{0,5,41,{0,1,2,3.4 } {5 },{0,
set set
let 2Fs5 = {{}.{0}.{1}.{0.1},{2}.{0,2}.{1,2}.{0.1,2}.{3}.{0.3}.{1,8},{0.1,8} {2,3}.{0.2.3}.11,2.8}.{
set set
let ?Fs = [9Fs1, 9Fs2, ?Fs3, ?Fsj, ?Fs5|
let %c = [3, 20, 12, 24, 11] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
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have ?Fs1 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
ged

lemma [simp|: = FC-family ({{}.,{0,1,2},{%,4,5},{0,1,2,3},{0,1,4,5},{0,1,2,3,4},{0,1,2,4,5},{0,1,3,4,5]
set set) (is -~ FC-family ?F'c)
proof—

let 7Fs1 = {{}.{0},{1},10,1},{2}.10,2}.{1,2},{0,1,2},{3}.{0,8}.{1,3}.{0,1,3}.{2,3},{0,2,8}.{1,2,3}.{

set set

let 7Fs2 = {{}.{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{0,1,2,5} {4 }.{0,4}{1,4}.{0,1,4},{2,4}.{0,2,4}

set set

let ?Fs3 = {{}.{1}.{2}.{1,2}.{0,1,2}{3}.{1,3},{2,5}.{1,2,3}.{0,1,2,8} {4} .{1,4}.{2,4}.{1,2,4}.{0,1:

set set

let 2Fsf = {{},{0}.{1},{0,1}.{2}.,{0,2},{1,2},{0,1,2}.{3}.{0,3}.{1,3}.{0,1,3},{2.3}.{0,2,3}.,{1,2,5} .{

set set
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let 7Fs5 = {{}.{0},{2}.{0,2},{0,1,2}.{3},{0,5},{2,5},{0,2,3},{0,1,2,5},{4 }.{0,4 }.{2,4}.{0,2,4}.{0,1:
set set
let ?Fs6 = {{},{0},{1}.,{0,1},{0,1,2},{3},{0,3}.{1,8}.{0,1,3},{0,1,2,3} {4 }.{0,4}.{1,4}.{0,1,4},{0,1:
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ?c = [30, 21, 36, 28, 33, 24] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c])
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs8 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
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qed

lemma [simp]: = FC-family ({{}.{0,1,2Y,{0,3,43.0,1,2,3Y,{0.,1,3.4},0,1,2,3.4.00.1,2,3.5},{0,1,2.,4,5)
set set) (is - FC-family ?Fc)
proof—
let ?Fst ={{}.{1}.{2}.{1,2}.{0,1,2}{3}.{1,5}.{2,5}.{1,2,3},{0,1,2,8} {4 }.{ 1.4 }.{2.4}.{1.2,4}.{0,1,:
set set
let ?Fs2 = {{},{0},{1}.,{0,1},{0,1,2},{3},{0,3}.{1,8}.£0,1,3},{0,1,2,3} {4 }.{0,4}.{1,4}.{0,1,4},{0,1:
set set
let ?Fs3 = {{},{0}{1}.{0,1},{2}{0,2}.{1.2},{0,1,2} {3}.{0,3},{1,5},{0,1,3}{2,3}.,{0,2,3}.{1.2,3} {
set set
let ?Fsj = {{},{0},{2},{0,2},{0,1,2},{3},{0,3},{2,5},{0,2,3}.{0,1,2,8},{4},{0,4 }.{2,4},{0,2,4},{0,1,:
set set
let ?Fs5 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.{0,1,2,3} {4 }.{0.4}.{1,4}.40,1,4},{2,4},{0,2.4}
set set
let 2Fs6 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let 9Fs = [?Fsl1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs6)|
let ?c = [178250, 81120, 80616, 86520, 86394, 5796] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c])
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fsj € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat

list} 1)
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next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,5,4},{0,1,2,5},{0,1,3,5},{0,3,4,5},{0,1,2,3,4},{0,1,2,3,5} {
set set) (is =~ FC-family ?Fc)

proof—

let ?Fs1 ={{}{1}.{2}.{1,2}{0,1,2} {3}.{1,5}.{2,3} {1.2,5}.{0,1,2,3} {4} {1.4}{2.4}.{1,2.4}.{0,1,
set set

let ?Fs2 = {{} {0} .{1}.{0,1} {2} {0.2}{1.,2} {0.1,2}.{4}.{0,4} {1.4}.{0,1,4} {2.4}.{0.2,4} {1.2.4}.{
set set

let ?Fsg = {{}7{0}7{2}7{072}7{07132}’{3}3{073}7{273}7{07233}7{07172’3}7{4}’{074}7{274}7{072’4}7{07172

set set

let ?Fsy = {{},{0}.{1}.{0,1},{0,1,2},{3},{0,3},{1,3}.{0,1,3}.{0,1,2,3} {4 }.{0,4 },{1,4},{0,1,4},{0, 1,

set set
let 2Fs5 = {{},{0}.{1}.{0,1},{2}.,{0,2}.{1,2},{0,1,2},{3},{0,9}.{1,5}.{0,1,3},{2,3},{0,2,3}.{1,2,3}.{
set set
let ?FS6 = {{}7{0}’{1}’{0’1}7{2}’{072}7{172}’{0’1’2}7{3}7{073}7{173}’{0’173}7{273}’{0’2’3}7{172’3}’{‘
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ?c = [46080, 2386/, 2386/, 16168, 5904, 16168] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs5 € {?Fc|}
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by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qged
qged

lemma [simp]: = FC-family ({{},{0,1,2},{3,4,5},{0,1,2,3},{0,1,3,4},{0,1,3,5},{0,1,2,3,4},{0,1,2,3,5}1
set set) (is - FC-family ?Fc)
proof—

let ?Fst = {{},{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2}.{0,1,2,3} {4 }.{0.4 }.{1,4}.{0,1,4},{2,4},{0,2.4}

set set

let 7Fs2 = {{}{2},{0,1,2} {3},{2,3}.{0,1,2,5} {4}{2,4}.{0,1,2,4} {3,4}.{0,1,5,4}.{2,5,4}.{0,1,2,3 4
set set
let ?Fss = {{},{0},{1},{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let ?F'54 = {{}7{0}7{1}7{071}7{07172}’{3}7{073}7{173}7{07173}7{0717273}7{4}’{074}7{174}7{0’174}7{071”é
set set
let ?Fs5 = {{}{0}.{1}.{0,1},{2}{0,2}.{1,2}{0,1,2}{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3} {
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5|
let 2c = [22, 52, 13, 12, 13] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))

329



moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{5,4,5},{0,1,2,3},{0,1,2,4},{0,1,3,4},{0,1,2,3,4},{0,1,3,4,5}{
set set) (is — FC-family ?Fc)

proof—

let ?Fs1 = {{},{0}{1}.{0,1}{2}.{0,2}{1,2}.{0,1,2},{0,1,2,3} {4}.{0.4}{1.,4},{0.,1,4}{2,4}.{0,2,4}
set set

let ?Fs2 = {{},{0},{1}.{0,1}.,{2}.{0,2}.{1,2},{0,1,2},{3},{0,9}.{1,3}.{0,1,3},{2,9},{0,2,3}.{1,2,3}.{
set set

let 7Fs3 = {{}.{1}.{2}.{1,2}.{0,1,2}{3}.{1,5}.{2,5}.{1,2,3},{0,1,2,58} {4 }.{ 1.4} {24 }.{1.2,4}.{0,1,:

set set

let ?Fsy = {{},{0},{2},{0,2},{0,1,2},{3},{0,3},{2,3}.{0,2,3}.{0,1,2,3} {4 }.{0,4 },{2,4},{0,2,4 },{0, 1,

set set

let ?Fs = {{},{0},{1},{0,1},{0,1,2}.{3}.{0,3},{1,8},{0,1,3},{0,1,2,8}.{4},{0,4 }.{1,4},{0,1,4},{0,1,:

set set
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let 2Fs6 = {{},{0},{1},{0,1},12},{0,2}.11,2},{0,1,2},18},{0,3}.{1,8},{0,1,3},12,8},{0,2,3}.{1,2,3}.{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ?c = [16266, 16266, 21609, 19355, 14455, 9636 :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F' € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} ))
moreover
have ?Fs4 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged
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lemma [simp]: = FC-family ({{},{0,1,2},{3,4,5},{0,1,2,3},{0,1,3.4},{2,3.4,5},{0,1,2,3.4},{0,1,2,3,5} {
set set) (is -~ FC-family ?F'c)
proof—
let ?Fs1 = {{},{0},{1},{0,1},{0,1,2},{3},{0,3},{1,8}.{0,1,3},{0,1,2,3} {4 }.{0,4}.{1,4}.{0,1,4},{0,1:
set set
let 7Fs2 = {{}.{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{0,1,2,5} {4 }.{0,4}{1,4}.{0,1,4}.{2,4}.{0,2,4}
set set
let 7Fs3 = {{}.{2}1,{0,1,2}.{31,{2,31,{0, 1,23 L4} {241 00,1,2,4 1,13,41,00,1,3,41,(2,3.41.{0,1,2,3,
set set
let ?Fs4 = {{},{0},{1}.{0,1}{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let 2Fs5 = {{},{0},11},{0,1},{2}.,{0,2}.11,2),10,1,2} {3},{0,9},{1,3}.,{0,1,3},12,3),10,2,3}.11,2,3} {
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5|
let %c = [8, 12, 22, 10, 7] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F' € set ?Fs. F' € {?Fc|
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} ))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
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show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [Slmp] - FC—famlly ({{}7{07132}7{3a475}7{071ﬂ2>3}7{071a374}7{273a475}7{071a27374}7{0a1737475}7{
set set) (is -~ FC-family ?Fc)
proof—

let ?Fst = {{}.{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{0,1,2,3} {4 }.{0,4}{1,4}.{0,1,4},{2,4},{0,2,4}

set set

let ?Fs2 = {{}.{1}.{2}.{1,2}.{0,1,2} {3} .{1,3},{2,8}.,{1,2,3}.{0,1,2,8} {4} {1,4}.{2,4}.{1,2,4}.{0,1:

set set
let ?Fss = {{} {0}.{1}.{0,1}.{0,1,2} {5}.{0,5}.{1,3},{0,1,3}.{0,1,2,3} {4 }.{0.4}{1,4}.{0.1,4}{0,1.;
set set
let ?FS4 = {{}7{0}’{1}’{0’1}7{2}’{072}7{172}’{0’1’2}7{3}7{073}7{1’3}3{0’173}7{273}’{032’3}7{17233}’{‘
set set

let ?Fs5 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,8}.{0,2,3},{0,1,2,3}.{4}.{0,4}.{2,4}.{0,2,4 },{0,1:
set set
let ?Fs6 = {{},{0},{0,1},{2},{0,2},{0,1,2},{3}.,{0,3}.,{0,1,3},{2,3},{0,2,3},{0,1,2,3},{4},{0,4},{0,1,.
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let 7c = [197232, 224123, 125619, 172578, 112046, 156791] = nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
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qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1))
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{}.{0,1,2},{5.4,5},{0,1,2,3}{0,1.4,5}{2,5.4,5}{0,1,2,3,4},{0.1,2,4.5}{
set set) (is = FC-family ?F'c)

roof —
Vet 751 — (003 {13,{0,13,{21,{0,2},{1,2}.{0,1,2},{3}.{0,3},{1,3},{0,1,3},12,3},{0,2,3},{1,2,3}.{
set set

let ?Fs2 = {{}{0},{1}.{0,1},{2}{0,2}.{1,2}{0.,1,2}{0,1,2,3} {4} .{0.4}{1,4}.{0,1,4}{2,4},{0,2,4}
set set

let 7Fs3 = {{}.{0},{1}.{0,1},{0,1,2},{3},{0,5},{1,5},{0,1,3},{0,1,2,3}, {4 }.{0,4 }.{1,4}.{0,1,4}.{0,1,:
set set
let ?Fs4 = {{}7{2}’7{07172}’{3}7{2’3}7{0’1’2a3}7{4}’{274}’,{071a2>4}’7{374}7{2a354}»{071v25374}7{5}7{275
set set
let 2Fs5 = {{},0},11},{0,1},{2}.,{0,2}.11,2),10,1,2}.{3},{0,9},{1,3},{0,1,3},12,3),10,2,3}.{1,2,3}.{
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5|
let ?c = [28, 20, 21, 58, 26] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F' € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
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have ?Fsj € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,3,4},{0,1,2,3},{0,1,2,4},{0,1,2,5},{0,1,2,3,4},{0,1,2,3,5}{
set set) (is - FC-family ?Fc)
proof—

let 7Fst ={{}.{1}.{2}.{1,2}.{0,1,2}{3},{1,5}.{2,5}.{1,2,3},{0,1,2,58} {4 }.{ 1.4} {24 }.{1.2,4}.{0,1,:

set set

let ?Fs2 = {{},{0},{2},{0,2}.{0,1,2}{3}.{0,3},{2,5}.,{0,2,3},{0,1,2,5}.{4}.{0,4}.{2,4}.{0,2,4},{0,1:

set set

let ?Fs3 = {{},{0},{1},{0,1},{0,1,2},{3}.{0,3},{1,8},{0,1,3},{0,1,2,8}.{4}.{0,4 }.{1,4},{0,1,4},{0,1,:

set set

let ?FS4 = {{}7{0}7{1}7{071}7{2}7{072}7{172}’{03172}7{0713273}7{4}7{074}7{1’4}’{0’174}7{274}’{0’274}

set set

let 7Fs5 = {{},{0}.{1}.00,1},{2},{0,2}.11,2},10,1,2},{3},{0,3},{1,3}.{0,1,3}.12,3}.10,2,3}.{1,2,3}.{

set set

let ?Fs6 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set
let ?Fs = [9Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs6)|
let ¢ = [337, 167, 167, 149, 149, 13] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F' € {?Fc]}
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proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs¢ € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
2c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1))
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: - FC-family ({{},{0,1,2},{5,4,5},{0,1,2,3},{0,1,3,4},{0,3,4,5},{0,1,2,3,4},{0,1,2,3,5} {
set set) (is =~ FC-family ?Fc)

proof—

let ?Fs1 = {{}{1}{2}.{1,2}{0,1,2} {3}.{1,5}.{2,3} {1,2,5}.{0,1,2,3} {4} {1.4}{2.4}.{1,2.4}.{0,1,
set set

let ?Fs2 = {{}{0},{1},{0,1},{2}{0,2}.{1,2}{0,1,2}{0,1,2,3} {4} .{0.4}{1,4}.{0,1,4}{2,4},{0,2.4}
set set
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let 7Fs3 = {{}{0},{1}.{0,1},{0,1,2}.{3},{0,5},{1,5},{0,1,3},{0,1,2,3} {4 }.{0,4}.{1.4}.{0,1,4}.{0,1,:
set set
let ?Fsf = {{}.{0},{2}.{0,2}.{0,1,2}{3}.{0,3},{2,5}.,{0,2,3},{0,1,2,8}.{4}.{0,4}.{2,4}.{0,2,4},{0,1:
set set
let ?Fs5 = {{},{0},{1}.{0,1}{2}.{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set
let 2Fs6 = {{},{0},11},{0,1},{2}.,{0,2}.11,2),10,1,2} {3},{0,3},{1,3}.,{0,1,3},12,3),10,2,3}.11,2,3} {
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ?c = (77671, 77671, 46046, 65159, 65159, 46046] = nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 ¢ {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
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next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,3,41,10,1,2,3},{0,1,2,5},00,3,4,5},{0,1,2,3,4},{0,1,2,8,5}.{
set set) (is -~ FC-family ?F'c)
proof—
let ?Fst = {{},{1},{2},{1,2},{0,1,2}.{3}.{1,3}.{2,8}.{1,2,3},{0,1,2,3} {4 }.{ 1.4 }.{2,4 }.{1,2,4 },{0,1:
set set
let 7Fs2 = {{}.{0},{1}.{0,1},{2}.,{0,2}{1,2},{0,1,2},{0,1,2,5} {4 }.{0,4}{1,4}.{0,1,4},{2,4}.{0,2,4}
set set
let 2Fs3 = {{},{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{3}.{0,3},{1,8}.{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let ?Fsj = {{}7{0}7{1 }){071 }7{071 ,2},{3},{0,3},{1 73}7{071 73}>{071 a273}7{4}a{074 }7{1 4 }7{0v1 54}){071 ”
set set
let 7Fs5 = {{}.{0},{2}.{0,2},{0,1,2},{3},{0,5},{2,5},{0,2,3},{0,1,2,3},{4 }.{0,4 }.{2,4},{0,2,4 }.{0,1:
set set
let ?Fs6 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3}.{2,8}.{0,2,3},{0,1,2,3} {4 }.{0,4},{2,4}.{0,2,4 },{0,1:
set set
let ?Fs = [?Fsl, 9Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs0)|
let %c = [41997, 19668, 18337, 20271, 17963, 4377] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
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show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{5,4,5},{0,1,2,3},{0,1,2,4},{0,3,4,5},{0,1,2,3,4},{0,1,2,3,5}{
set set) (is -~ FC-family ?Fc)
proof—

let ?Fs1 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,83},{1,2,3},{
set set

let ?Fs2 = {{}.{0},{1},{0,1}.{2}.{0,2},{1,2},{0,1,2},{0,1,2,5}.{4}.{0,4}{1,4}.{0,1,4}.{2,4}.{0,2,4}

set set

let ?Fs3 = {{}.{1}.{2},{1,2},{0,1,2}.{3}.{1,3}.{2,8},{1,2,3}.{0,1,2,8}. {4} .{1,4}.{2,4 },{1,2,4}.{0,1,:

set set

let 7Fsf = {{}.{0},{2}.{0.21.40.1,21.03}1.{0,3}1.42,31,{0,2,51.{0.1,2,91, 4 {04} {24 1.{0,2,41.{0,1;
set set
let ?Fs5 = {{},{0},{1}.{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3}{2,5},{0,2,3},{1,2,5},{
set set
let 7Fs6 = {{}.{0},{1}.{0,1},{0,1,2}.{3},{0,5},{1,5},{0,1,3},{0,1,2,5} {4 }.{0,4 }.{1.4}.{0,1,4}.{0,1,:
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ?c = [14, 15, 16, 16, 13, 15] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F' € {?Fc|
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
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have ?Fsj € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{}.{0,1,2},{5.4,5}.{0,1,2,3}{0,1.2,4}{0,5.4,5}{0,1,2,3,4},{0.1,3,4.5}{
set set) (is = FC-family ?F'c)

proof—

let ?Fs1 = {{}{0}.{1}.{0,1}{2}{0,2}.{1,2}{0,1,2} {0,1,2,3} {4} {0.4}{1,4}.{0,1,4}{2,4}.{0,2.4}
set set

let ?Fs2 = {{},{0},{1},{0,1},{2}.,{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{
set set

let 7Fs3 = {{}.{1},{2}.{1,2},{0,1,2}.{3},{1,5},{2,5}.{1,2,3},{0,1,2,3} {4 }.{ 1,4 } {24 }.{1,2,4 }.{0,1:

set set

let ?Fs4 = {{}7{0}7{2}’{072}7{0’1’2}5{3}’{073}’{273}7{0’253}7{071v2a3}7{4}5{0>4}7{274}7{&2;4},{071’:

set set

let 7Fs5 = {{}.{0},{1}.{0,1},{0,1,2},{3},{0,5},{1,5},{0,1,3},{0,1,2,3} {4 }.{0,4 }.{1.4}.{0,1,4}.{0,1,:

set set

let ?Fs6 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]

let ¢ = [15, 15, 15, 14, 14, 13] :: nat list
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show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs4 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )
moreover
have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1))
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qged
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,3,4}.{0,1,2,3},{0,1,2,4},{0,3,4,5}.{0,1,2,3,4},{0,1,2,3,5}{
set set) (is - FC-family ?Fc)
proof—

let 7Fst ={{}.{1}.{2}.{1,2}.{0,1,2}{3}.{1,5}.{2,5}.{1,2,3},{0,1,2,8} {4 }.{ 1.4} {24 }.{1.2,4}.{0,1,:
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set set
let 7Fs2 = {{}.{0},{1}.{0,1},{2}.,{0,2}.{1,2},{0,1,2},{0,1,2,3}{4}.{0,4}.{1,4}.{0,1,4},{2,4},{0,2,4 }
set set
let ?Fss = {{},{0},{1}.{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set
let ?Fsj = {{}.{0}{1}.{0,1},{0,1,2}{3},{0,5},{1,5},{0,1,3},{0,1,2,5} {4 }.{0,4}.{1.4}.{0,1,4}.{0,1,:
set set
let 7Fs5 = {{}7{0}7{1}7{071 }7{2}7{072}7{1 72}1{0a] 72}7{3}7{073}7{1 73}a{0a1 73}7{273}7{0a273}7{1 72a3}’{‘
set set
let ?Fs6 = {{},{0},{2},{0,2},{0,1,2},{3},{0,3},{2,3}.{0,2,3},{0,1,2,3}.{4}.{0,4}.{2,4}.{0,2,4 },{0,1:
set set
let 9Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs()|
let 7c = [20851, 9303, 9303, 10251, 789, 10251] =: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs¢ € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?Zthesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
2c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?F's
by auto
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next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{3,4,5},{0,1,2,3},{0,1,2.4},{0,1,2,5},{0,1,3,4},{0,1,2,3.4 },{0.
set set) (is —~ FC-family ?Fc)
proof—
let ?Fs1 = {{}7{0}’{1}7{071}7{2}7{072}7{172}a{0a172}7{3}7{073}7{1vg}a{oa-l73}7{273}3{0a2’3}7{172a3}a{‘
set set
let ?Fs2 = {{}.{0},{1}.,{0,1},{2},{0,2},{1,2},{0,1,2}.{0,1,2,3} {4 }.{0.4 }.{1,4}.40,1,4},{2,4},{0,2.4}
set set
let 2Fs3 = {{},{0},{1},{0,1},12},{0,2},11,2},{0,1,2},18},{0,3}.{1,8},{0,1,3},12,8},{0,2,3}.{1,2,3}.{
set set
let ?F'sy = {{}{2}.{0.1,2},{3}.{2.3}.{0.1,2,3} {4 }.{2.4}.{0.1,2,4}.{3,4}.{0,1,5,4}.{2,5,4}.{0,1,2,3 4
set set
let ?Fs5 = {{},{0},{1},{0,1},{0,1,2},{3},{0,3},{1,8}.{0,1,3},{0,1,2,3} {4 }.{0:4 }.{1,4}.{0,1,4},{0,1:
set set
let ?Fs = [9Fs1, 9Fs2, ?Fs3, ?Fsj, ?Fs5|
let ?c = [3, 5, 5, 15, 5] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs4 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
ultimately
show “thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
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by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [simp]: ~ FC-family ({{}{0,1,2},{3,4,5}.{0,1,2,3},{0,1,2,4}.{0,1,3,4},10,3,4,5}.{0,1,2,3.4}.{0.
set set) (is -~ FC-family ?F'c)
proof—
let ?Fst = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2}.,{0,1,2,3} {4 }.{0.4 }.{1,4}.{0,1,4},{2,4},{0,2.4}
set set
let ?Fs2 = {{} {0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3}.{
set set
let ?Fs3 = {{}.{1},{2}.{1,2},{0,1,2},{3}.{1,3}.{2,8}.{1,2,3},{0,1,2,3} {4 }.{ 1.4 }.{2,4 }.{1,2,4 },{0,1:
set set
let ?Fsj = {{}7{0}7{2}7{072}7{07152}5{3}5{073}7{273}7{07253}>{0717253}7{4}5{0>4}7{274}7{&2;4}7{071’:
set set
let 7Fs5 = {{}.{0},{1}.{0,1},{0,1,2},{3},{0,5},{1,5},{0,1,3},{0,1,2,3}, {4 }.{0,4 }.{1,4}.{0,1,4}.{0,1:
set set
let ?Fs6 = {{},{0},{1},{0,1},{0,1,2},{3},{0,3},{1,8}.{0,1,3},{0,1,2,3} {4 }.{0,4}.{1,4}.{0,1,4},{0,1:
set set
let ?Fs = [?Fsl, 9Fs2, 9Fs3, ?Fsj, ?Fs5, ?Fs0)|
let 7c = [212, 212, 264, 231, 31, 205] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
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moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1))
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,3},{0,1,2,3},{0,1,2,4},{0,1,2,5},{0,1,3,4},{0,1,3,5},{0,1,
set set) (is —~ FC-family ?Fc)
proof—

let ?FS‘Z = {{}7{1}’{2}7{1’2}7{07132}7{3}’{173}’{07173}’{2’3}7{1’273}’{031’273}’{4}7{1’4}’{2’4}7{1’27‘

set set

let 7Fs2 = {{},{0}.{2}.10.2},{0.1,2},{3}.{0,3}.,10,1,3}.12,3},{0.2,3},{0.1,2,3} {14 }.,{0.4}.{2,4}.10,2..

set set

let ?Fs3 = {{}{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2}{0,1,3},{0,1,2,8} {4 }.{0.4}.{1,4}.{0,1,4}{2.4}

set set

let ?Fsf = {{},{0}{1}{0,1},{0,1,2}{5}{0,3}.{1,3},{0,1,5},{0,1,2,5}{4}{0,4}.{1.,4},{0,1,4},{0,1,;

set set

let ?Fs5 = {{},{0},{1}.{0,1}{2}.,{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,5},{
set set

let ?Fs6 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3},{0,3},{1,3},{0,1,3},{2,3},{0,2,83},{1,2,3},{
set set

let ?Fs = [?Fsl, ?Fs2, 9Fs3, ?Fsj, ?Fs5, ?Fs6]

let 7c = [8420, 7380, 3448, 3448, 662, 662] :: nat list

show ?thesis

proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
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show V F € set ?Fs. F' € {?Fc|}
proof—
have ?Fs1 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} ))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [simp]: = FC-family ({{}.{0,1,2},{5.4,5}{0,1,2,3}{0,1,2,4}{0,1,2,5}{0,5.4,5}{0,1.2,3,4} {0,
set set) (is -~ FC-family ?F'c)
proof—

let 7Fs1 = {{}.{0},{1},10,1},{2}.10,2}.{1,2),{0,1,2},{3}.{0,8}.{1,3}.{0,1,3}.{2,3),{0,2,8},{1,2,3}.{

set set

let 7Fs2 = {{}.{0},{1}.{0,1}{2}.{0,2}{1,2},{0,1,2},{0,1,2,5} {4 }.{0,4}{1,4}.{0,1,4},{2,4}.{0,2,4}

346



set set
let 7Fs3 = {{}.{1},{2}.{1,2},{0,1,2}.{3},{1,5},{2,5}.{1,2,3}.{0,1,2,3} {4 }.{ 1,4} {24 }.{1,2,4 }.{0,1,:
set set
let ?Fs) = {{},{0},{1}.{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set
let ?Fs5 = {{},{0},{0,1,2},{3}.,{0,3}.,{0,1,2,3},{4}.{0,4}.{0,1,2,4}.{5,4},{0,3,4}.{0,1,2,3,4},{5},{0.:
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5|
let %c = [3, 8, 4, 3, 8] :: nat list
show %thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %))
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]:nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
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qed

lemma [simp]: = FC-family ({{}.{0,1,2Y,{3.4,51.0,1,2,3Y,00.,1,2.4},40,3,4,5Y.01,3.4.5},{0,1,2,3 .4 }.{0.
set set) (is - FC-family ?Fc)
proof—
let 2Fs1 = {{},{0},{1},{0,1},{2},{0,2}{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,5},{2,3},{0,2,3},{1,2,3},{
set set
let 7752 = {{}.{0}{1}.40.1}.421.40,21.41,21.40.1,21,{0,1,2,51 {41 {041 {1 410,14 1,02,41.00.2.4)
set set
let ?Fs3 = {{}.{1},{2},{1,2},{0,1,2},{3}.{1,3}.{2,8}.{1,2,3},{0,1,2,3} {4 }.{ 1.4 }.{2,4 }.{1,2,4 },{0,1:
set set
let ?Fsj = {{}.{0},{2}.{0,2},{0,1,2}.{3},{0,5},{2,5},{0,2,3},{0,1,2,3},{4 }.{0,4 }.{2,4}.{0,2,4 }.{0,1:
set set
let ?Fs5 = {{},{0},{1},{0,1},{0,1,2},{3},{0,3}.{1,8}.0,1,3},{0,1,2,3} {4 }.{0,4}.{1,4}.{0,1,4},{0,1:
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5|
let %c = [44, 49, 50, 50, 70] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %))
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} ))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J 2Fc. sum-list (map (X (z, y). int x * y) (z2ip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?F's
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by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{5,4,5},{0,1,2,3},{0,1,2,4},{0,1,2,5},{0,3,4,5},{0,1,2,3,4},{0.
set set) (is =~ FC-family ?Fc)

roof—
Flot 2751 — (0403 {13,{0,13,{21,{0,2},41,2}.0,1,2},{3}.{0,3},{1,3},{0,1,8}.12,3},10,2,3},{1,2,3}.{
set set

let ?Fs2 = {{}{0},{1},{0,1},{2}{0,2}{1,2}{0.,1,2}{0,1,2,3} {4} {0.4}{1,4}.{0,1,4}{2,4}.{0,2.4}
set set

let 7Fs3 = {{}.{1},{2}.{1,2}.{0,1,2}.{3},{1,5},{2,5}.{1,2,3},{0,1,2,3} {4 }.{ 1,4} {24 }.{1,2,4 }.{0,1,:
set set
let ?Fs) = {{},{0},{1}.{0,1}{2},{0,2},{1,2},{0,1,2},{3},{0,3},{1,5},{0,1,3},{2,5},{0,2,3},{1,2,3},{
set set
let ?Fs5 = {{}.{0},{1}.{0,1},{0,1,2}{3},{0,5},{1,5},{0,1,3},{0,1,2,3} {4 }.{0,4}.{1.4}.{0,1,4}.{0,1,:
set set
let ?Fs6 = {{},{0},{2},{0,2},{0,1,2}.{3},{0,3},{2,3},{0,2,3}.{0,1,2,3},{4},{0,4 }.{2,4 },{0,2,4},{0,1,:
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = [18, 18, 27, 18, 22, 22] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs4 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
ultimately
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show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [Slmp]: - FC_faley ({{}7{07172}7{0’1 73}7{071’273}7{071’274}7{071’275}7{071’374}7{071’375}7{071’
set set) (is - FC-family ?Fc)
proof—

let ?Fs1 = {{},{2},{0,1,2},{3},{0,1,8},{2,3},{0,1,2,3}{4}.{2,4 }.{0,1,2,4 }.{3,4}.{0,1,3,4},{2,3.4 }.{(

set set

let ?FSQ = {{}7{0}’{1}7{0’1}7{2}7{072}7{172}’{0’172}7{3}7{073}7{1?3}’{0’173}7{273}’{0’2’3}7{172’3}’{‘
set set

let 7Fs3 = {{},{0}.{0,1,2},{3}.{0,5},{0,1,3},{0,1,2,3},{4}.{0.4}.{0,1,2,4}.{3.4}.{0,5,4},{0,1,3,4 }.{
set set
let ?F54 = {{},{1},{0,1},{0,2},{1,2},{0,1,2},{3},{1,3},{0,1,3},{2,3},{0,2,3},{1,2,3},{0,1,2,3},{4},{(
set set
let ?Fs5 = {{} {0} {1}.{0,1}{0.1,2} {5}.{0,5}{1,3},{0,1,3},{0,1,2,3} {4}{0.4}{1,4}.{0,1,4},{0,1;
set set
let 2Fs6 = {{},{0}.{1}.{0.1},{2}.{0.2}.{1,2}.00.1,2}.00,1.8},{0.1,2,8} {4 1004} {1 4}.{0.1.4} (2.4}
set set
let ?Fs = [?Fs1, 9Fs2, 9Fs3, ?Fsj, ?Fs5, ?Fs0)|
let %c = [118, 6, 1, 6, 15, 16] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c])
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
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moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs6 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: = FC-family ({{},{0,1,2},{0,3.4},{0,1,2,3}.{0,1,2,4},{0,1,2,5},{0,1,3,4},{0,3.4,5},{0.1,
set set) (is —~ FC-family ?Fc)
proof—

let ?Fs1 ={{} {1}{2}.{1.2}{0,1,2} {3}{1.5}.{2,3}{1,2,3}.{0,1,2,53} {4} {1.4}.{2.4}{1.2,4}.{0,1,
set set

let ?Fs2 = {{2,3,4},{0,2,3,4},{0,1,2,5’,4},{0,2,374,5},{0,172,3,4,5}}:%(11& set

set

let 7Fs3 = {{}.{0},{2}.{0,2},{0,1,2},{3}.,{0,5},{2,5},{0,2,3},{0,1,2,5},{4 }.{0,4}.{2,4},{0,2,4 }.{0,1:

set set

let ?Fsy = {{} {0} {1}.40,1}.{2},{0,2},{1,2},{0,1,2},{0,1,2,3},{4 1404 }.{1,4},{0,1,4},{2,4},{0,2,4 }

set set

let 2Fs5 = {{},{0}.{1},{0,1}.{2}.,{0,2},{1,2},{0,1,2}.{3}.{0,3}.{1,3}.{0,1,3},{2.3}.{0,2,3}.,{1,2,5} .{

set set
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let 7Fs6 = {{}.{0},{1}.{0,1},{0,1,2}.{3}.,{0,5},{1,5},{0,1,3},{0,1,2,3} {4 }.{0,4 }.{1.4}.{0,1,4}.{0,1,:
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let %c = [65, 1, 84, 29, 29, 30] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)
show V F € set ?Fs. F' € {?Fc|
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fsy € {?Fc|}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥V a € |J ?Fc. sum-list (map (X (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged
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lemma [simp]: = FC-family ({{},{0,1,2},{0,1,3},{2.,4,5},{0,1,2,3Y,{0,1,2,4,5},{0,1,3,4,5},{0,1,2,3,4.,5]
set set) (is -~ FC-family ?F'c)
proof—
let ?Fs1 = {{},{0},{1},{0,1},{0,1,2},{3},{0,3},{1,8}.{0,1,3},{0,1,2,3} {4 }.{0,4}.{1,4}.{0,1,4},{0,1,:
set set
let 7Fs2 = {{},{2},{0,1,2},{3}.{0,1,3},{2,5},{0,1,2,3}.{4}.{2,4}.{0,1,2,4}.{3,4}.{0,1,3,4 }.{2,3,4 } {(
set set
let 7Fs5 = {{}7{0}7{1}7{071 }7{2}7{072}7{1 72}1{0a] 72}7{3}7{073}7{1 73}a{0a1 73}7{273}7{0a273}7{1 72a3}’{‘
set set
let ?Fs4 = {{}7{0}7{1 }’{071 }7{2}7{072}’{1 ’2}7{0a1 72}7{0’1 53}7{071 a2a3}>{4}a{0a4 }7{1 4 }7{0v1 4 }’{274}
set set
let ?Fs = [?Fs1, 9Fs2, ?Fs3, ?Fsj|
let ¢ = [8, 22, 7, 4] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic { union-closed-tac @{context} 1 )))
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qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,3},{2.,4,5},{0,1,2,3},{0,1,2,3,4}.{0,1,2,3,5},{0,1,2,4,5}{
set set) (is -~ FC-family ?Fc)
proof—

let :?FSI = {{}7{0}7{1}7{071}7{07132}7{3}3{073}7{173}7{07]’3}7{07172’3}7{4}’{074}7{174}7{071’4}7{0717’2

set set

let ?Fs2 = {{},{2},{0,1,2},{3},{0,1,3}.{2,3}.{0,1,2,3} {4 }.{2,4 }.{0,1,2,4 }.{3,4},{0,1,3.4}.{2,3,4 } {(

set set

let 7Fs3 = {{}.{0}.{1},10,1}.{2}.10,2}.{1,2},{0,1,2},{3}.{0,5}.{1,3}.{0,1,3}.{2,3}.{0,2,8}.{1,2,3}.{

set set
let ?FS4 = {{}7{0}’{1}7{0’1}7{2}7{072}7{172}’{0’172}7{3}7{073}7{173}’{0’173}7{273}’{0’2’3}7{172’3}’{‘
set set
let ?Fs5 = {{},{1}.{2}.{1,21.{0,1,2}{3},{1,9},0,1,3},{2,3}.{1,2,9},{0,1,2,3} . 14} {1 .4} {24 }.{1.2..
set set

let 2Fs6 = {{},{0},{2},{0,2),10,1,2},{3},10,3},{0,1,3},12,3},{0,2,3},10,1,2,3},{3,43,10,3,4},{0,1,3,
set set
let ?Fs7 = {{},{0}.{2}.{0,2},{0,1,2}{3}.{0,3}.{0,1,5},{2,3}.{0,2,3},{0,1,2,3},{4}.{0.4}.{2.4}.{0,2..
set set
let ?Fs8 = {{},{0},{1},{0,1},{2},{0,2},{1,2},{0,1,2},{0,1,3},{0,1,2,3} {4 }.40.4 }{1,4}.{0,1,4}.{2.4}
set set
let 9Fs = [?Fs1, 9Fs2, 9Fs3, 9Fsj, ?Fs5, ?Fs6, ?Fs7, ?Fs8)|
let 7c = [34, 77, 13, 13, 8, 1, 7, 17] = nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c])
show V F € set ?Fs. F' € {?Fc]}
proof—
have ?Fs1 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs4 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic {{ union-closed-extension-tac @Q{context} )
moreover
have ?Fs6 € {?Fc|}
by (tactic { union-closed-extension-tac @{context} )))
moreover
have ?Fs7 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
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have ?Fs8 € {?Fc}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac @Q{context} @Q{term [0..<6]::nat
list} 1))
next
show Jwj€List.set ?c. 0 < wj
by auto
next
show length ?c = length ?F's
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp|: - FC-family ({{},{0,1,2},{0,1,3},{2,4,5},{0,1,2,3},{0,1,2,4},{0,1,2,3,4},{0,1,2,4,5},{0.

set set) (is -~ FC-family ?F'c)
proof—

let ?Fs1 = {{}.{0},{1},{0,1},{0,1,2}{3}.{0,3},{1,8}.,{0,1,3},{0,1,2,8}.{4},{0,4}.{1,4}.{0,1,4},{0,1:

set set

let ?Fs2 = {{},{2},{0,1,2},{3},{0,1,3}.{2,3}.{0,1,2,3} {4 }.{2,4 }.{0,1,2,4 }.{3,4}.{0,1,3.4 }.{2, 3,4 } {(

set set

let ?Fsg = {{}7{0}’{1}7{0’1}7{2}’{072}7{172}’{0)172}7{3}7{073}7{1’3}3{0’173}7{273}’{0’2’3}7{17233}’{‘

set set

let ?Fsy = {{},{0},{2}.{0,2},{0,1,2},{3},{0,3},{0,1,3},{2,3},{0,2,3},{0,1,2,3}{4 }.{0,4},{2,4},{0,2..

set set

let ?Fs5 = {{}.{0},{1}.{0,1},{2}.{0,2}{1,2},{0,1,2},{0,1,3},{0,1,2,8} {4} {04} .{1,4}.{0,1,4}{2.4}

set set

let ?Fs6 ={{5}.{1,6}.{2,6}.{1,2,56},{0,1,2,5},{0,1,5,5},{0,1,2,3,5},{4,5}{1,4,5}.{2,4,5}.{1,2,4.5}

set set

let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5, ?Fs6]
let ?c = [59, 151, 25, 1, 39, 4] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c|)

show V F € set ?Fs. F € {?Fc|}

proof—

have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
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moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs6 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwj€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qged

lemma [simp|: = FC-family ({{},{0,1,2},{0,1,3},{2,4,5},{0,1,2,5},{0,1,3,4},{0,1,2,3,4},{0,1,2,4,5},{0.

set set) (is - FC-family ?Fc)
proof—

let ?Fs1 = {{},{0},{1},{0,1},{0,1,2}.{3},{0,3},{1,8},{0,1,3},{0,1,2,8},{4},{0,4 }.{1,4},{0,1,4},{0,1,:

set set

let ?FSQ = {{}7{0}’{1}7{0’1}7{2}’{072}7{172}3{0’172}7{3}7{073}7{173}’{0’173}7{273}’{0’2’3}7{172’3}’{‘

set set

let ?Fs3 = {{},{2},{0,1,2},{3},{0,1,3}.{2,3}.{0,1,2,3}, {4 }.{2,4 }.{0,1,2,4}.{3,4}.{0,1,3.4 }.{2, 3,4 } {(

set set

let ?Fs4 = {{},{0},{1}.{0,1}{2}.{0,2}.{1,2},{0,1,2},{3}.,{0,3},{1,5},{0,1,3},{2,3},{0,2,3},{1,2,3}.{
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set set
let 7Fs5 = {{}7{0}’{1 }7{0’1 }7{2}’{072}7{1 72}3{0a1 a2}7{071 ,3},{0,1 72%?}’{4};{0’4 }’{1 4 }7{07] 4 }7{2a4}
set set
let ?Fs = [?Fsl, ?Fs2, ?Fs3, ?Fsj, ?Fs5)|
let %c = [37, 16, 110, 14, 21] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = %c|)
show V F € set ?Fs. F € {?Fc|}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs2 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fs3 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fsj € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
moreover
have ?Fs5 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def )
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (X (z, y). int x * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic {{ nonFC-is-system-solution-tac Q{context} @Q{term [0..<6]::nat
list} 1)
next
show Jwj€ List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (|J ¢Fc)
by auto
next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,3},{2,4,5},{0,1,2,3}{2,3,4,5},{0,1,2,4,5},{0,1,2,3,4,5}}:
set set) (is — FC-family ¢Fc)
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proof—
let 7Fs1 = {{}L01AT 10,1 1,00,1, 21 (310,91 1,5100,1,91,00,1,2,3 LA} L0414 1A 140,14 1401,
set set
let ?Fs2 = {{}.{0},{1}.{0,1},{2},{0,2},{1,2},{0,1,2},{0,1,3},{0,1,2,3} {41404 }.{1,4}.{0,1,4}.{2.4}
set set
let ?Fs3 = {{},{2},{0,1,2},{3}.,{0,1,3},{2,5},{0,1,2,3}.{4}.{2,4}.{0,1,2,4}.{3,4}.{0,1,3,4 }.{2,3,4 } {(
set set
let 7Fs) = {{}.{21.00, 1,21, {31,{0,1,8},{2,91,10,1,2,9},12,4,51,00,1,2,4,5}1,12,3,4,51,10,1,2,9,4,5 )}
set set
let 2Fs5 = {{},{0,1},{2},{0,1,2}.{3},{0,1,3},{2,3}.10,1,2,3}.12.4,5}.10,1,2,4.,5}.12,3.4,5}.{0,1,2.,3 4
set set
let ?Fs = [9Fs1, 9Fs2, ?Fs3, ?Fsj, ?Fs5|
let ?c = [16, 7, 36, 2, 28] :: nat list
show ?thesis
proof (rule nonFC|where Fs = ?Fs and ¢ = ?c])
show V F € set ?Fs. F € {?Fc]}
proof—
have ?Fs1 € {?Fc|}
by (tactic {{ union-closed-extension-tac @Q{context} )))
moreover
have ?Fs2 € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs8 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} )))
moreover
have ?Fsj € {?Fc|}
by (tactic {{ union-closed-extension-tac @{context} )))
moreover
have ?Fs5 € {?Fc}
by (tactic { union-closed-extension-tac @Q{context} ))
ultimately
show ?thesis
by (simp del: union-closed-extensions-def)
qed
next
show let Fs = ?Fsin ¥ a € |J ?Fc. sum-list (map (A (z, y). int & * y) (zip
?c (map (frankl-fun a) Fs))) < 0
by (tactic { nonFC-is-system-solution-tac @Q{context} Q{term [0..<6]::nat
list} 1)
next
show Jwje€List.set ?c. 0 < wyj
by auto
next
show length ?c = length ?Fs
by auto
next
show finite (| ?Fc)
by auto
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next
show union-closed ?Fc
by (tactic {{ union-closed-tac @{context} 1 )))
qed
qed

theorem V F € set nonF'C6. = FC-family (f-to-set-1 F)
unfolding nonFC6-def
by (simp del: One-nat-def)

end

20 Proof that all families are covered

theory FC6
imports FC6-Data LPartitioninglrreducibleNonFCsCoveredImpl
begin

definition FC6-perms where
FC6-perms = map (A F. map (\ p. permute-family-l p F) (permute [0..<6]))
FC6

definition nonFC6-perms where
nonFC6-perms = map (A Ne. map (X p. close-insert-empty-l (permute-family-1
p Nc)) (permute [0..<6])) nonFC6

lemma L-part-6:
assumes |J F C {0..<6::nat}
shows 3 n0 nl n2 n3 nj nd nb.
is-L-part 6 [n0, nl, n2, n3, n4, nd, n6] F A
nd <1 Anl <6AR2<15ANE < 20An4 <15An5 < 6ANN6<L< 1
using assms
proof—
{
fix A
assume A € F
hence card A < card (J F)
using card-mono[of | F 4] finite-subset[of |J F {0..<6:nat}] assms
by (smt Union-upper card-atLeastLessThan card-mono finite-atLeastLess Than)
hence card A < 7
using assms card-monolof {0..<6::nat} |J F]
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by auto

}

moreover

have 6 choose 2 = 15 6 choose 3 = 20 6 choose 4 = 15 6 choose 5 = 6
by eval+

ultimately

show ?thesis
unfolding is-L-part-def
apply (rule-tac z=card {A € F. card A = 0} in exl)
apply (rule-tac x=card {A € F. card A = 1} in exl)
apply (rule-tac x=card {A € F. card A = 2} in exl)
apply (rule-tac x=card {A € F. card A = 3} in exl)
apply (rule-tac x=card {A € F. card A = 4} in exl)
apply (rule-tac z=card {A € F. card A = 5} in exl)
apply (rule-tac x=card {A € F. card A = 6} in exl)
using assms
apply auto
apply (subgoal-tac Suc (Suc (Suc (Suc (Suc (Suc (Suc 0)))))) = 7)
apply metis
apply simp
apply (case-tac n=0, simp)
apply (case-tac n=1, simp)
apply (case-tac n=2, simp)
apply (case-tac n=3, simp)
apply (case-tac n=4, simp)
apply (case-tac n=>5, simp)
apply (case-tac n=6, simp)
apply simp
using n-subsets-ub[of F 6 0]
apply simp
using n-subsets-ub[of F 6 1]
apply simp
using n-subsets-ub[of F 6 2]
apply simp
using n-subsets-ublof F 6 3]
apply simp
using n-subsets-ub[of F 6 4]
apply simp
using n-subsets-ub[of F 6 5]
apply simp
using n-subsets-ub[of F 6 6]
apply simp
done

qed

theorem enum-rec-notFCs-covered-I:
assumes enum-rec-notFCs-covered-l FC6-perms [0, nl, n2, n3, n4, nd, n6] 6
(permute [0..<6]) = |]
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shows V F € L-part 6 [0, n1, n2, n3, n4, nd, n6]. FCs-covered (fs-to-set-l FC6)
F

proof—
have [| ¢ set FC6 dmf FC6 ¢ sdff FC6
by eval+

thus ?thesis
using assms
using enum-rec-notFCs-covered-l-iso-representing-subset|of FC6-perms 6 FC6
[0, nl, n2, n3, n4, n5, nb]]
unfolding FC6-perms-def iso-represents-def
by simp
qed

lemma FC-0000560:
shows V F € L-part 6 [0, 0, 0, 0, 5, 6, 0]. FCs-covered (fs-to-set-l FC6) F
proof (rule enum-rec-notFCs-covered-l)
show enum-rec-notFCs-covered-l FCG-perms [0, 0, 0, 0, 5, 6, 0] 6 (permute
[0.<6]) =]
by eval
qed

lemma FC-0000700:
shows V F € L-part 6 [0, 0, 0, 0, 7, 0, 0]. FCs-covered (fs-to-set-l FC6) F
proof (rule enum-rec-notFCs-covered-l)
show enum-rec-notFCs-covered-l FC6-perms [0, 0, 0, 0, 7, 0, 0] 6 (permute
[0.<6]) =[]
by eval
qed

lemma FC-0001650:
shows V F € L-part 6 [0, 0, 0, 1, 6, 5, 0]. FCs-covered (fs-to-set-l FC6) F
proof (rule enum-rec-notFCs-covered-l)
show enum-rec-notFCs-covered-l FCG-perms [0, 0, 0, 1, 6, 5, 0] 6 (permute
[0.<6]) =]
by eval
qed

lemma FC-0002060:
shows V F € L-part 6 [0, 0, 0, 2, 0, 6, 0]. FCs-covered (fs-to-set-l FC6) F
proof (rule enum-rec-notFCs-covered-l)
show enum-rec-notFCs-covered-l FC6-perms [0, 0, 0, 2, 0, 6, 0] 6 (permute
[0.<6]) =[]
by eval
qed

lemma FC-0005040:

shows V F € L-part 6 [0, 0, 0, 3, 0, 4, 0]. FCs-covered (fs-to-set-l FC6) F
proof (rule enum-rec-notFCs-covered-l)
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show enum-rec-notFCs-covered-l FCG-perms [0, 0, 0, 3, 0, 4, 0] 6 (permute
[0..<6]) = ]
by eval
qed

lemma FC-0003230:
shows V F € L-part 6 [0, 0, 0, 3, 2, 3, 0]. FCs-covered (fs-to-set-l FC6) F
proof (rule enum-rec-notFCs-covered-l)
show enum-rec-notFCs-covered-l FC6-perms [0, 0, 0, 3, 2, 8, 0] 6 (permute
[0.<6]) =[]
by eval
qed

lemma FC-0003300:
shows V F € L-part 6 [0, 0, 0, 3, 3, 0, 0]. FCs-covered (fs-to-set-l FC6) F
proof (rule enum-rec-notFCs-covered-1)
show enum-rec-notFCs-covered-l FCG-perms [0, 0, 0, 3, 3, 0, 0] 6 (permute
[0..<6]) =[]
by eval
qed

lemma FC-0004000:
shows V F € L-part 6 [0, 0, 0, 4, 0, 0, 0]. FCs-covered (fs-to-set-l FC6) F
proof (rule enum-rec-notFCs-covered-l)
show enum-rec-notFCs-covered-l FC6-perms [0, 0, 0, 4, 0, 0, 0] 6 (permute
[0.<6]) =[]
by eval
qed

lemma FC-0010000:
shows V F € L-part 6 [0, 0, 1, 0, 0, 0, 0]. FCs-covered (fs-to-set-l FC6) F
proof (rule enum-rec-notFCs-covered-1)
show enum-rec-notFCs-covered-l FCG-perms [0, 0, 1, 0, 0, 0, 0] 6 (permute
[0..<6]) =[]
by eval
qed

lemma FC-0100000:
shows V F € L-part 6 [0, 1, 0, 0, 0, 0, 0]. FCs-covered (fs-to-set-l FC6) F
proof (rule enum-rec-notFCs-covered-l)
show enum-rec-notFCs-covered-l FC6-perms [0, 1, 0, 0, 0, 0, 0] 6 (permute
[0.<6]) =[]
by eval
qed

definition all-FC-partitions :: nat list list where
all-FC-partitions =

[
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definition notAllFC-partitions where
notAllFC-partitions = {L'. [1, 6, 15, 20, 15, 6, 1] = L' A = (3 S € set all-FC-partitions.
L' = 8)}

lemma notAllFC-partitions-remove-empty:
assumes [1, nl, n2, n8, nj, nd, n6] € notAllFC-partitions (is ?L € -)
shows [0, n1, n2, n3, n4, n5, n6] € notAllFC-partitions (is L' € -)
using assms
unfolding notAllFC-partitions-def all-FC-partitions-def
by (auto simp add: pwge-Cons pwge-Nil)

theorem notAllFC-partitions:

assumes V L F. L € notAllFC-partitions AN hd L = 0 N F € L-part-irreducible
6 L — covered F N' F

F = fs-to-set-l FC6

shows V F.|J F C {0..<6:nat} — covered F N' F

proof(rule all-irreducible-covered-all-covered)
show V F. irreducible F AN |J F C {0..<6:nat} — covered F N F
proof (safe)
fix F
assume |J F C {0..<6::nat} irreducible F
then obtain n0 n! n2 n3 n4 n5 n6 where is-L-part 6 [n0, nl, n2, n3, n4,
nd, n6] Fand x: n0 < 1nl <6n2 <1503 <20n4f <15n5 <6n6 <1
using L-part-6]of F]
by auto
let L = [n0, n1, n2, n3, n4, n5, nb]
have xx: [1, 6, 15, 20, 15, 6, 1] = [n0, n1, n2, n3, n4, nd, nb)
using x
by (simp add: pwge-Cons)
show covered F N' F
proof (cases 3 L' € set all-FC-partitions. ?L = L)
case Fulse
show ?thesis
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proof (cases n0 = 0)
case True
thus ?thesis
using assms(1)[rule-format, of ?L F) <rreducible F) <is-L-part 6 ?L F) (-
(3 L' € set all-FC-partitions. 7L = L')y *x
unfolding notAllFC-partitions-def
by auto
next
case Fulse
hence n0 = 1
using n0 < Id
by auto
show ?thesis
proof (subst covered-remove-empty)
show finite F
using (is-L-part 6 7L F)
by (simp add: is-L-part-finite)
next
let ?L' = [0, n1, n2, n3, n4, ns, nb]
have ?L € notAllFC-partitions
using xx = (3 L' € set all-FC-partitions. ?L = L")y 0 = 1)
unfolding notAllFC-partitions-def
by simp
hence ?L’' € notAllFC-partitions
by (subst (asm) n0 = 1)) (rule notAllFC-partitions-remove-empty)
moreover
have hd ?L' = 0
by simp
moreover
have is-L-part 6 ?L' (F — {{}})
using «s-L-part 6 ?L F)
using is-L-part-remove[of {} F 6 ?L] (0 = D
using is-L-part-empty-mem[of 6 ?L F|
by auto
moreover
have irreducible (F — {{}})
using «rreducible F)
by (auto simp add: reducible-def)
ultimately
show covered F N (F — {{}})
using assms(1)[rule-format, of ?L’)
by simp
qed simp
qed
next
case True
then obtain L where L € set all-FC-partitions ?L > L
unfolding all-FC-partitions-def
by auto
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show ?thesis
proof—
{
assume ?L > [0, 0, 0, 0, 5, 6, 0]
hence covered F N' F
using <is-L-part 6 ?L F) assms(2)
unfolding covered-def
using FC-0000560
using pwge-FCs-covered|of 6 - F ?L]
by auto

}

moreover
{
assume ?L > [0, 0, 0, 0,7, 0, 0]
hence covered F N' F
using <is-L-part 6 ?L F) assms(2)
unfolding covered-def
using FC-0000700
using pwge-FCs-covered|of 6 - F ?L]
by auto

}

moreover
{
assume ?L > [0, 0,0, 1,6, 5, 0]
hence covered F N F
using <is-L-part 6 ?L F) assms(2)
unfolding covered-def
using FC-0001650
using pwge-FCs-covered|of 6 - F ?L]
by auto

}

moreover
{
assume ?L = [0, 0, 0, 2, 0, 6, 0]
hence covered F N F
using <is-L-part 6 ?L F) assms(2)
unfolding covered-def
using FC-0002060
using pwge-FCs-covered|of 6 - F ?L]
by auto

}

moreover
{
assume ?L = [0, 0, 0, 3, 0, 4, 0]
hence covered F N' F
using (is-L-part 6 ?L F) assms(2)
unfolding covered-def
using FC-0003040
using pwge-FCs-covered|of 6 - F ?L]
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by auto

}

moreover
{
assume ?L > [0, 0, 0, 3, 2, 3, 0]
hence covered F N F
using (is-L-part 6 ?L F) assms(2)
unfolding covered-def
using FC-0003250
using pwge-FCs-covered|of 6 - F ?L]
by auto

}

moreover
{
assume ?L > [0, 0, 0, 3, 3, 0, 0]
hence covered F N' F
using (is-L-part 6 ?L F) assms(2)
unfolding covered-def
using FC-0003300
using pwge-FCs-covered|of 6 - F ?L]
by auto

}

moreover
{
assume ?L > [0, 0, 0, 4, 0, 0, 0]
hence covered F N' F
using <is-L-part 6 ?L F) assms(2)
unfolding covered-def
using F'C-0004000
using pwge-FCs-covered|of 6 - F ?L]
by auto

}

moreover
{
assume ?L > [0, 1, 0, 0, 0, 0, 0]
hence covered F N' F
using <(is-L-part 6 ?L F) assms(2)
unfolding covered-def
using FC-0100000
using pwge-FCs-covered|of 6 - F ?L]
by auto

}

moreover
{
assume ?L = [0, 0, 1, 0, 0, 0, 0]
hence covered F N' F
using <is-L-part 6 ?L F) assms(2)
unfolding covered-def
using FC-0010000
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using pwge-FCs-covered|of 6 - F ?L]
by auto
}
ultimately
show ?thesis
using <L € set all-FC-partitions) <?L »= L»
unfolding all-FC-partitions-def
by auto
qed
qed
qed
qed

theorem
shows V F. |J F C {0..<6:nat} — covered (fs-to-set-l FCG6) (fs-to-set-l
nonFC6) F

proof (rule notAllFC-partitions)
show VL F. L € notAllFC-partitions N
hd L = 0 N F € L-part-irreducible 6 L —>
covered (fs-to-set-l FCG) (fs-to-set-l nonFC6) F
proof (safe)
fix L and F::nat set set
assume L € notAllFC-partitions hd L = 0 irreducible F is-L-part 6 L F

let ?mazL = [0, 6, 15, 20, 15, 6, 1]
let ?stops = all-F'C-partitions
let 2X = {L" %mazl = L' A = (3 S € set ?stops. L' = S)}
let ?perms = permute [0..<6]
from (L € notAllIFC-partitions) <hd L = 0)
have L € ¢X
unfolding notAllFC-partitions-def
by (cases L) (simp add: pwge-def, auto simp add: pwge-Cons)
moreover
have V S€set all-FC-partitions. length S = 7 [| ¢ set FC6 dmf FC6 6 sdff FC6
unfolding all-FC-partitions-def
by eval+
ultimately
obtain B where
B € set (enum-dp-irreducible-notFCs-covered-l FC6-perms 6 ?perms ?stops
?mazL)
iso-representing-subset (fs-to-set-l B) (L-part-irreducible-notFCs-covered (fs-to-set-1
FC6) 6 L)
using enum-dp-irreducible-notFCs-covered-l-iso-representing-subsets[of FC6-perms
permute [0..<6] FC6 ?X ?mazL ?stops 6]
by (auto simp add: FC6-perms-def)

show covered (fs-to-set-l FC6) (fs-to-set-l nonFC6) F
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proof (rule iso-represents-L-part-irreducible-notFCs-covered|rule-format])
show F' € L-part-irreducible 6 L
using «s-L-part 6 L F) (irreducible F)
by simp
next
fix N
assume N € fs-to-set-l nonF'C6
thus finite (|J N)
by auto
next
show iso-representing-subset (fs-to-set-l B) (L-part-irreducible-notFCs-covered
(fs-to-set-l FC6) 6 L)
by fact
next
fix F
assume F € fs-to-set-l B
moreover
have x: V B € set (enum-dp-irreducible-notFCs-covered-l FC6-perms 6
(permute [0..<6]) all-FC-partitions [0, 6, 15, 20, 15, 6, 1]). V F € set B.
nonFCs-covered-l-opt nonFC6-perms F
by eval
have dmf nonFC6 6
by eval
hence V B € set (enum-dp-irreducible-notFCs-covered-l FC6-perms 6 (permute
[0..<6)) all-FC-partitions [0, 6, 15, 20, 15, 6, 1]).V F € fs-to-set-l B. nonFCs-covered
(fs-to-set-1 nonFC6) F
using
using nonFCs-covered-l-soundness|of permute [0..<6] 6 ]
by (subst (asm) nonFCs-covered-l-opt[of nonFC6-perms permute [0..<6]
nonFC6]) (auto simp add: list-ex-iff isPermutation-permute nonFC6-perms-def)
ultimately
show nonFCs-covered (fs-to-set-l nonFC6) F
using (B € set (enum-dp-irreducible-notFCs-covered-l FCG-perms 6 ?perms
Zstops ?maxl))
by auto
qed
qged
qed simp

definition all-nonFC-partitions where
all-nonFC-partitions =

[

[0, 0
[0, 0
[0, 0,
[0, 0
[0, 0
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