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1 Combinatorics

theory Combinatorics

imports Main
HOL— Library. Permutation
HOL- Library.List-lexord
More.MoreList

begin

1.1 Generating all permutations

primrec interleave :: 'a = 'a list = 'a list list where
interleave z || = [[z]]
| interleave © (h # t) = (x # (b # t)) # (map (M 1. h # 1) (interleave x t))

For example, interleave 1 [2, 3, 4] = [[1, 2, 3, 4], [2, 1, 3, 4], [2, 3, 1,
41, (2, 3, 4, 1]].

primrec permute :: 'a list = 'a list list where
permute [] = [[]]
| permute (h # t) = concat (map (X l. interleave h 1) (permute t))

For example, permute [1, 2, 3] = [[1, 2, 3], [2, 1, 3], [2, 3, 1], [1, 3, 2],
[37 17 2]’ [3’ 27 1]].

lemma multiset-interleave:
shows p € set (interleave h a) = mset p = mset a + {#h#}

(proof)

lemma interleave-hd [simp]: h # t € set (interleave h t)
(proof)

lemma interleave-append [simp]: t1 Q [h] Q t2 € set (interleave h (t1 Q t2))
(proof)

lemma isPermutation-permute:
shows p € set (permute ) = p <~~> 1
(proof)

lemma mset-append:

assumes mset p = mset t + {#h#}

shows 3 t1 t2. p = t1 Q [h] Q t2 A mset t = mset t1 + mset t2
(proof )

lemma permute-isPermutation:
p <~V> 1 = p € set (permute 1)

{(proof)



lemma permute-bij:
assumes p € set (permute 1)
shows 3 f. bij-betw [ {..<length p} {..<length I} A
(V i<length p. p i =11(f1))
(proof )

1.2 Generating all combinations

fun combine-auz :: 'a list = nat = nat = 'a list list where
combine-auz I n k =

(if k = 0 then [[]] else

if k = n then [I] else

(case 1 of

=1
| (h #t) =
(map (A U'. h # ') (combine-aux t (n—(1::nat)) (k—(1:nat)))) Q
combine-auz t (n—(1::nat)) k))

declare combine-auz.simps[simp del]

lemma combine-auz-induct:

ANln. P[]]In0

ANln.0<n= Pll]lnn

Nkn [0<kk#n]= P [Ink

ANhtnk. |
P (combine-auz t (n—(1::nat)) (k—(1::nat))) t (n—(1::nat)) (k—(1::nat));
P (combine-auz t (n—(1:nat)) k) ¢t (n—(1:nat)) k] =
P (map (op # h) (combine-auz t (n—(1::nat)) (k—(1::nat))) Q

combine-auz t (n—(1:nat)) k) (h # t) n k
shows P (combine-auzx I n k) I n k

(proof)

definition combine :: 'a list = nat = 'a list list where
combine | k = combine-auzx | (length 1) k

For example, combine [1, 2, 3] 2 = [[1, 2], [1, 3], [2, 3]]

lemma combine-auz-subset:
shows V A. A € set (combine-aux I n k) — set A C set |

(proof)

lemma combine-subset:
assumes A € set (combine | k)
shows set A C set |

(proof)

lemma combine-auz-sublist:
shows V A. A C set L A n = length L A m = card A — (x€set (combine-auz
Lnm). A= setz)

(proof)



lemma combine-sublist:
assumes A C set L
shows Jxze€set (combine L (card A)). A = set x

(proof)

lemma combine-auz-combines:

assumes sorted | and distinct | and n = length [

shows A € set (combine-auz I n k) <— sorted A N\ distinct A A length A =k A
set A C set l

(proof)

lemma combine-combines:

assumes

sorted | and distinct [

shows

A € set (combine 1 k) <— (sorted A A distinct A A length A =k A set A C set
)
(proof)

lemma combine-auz-length:
assumes A € set (combine-auz I n k) and length | = n
shows length A = k

(proof)

lemma combine-length:
assumes A € set (combine | k)
shows length A = k

(proof)

lemma distinct-combine-auzx:
assumes n = length | and distinct |
shows distinct (combine-aux I n k)

(proof)

lemma distinct-combine:
assumes distinct [
shows distinct (combine k)

(proof)

lemma sorted-prepend: sorted | = sorted (map (op # h) 1)
(proof)

lemma sorted-combine-auz-lemmas:
fixes h :: 'a::linorder
assumes Vzeset t. h < z and h ¢ set t and set I’ C set t and |’ # ||
shows h # [ < I’

(proof)



lemma sorted-combine-aux:
assumes n = length | and sorted | and distinct |
shows sorted (combine-auz I n k)

(proof)

lemma sorted-combine:
assumes sorted | and distinct [
shows sorted (combine [ k)

(proof)

1.3 Generating all nonempty subsets

definition all-nonempty-subsets where
all-nonempty-subsets F = concat (map (A k. combine F k) [1..<length F + 1])

lemma all-subs-set: set (all-nonempty-subsets 1) C {A. set A C set I A length A
> 1}
(proof)

1.4 Generating all m-elements subsets of n-element set

definition all-mn-subsets where
all-mn-subsets n m = combine [0..<n] m

lemma all-mn-subsets:
set (map set (all-mn-subsets n m)) = {A. card A =m N A C {0..<n}} (is ?lhs
= ?rhs)

(proof)

lemma all-mn-subsets-completeness:
assumes card A = m A C {0..<n}
shows 3 Al € set (all-mn-subsets n m). set Al = A

(proof)

lemma all-mn-subsets-sorted-distinct:
assumes A € set (all-mn-subsets n m)
shows sorted A N distinct A

(proof)

lemma [simp]: A € set (all-mn-subsets n m) = set A C {0..<n}
(proof)

end

2 Representing lists of natural numbers by natural
numbers

theory ListNat
imports Main More.MoreNat More. MoreBigOperators More. MoreList



begin

In this section, we define of representation of sets of natural numbers by
single natural numbers. The set {ag,a1,...,a,} is represented by 2% +
201 4 29,

2.1 sumpows

If the set is stored in a distinct list, the function sumpows2 returns the
natural number that represents it.

abbreviation sumpows?2 where
sumpows2 | = sum-list (map (op ~ (2::nat)) 1)

lemma sumpows2-mod:

assumes finite X

shows (sum (op "~ 2) X) mod 2 # (0::nat) +— 0 € X
(proof)

lemma unique-sumpows2:

fixes n::nat

shows 31X. finite X A sum (op " 2) X =n
(proof)

lemma sumpows2-ing:

assumes sorted | and distinct | and sorted |’ and distinct 1’
sumpows2 | = sumpows2 1’

shows | = [’

(proof)

lemma sumpows2-shift:
shows 2 x sumpows2 | = sumpows2 (map (op + 1) 1)
(proof)

2.2 nat2list

The function nat2list deconstructs the natural number back to the set it
represents (for executability, given by a sorted, distinct list).

fun nat2list-aux :: nat = nat = nat list where
natllist-aur n k =
(if n = 0 then
(
else if n mod 2 = 0 then
natllist-auz (n div 2) (k + 1)
else
k # nat2list-auz (n div 2) (k + 1))

definition nat2list where



nat2list n = nat2list-aux n 0

lemma sumpows2-nat2list-aux:
sumpows?2 (nat2list-aur n k) = n x 27k

(proof)

lemma sumpows2-nat2list:
sumpows?2 (nat2list n) = n

(proof)

lemma nat2list-aux-empty:
(natllist-auz z k = []) = (z = 0)
(proof)

lemma nat2list-auz-shift:
natllist-auz n (k + 1) = map (op + 1) (natllist-aux n k)
(proof)

lemma sorted-distinct-nat2list-auz:

sorted (nat2list-aux n k) A

distinct (natllist-auz n k) A

(V a € List.set (natllist-aux n k). a > k)
(proof)

lemma
sorted-nat2list: sorted (nat2list n) and
distinct-nat2list: distinct (nat2list n)
(proof)

lemma sumpows2-nat2list-unique:
assumes sumpows?2 | = n and sorted | and distinct [
shows | = nat2list n

(proof)

lemma inj-nat2list-auz’”:
assumes nat2list-aur ¢ k = nat2list-aur y k
shows =z =y

(proof)

lemma inj-natllist:
g nat2list

(proof)

lemma nat2list-even:
natllist (2xn) = map (op +1) (natllist n)
(proof)

lemma nat2list-odd:
natllist (2xn + 1) = 0 # map (op +1) (nat2list n)



(proof)

2.3 list2nat

Although the function sumpows2 converts a set (given by a distinct list) to
its representing natural number, we define the function list2nat that does
the same, but is somewhat more efficient.

fun list2nat-auz-measure where
list2nat-auz-measure (1, i, s, ) =
(case I of
=0
| (h # t) = if i > h then 0 else Max (setl) — i + 1)

function list2nat-auz :: nat list = nat = nat = nat = nat where
list2nat-auz [ i sr =1
| list2nat-auz (h # t) i sr =
(if i = h then
list2nat-auz t (i+1) (2xs) (s + )
else if i < h then
list2nat-auz (h # t) (i+1) (2xs) r
else )

(proof)
termination

(proof)

definition [list2nat where
list2nat | = list2nat-aux 1 0 1 0

lemma list2nat-aux-sumpows2:
assumes s = 2 " i and sorted | and distinct | and
l#][]] — i< hdl
shows list2nat-aux [ i s r = r + sumpows2 |

(proof)

lemma list2nat-sumpows2:
assumes sorted | and distinct [
shows list2nat | = sumpows?2 1

(proof)

lemma nat2list-list2nat:
assumes distinct | and sorted |
shows nat2list (list2nat ) = 1

(proof)

lemma inj-list2nat:
assumes sorted [1 and distinct [1 and sorted 12 and distinct 12
assumes list2nat [1 = list2nat 12
shows [1 = [2

(proof)
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end

3 Union closed families

theory UnionClosed
imports Main
begin

3.1 Union closed families

definition sum-family (infixl & 100) where
AW B=(A(a,b).aUbd)  {(a,b).a€ ANDbEeE B}

definition union-closed :: 'a set set = bool where
union-closed F =V AB. Ae FANABeF — AUBEgcF

lemma union-closed F +— F W F = F

(proof)

abbreviation finite-union-closed where
finite-union-closed F = union-closed F' N finite (J F)

lemma union-closed-n:
assumes finite F''and F'# {} and F'C F
assumes union-closed F
shows |J F' e F

(proof)

lemma union-closed-insert:
assumes union-closed F andV Be€ F. AU B € F U {4}
shows union-closed (F U {A})

(proof)

3.1.1 Closure — minimal union closed family containing F

definition closure where
closure F = Union ‘ (Pow F — {{}})

lemma closure-closed:
union-closed (closure F)

(proof)

lemma closure-min-closed:
assumes finite F and F C F' and union-closed F’
shows closure F' C F’

(proof)

lemma closure-union-closed-id:

11



assumes finite F' and union-closed F
shows closure F = F

(proof)

lemma [simp]:
shows |J (closure F) =] F
(proof)

lemma finite-closure:
assumes finite (|J F)
shows finite (|J (closure F))
(proof)

lemma closure-mono:
assumes ' C F'/
shows closure F' C closure F'

(proof)

Iterative closure: insert set to closed family and close.

abbreviation insert-and-close :: 'a set = 'a set set = 'a set set where
insert-and-close A F = F U{A} U (opU A) ‘' F

lemma union-closed-insert-and-close:
assumes union-closed F
shows union-closed (insert-and-close A F)

(proof)

lemma closure-insert:
assumes finite F'
shows closure (F U {A}) = insert-and-close A (closure F') (is ?lhs = ?rhs)

(proof)

lemma closure-subset:
shows F C closure F

(proof)

lemma closure-empty:
shows {} € closure F <— {} € F

(proof)

lemma insert-and-close-empty:

shows insert-and-close {} F = F U {{}}
(proof)

lemma closure-remove-empty:

assumes finite F'

shows closure (F — {{}}) = closure F' — {{}}
(proof)

12



lemma insert-and-close-closure:
assumes finite F' and union-closed F
shows closure (F U {A}) = insert-and-close A F (is ?lhs = ?rhs)

(proof)

3.2 Union closed families closed to unions with an additional
family

definition union-closed-additional where
[simp]: union-closed-additional F Fc =
union-closed F N (Y A€ F. (op U A) ‘Fc C F)

lemma
shows union-closed-additional F Fc +—— FW F =F ANF W Fc CF

(proof)

lemma union-closed-additional:

shows (V A€ F.V Ai€ Fe. AU Ai € F) +—
(VAeF. (opUA) ‘FcCF)

{(proof)

abbreviation insert-and-close-additional where
insert-and-close-additional A F Fc = F U {A} U ((op U A) “F) U ((op U A) ¢
Fe)

lemma closure-additional-set:
assumes finite F and A € closure F' and
A’ € F' and union-closed F'andV A’ € F'. op U A’ ‘F C F'
shows AU A’ € F’

(proof)

lemma union-closed-additional-closure:
assumes finite Fc and union-closed-additional F' Fc
shows union-closed-additional F (closure Fc)

(proof)

3.2.1 Union closed extensions

definition union-closed-extensions where
[simp]: union-closed-extensions Fe =
{F. F C Pow (| Fc) A union-closed-additional F Fc}

syntax
-union-closed-extensions :: 'a set set = 'a set set set  ({-})
translations

{Fc} == CONST union-closed-extensions Fc

end

13



4 Families of sets

theory Family
imports Main
begin

definition count :: '‘a = 'a set set = nat where
count a F = card {S € F. a € S}

lemma count- Un-disjoint:
assumes A N B = {} and finite A and finite B
shows count a (A U B) = count a A + count a B

(proof)

end

5 Frankl’s condition

theory Frankl
imports Family UnionClosed More. MoreSet
begin

5.1 Frankl’s condition

Note that, in order to avoid using rational numbers, the following condition
is not formulated as count © F' > (card F') / 2, what would be more expected.

abbreviation frankl-element :: ‘a = 'a set set = bool where
frankl-element x F =z € |J F AN 2 % count x F > card F

definition frankl :: 'a set set = bool where
frankl F = (3 z. frankl-element z F)

lemma obtain-frankl-element:
assumes frankl F
obtains z where z € |J F and 2 * count x F > card F

(proof)
5.1.1 Frankl’s function

abbreviation frankl-fun :: 'a = 'a set set = int where
frankl-fun x F = 2 x int (count x F) — int (card F)

lemma
shows frankl-element ¢ F <— (z € |J F' A frankl-fun © F > 0)

(proof)

lemma frankl-fun-Un-disjoint:
assumes A N B = {} and finite A and finite B

14



shows frankl-fun a (A U B) = frankl-fun a A + frankl-fun a B
(proof)

lemma frankl-fun-Un-disjoint-3:
assumes finite A and finite B and finite C
ANB={tand AnC={}and BN C = {}
shows frankl-fun i (AU B U C) =
frankl-fun i A + frankl-fun i B 4+ frankl-fun i C
(proof)

lemma frankl-fun-UN-disjoint:
assumes finite (|J set l) and
Vijoi<lengthl Nj<lengthlNi#j—1linllj={}
shows frankl-fun i ({J set 1) = sum-list (map (frankl-fun i) 1)
(proof)

lemma frankl-fun-Pow:
assumes finite A and a € A
shows franki-fun a (Pow A) = 0

(proof)

5.2 FC Families

definition FC-family where
FC-family Fc =
V F. F D Fc A finite-union-closed F —
(3 ael Fc. 2% count a F > card F)

lemma FC-family-frankl:
assumes FC-family Fc and Fc C F and finite-union-closed F
shows frankl F

(proof)

lemma FC-family-mono:
assumes Fc C Fc’ and FC-family Fc
shows FC-family Fc'

(proof)

lemma FC-family-empty-set-remove:
shows FC-family Fc <— FC-family (Fc — {{}})

(proof)

lemma FC-family-empty-set-insert:
shows FC-family (Fc U {{}}) +— FC-family Fc
(proof)

lemma FC-family-closure:
assumes finite F'c
shows FC-family Fc «— FC-family (closure Fc)

15



(proof)

end

6 Executable implementations of set families

6.1 Abstract representation of sets and families

theory FamilyImpl
imports Family
Frankl
More.MoreSet ListNat
HOL— Library.List-lexord
HOL— Library.Code-Target-Nat
begin

abbreviation map where map = List.map

Set operations are specified in the following locale. Families are always
represented as (distinct) lists of sets.

locale SetImpl =
fixes to-set :: 's = 'a set
fixes inv :: 's = bool
assumes to-set-inj: [inv s1; inv s2; to-set s1 = to-set s2] = sl = s2
assumes to-set-ex: finite a => 3 s. a = to-set s A\ inv s
assumes to-set-finite: finite (to-set s)
begin

definition f-to-set :: s list = 'a set set where
[simp]: f-to-set F = set (map to-set F)

abbreviation fs-to-set :: 's list list = 'a set set set (O) where
O FF = set (map f-to-set F'F)

lemma to-set-inj-on:
shows V a € set A. inv a = inj-on to-set (set A)
(proof )

lemma set-set:
[V a€set A. inv a; inv h] =
h € set A «— to-set h € f-to-set A
(proof)

lemma f-to-set-ex:
assumes finite (|J F)

shows 3 Fl. F = f-to-set FI A (¥ A € set Fl. inv A)
(proof)

abbreviation contains :: ‘a = 's = bool where

16



contains a S = a € to-set S

definition count :: 'a = s list = nat where
count o F = length (filter (contains a) F)

lemma count-set:
assumes distinct F'VY x € set F. inv x
shows count a F = Family.count a (f-to-set F')

(proof)

definition frankl-fun :: 'a = ’s list = int where
frankl-fun x F = 2 x int (count x F') — int (length F)

lemma frankl-fun-set:
assumes distinct F's V A € set Fs. inv A
shows frankl-fun a Fs = Frankl.frankl-fun a (f-to-set Fs)

(proof)

end

6.1.1 Implementation of sets by sorted and distinct lists

abbreviation sd where
sd A = sorted A N distinct A
abbreviation sdf where
sdf F =V A€ setF. sd A
abbreviation sdff where
sdff F =V F € set F. sdf F

For example, the family {{1, 2, 3}, {2, &8, 4} is represented by [[1, 2, 3],
(2, 3, 4]]-
global-interpretation SetImpl-lists: SetImpl set :: nat list = nat set sd
defines f-to-set-l = SetImpl-lists.f-to-set and
count-l = SetImpl-lists.count and
frankl-fun-l = SetImpl-lists.frankl-fun
(proof)

abbreviation dm where

dm Fn = fto-set-l F C {0..<n}
abbreviation dmf where

dmf FFn =V F € set FF. dm F n

abbreviation fs-to-set-l where
fs-to-set-l F = set (map f-to-set-l F)

17



6.1.2 Implementation of sets of nats by nats

For example, the family {{1, 2, 8}, {2, 3, 4} is represented by [1/, 28].
Encoding and decoding funcions are defined in the theory ListNat.

global-interpretation SetImpl-nats: SetImpl set o nat2list A n. True
defines f-to-set-n = SetImpl-nats.f-to-set and
count-n = SetImpl-nats.count and
frankl-fun-n = SetImpl-nats.frankl-fun
(proof)

(ML)

end

theory UnionClosedImpl
imports UnionClosed FamilyImpl
begin

6.2 Abstract representation of union closed families

Sets that support empty set, unions and powerset.

locale SetUnionImpl = SetImpl to-set for to-set :: 's = 'a set +
fixes empty :: 's
assumes empty-set: to-set empty = {}
assumes empty-inv: inv empty

fixes union :: 's = 's = ’s (infixl U 100)
assumes union-set: to-set (s1 U s2) = to-set s1 U to-set s2
assumes union-inv: [inv s1; inv s2] = inv (s1 U s2)

fixes pow :: 's = 's list

assumes pow-set: f-to-set (pow s) = Pow (to-set s)

assumes pow-inv: inv s => V A € set (pow s). inv A

assumes pow-distinct: inv s = distinct (pow s)
begin

lemma subset-in-pow:
assumes inv A and inv S and to-set A C to-set S
shows A € set (pow §)

{(proof)

definition Union :: 's list = 's where
Union F = foldl union empty F

lemma Union-set:
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shows to-set (Union F) = |J (f-to-set F)
(proof)

lemma Union-inv:
shows V A € set F. inv A = inv (Union F)

(proof)

abbreviation union-with-all :: 's = 's list = 's list where
union-with-all A F = (map (op U A) F)

lemma union-with-all-set:
shows map to-set (union-with-all A F) = map (op U (to-set A) o to-set) F
(proof)

lemma union-with-all-set”:
shows (to-set * (op U A ‘set F)) = (op U (to-set A) * to-set ‘ set I)
(proof)

definition insert-set :: 's = s list = 's list where
insert-set A F = (if A € set F then F else A # F)

lemma insert-set-set [simp]:
shows set (insert-set A F) = {A} U set F

(proof)

definition insert-sets :: 's list = 's list = 's list where
insert-sets | F = foldl (A F' a. insert-set a F') F'l

lemma insert-sets-set [simp]:
shows set (insert-sets | F') = set | U set I

(proof)

lemma insert-sets-remdups:
shows distinct F = insert-sets | F = remdups (revl Q F)

(proof)

lemma insert-sets-distinct:
shows distinct F = distinct (insert-sets | F)

(proof)

definition insert-and-close :: 's = 's list = 's list where
[simp]: insert-and-close A F = insert-sets ([A] @ union-with-all A F) F
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lemma insert-and-close-set:

assumes distinct I'

shows f-to-set (insert-and-close h F) = UnionClosed.insert-and-close (to-set h)
(f-to-set F)

(proof )

lemma insert-and-close-inv:
assumes V | € set F. inv | and inv h and distinct F
shows V [ € set (insert-and-close h F). inv |

(proof)

lemma insert-and-close-subset:
assumes V [ € set F. to-set | C S and to-set h C S and distinct F
shows V [ € set (insert-and-close h F'). to-set | C S

(proof)

definition insert-and-close-additional :: 's = s list = 's list = s list where
[simp]: insert-and-close-additional A F Fc = insert-sets ([A] Q union-with-all A
F @ union-with-all A F¢) F

lemma insert-and-close-additional-set:

assumes distinct F'

shows f-to-set (insert-and-close-additional A F' Fc) = UnionClosed.insert-and-close-additional
(to-set A) (f-to-set F) (f-to-set Fc)

{proof)

lemma insert-and-close-additional-subset:
assumes to-set A C S and
V I € setF. to-set ] C S and
V | € set Fe. to-setl C S
assumes distinct F
shows V [ € set (insert-and-close-additional A F Fc). to-set | C S

(proof)

lemma insert-and-close-additional-inv:
assumes inv Aand V [ € set F. invland V | € set Fe. inv [
assumes distinct F
shows V [ € set (insert-and-close-additional A F Fc). inv |

(proof)

lemma insert-and-close-additional-cong:
assumes set F' = set F’ and distinct F and distinct F'
shows set (insert-and-close-additional A F Fc) =
set (insert-and-close-additional A F' Fc)

(proof)
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definition close :: ’s list = 's list where
close F = foldl (A F A. insert-and-close A F) [| F

lemma close-snoc:
shows close (F @ [A]) = insert-and-close A (close F)
(proof)

lemma close-distinct:
shows distinct (close A)

(proof)

lemma close-set:
shows f-to-set (close A) = UnionClosed.closure (f-to-set A)
(proof)

lemma close-completeness:
assumes inv A and V a € set F. inv a
assumes to-set A € UnionClosed.closure (f-to-set F)
shows A € set (close F)

(proof)

lemma close-inv:
assumes V [ € set F. invl
shows V [ € set (close F). inv ]

(proof)

lemma close-subset:
assumes V [ € set F. to-set ]| C S
shows V [ € set (close F). to-set 1 C S

(proof)

definition close-and-insert-empty :: 's list = 's list where
close-and-insert-empty F =
let X = close F
in (if empty € set X then X else empty # X)

lemma close-and-insert-empty-set’:
shows set (close-and-insert-empty F) = set (close F') U {empty}
(proof)

lemma close-and-insert-empty-set:
shows f-to-set (close-and-insert-empty F) =
(UnionClosed.closure (f-to-set F)) U {{}}
(proof)

primrec union-closed :: ’s list = bool where

union-closed [| = True
| union-closed (h # t) = (list-all (A z. h U x € set (h # t)) t A union-closed t)
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lemma union-closed-set:
shows union-closed F' => UnionClosed.union-closed (f-to-set F')

(proof)

primrec union-closed-additional’ :: 's list = 's list = bool where
union-closed-additional” F [| = True

| union-closed-additional’ F (h # t) = (list-all (A z. h U z € set F) F A

union-closed-additional’ F t)

lemma union-closed-additional’-set:
assumes union-closed-additional’ F' Fec

shows V A € f-to-set Fc. ¥ B € (f-to-set F). AU B € (f-to-set F)
(proof)

definition union-closed-additional :: 's list = 's list = bool where
union-closed-additional F' Fc +— union-closed F A union-closed-additional’ F
Fe

lemma union-closed-additional-set:
assumes union-closed-additional F Fec
shows UnionClosed.union-closed-additional (f-to-set F) (f-to-set Fc)

(proof)

end

6.2.1 Implementation by sorted and distinct lists

Power set of a list

primrec Pow-l :: 'a list = 'a list list where
Pow-1{] = [[]]
| Pow-l (h # t) =
(let X = Pow-lt
in X @ map (op # h) X)

lemma Pow-I-set:
shows set (map set (Pow-l X)) = Pow (set X)

(proof)

lemma Pow-I-distinct:
shows distinct A = distinct (Pow-l A)

(proof)

lemma Pow-I-elems-distinct:
assumes distinct A and z € set (Pow-l A)
shows distinct x

(proof)

lemma Pow-I-elems-sorted:
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assumes sorted A and z € set (Pow-l A)
shows sorted z

(proof)

lemma Pow-I-no-perms:
assumes distinct A and sorted A
assumes z € set (Pow-l1 A) and y € set (Pow-l A)
assumes set r = set y
shows z = y

(proof)

Merging two sorted lists

fun merge :: 'a::linorder list = 'a::linorder list = 'a::linorder list (infix]l U 100)
where
merge [| 1 =1
| merge 1 [] =1
| merge (h1 # t1) (h2 # t2) =
(if h1 < h2 then
h1 # merge t1 (h2 # t2)
else if h1 > h2 then
h2 # merge (h1 # t1) t2
else
h1 # merge t1 t2)

lemma merge-set:
shows set (11 U I2) = set 11 U set 12

(proof)

lemma merge-sorted:
assumes sorted (1 and sorted 12
shows sorted (11 Ul i2)

(proof)

lemma merge-distinct:
assumes distinct (1 and distinct [2 and sorted 1 and sorted 2
shows distinct (11 U 12)

(proof)

global-interpretation SetUnionImpl-lists: SetUnionImpl A (l::nat list). sorted
A distinct 1 set [| merge Pow-l
defines
close-l = SetUnionImpl-lists.close and
insert-set-l = SetUnionImpl-lists.insert-set and
insert-sets-l = SetUnionImpl-lists.insert-sets and
insert-and-close-l = SetUnionImpl-lists.insert-and-close and
Union-l = SetUnionImpl-lists. Union and
close-insert-empty-l = SetUnionImpl-lists.close-and-insert-empty and
union-closed-l = SetUnionImpl-lists.union-closed and
union-closed-additional -l = SetUnionImpl-lists.union-closed-additional’ and
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union-closed-additional-l = SetUnionImpl-lists.union-closed-additional
(proof)

6.2.2 Implementation by sets represented as natural numbers
For example, the family {{0, 1, 2}, {1, 2, 3}} is represented as [7, 14].

Powerset

definition pow-n :: nat = nat list where
pow-n n = map list2nat (Pow-l (natllist n))

Union is obtained by bitwise disjunction — this is a naive implementation

function bitor :: nat = nat = nat where
bitor x y =
(if £ = 0 then y
else if y = 0 then x else
let (zd, xm) = Diwvides.divmod-nat © 2;
(yd, ym) = Divides.divmod-nat y 2 in
if (km=11]ym=1)
then 1 + 2 x bitor xd yd
else 2 x bitor xd yd)
{proof )

termination

(proof)
declare bitor.simps[simp del]

lemma bitor-set:
shows set (nat2list (bitor z y)) = set (nat2list ) U set (nat2list y)

(proof)

global-interpretation SetUnionImpl-nats: SetUnionImpl A n. True set o nat2list
0 bitor pow-n
defines
close-n = SetUnionImpl-nats.close and
insert-set-n = SetUnionImpl-nats.insert-set and
insert-sets-n = SetUnionImpl-nats.insert-sets and
insert-and-close-n = SetUnionImpl-nats.insert-and-close and
Union-n = SetUnionImpl-nats. Union and
close-and-insert-empty-n = SetUnionImpl-nats.close-and-insert-empty and
union-closed-n = SetUnionImpl-nats.union-closed and
union-closed-additional’-n = SetUnionImpl-nats.union-closed-additional’ and
union-closed-additional-n = SetUnionImpl-nats.union-closed-additional

(proof)

end
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7 Weights and shares

theory WeightsShares
imports Main Frankl
begin

7.1 Weight functions

A technique, introduced by Poonen, used for analyzing Frankl’s conjecture
is based on the concept of weights and shares.

definition weight-fun :: (‘a = 'b::{zero,ord}) = 'a set = bool where
weight-funw X =NV aeX. wa>0)ANF ac X. wa>0)

definition set-weight :: (‘a = 'b::{comm-monoid-add}) = 'a set = 'b (infixl >
100) where
w>s S =0 zeS. wax)

definition family-weight :: ('a = 'b::{comm-monoid-add}) ='a set set = b
(infixl >; 100) where
w>y F=00SeF. wsS)

lemma set-weight-cong:
assumesY v € S. wv =w'v
shows w >, S = w/ >y S

{(proof)

lemma family-weight-lemma:
assumes finite (|J F)
shows w >5 F = (3 acJF. (w a) * count a F)

(proof)

lemma sum-card-reorder:
assumes finite (|J F)
shows (> A€F. card A) = (3" a€JF. count a F)

(proof)

7.2 Shares

definition set-share :: 'a set = (‘a = nat) = 'a set = int where
set-share Sw X = 2 * int (w >; §) — int (w >y X)
syntax
-set-share :: 'a set = ('a = nat) = 'a set = int (- X - -)
translations
w g S X == CONST set-share S w X

definition family-share :: 'a set set = ('a = nat) = 'a set = int where
family-share Fw X = (3.8 € F. (w x5 § X))

syntax
-family-share :: 'a set = ('a = nat) = 'a set = int (- >y - -)
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translations
wixly F' X == CONST family-share F w X

lemma family-share-cong:
assumesV v e X. wov=w'v|J FCX
shows (w iy F X) = (w'>p F X)
(proof)

lemma family-share-Pow:

assumes finite (|J F)

shows (w <y (Pow (J F)) (U F)) =0
(proof)

lemma family-share-lemma:
shows (w >y F X) = int (2 x w >f F) — int (w >g X * (card F))
(proof)

7.3 Hypercube construction

definition hypercube :: 'a set = 'a set = 'a set set where
hypercube K S = {L. (K CL)ANLC (K UJ®S)}
syntax
-hypercube :: 'a set = 'a set = 'a set set  ({-, -))
translations
(K, Sy == CONST hypercube K S

lemma hypercube-Pow: (K, S) = (op U K) ‘ Pow S (is ?H = ?KP)
(proof)

lemma hypercube-inter:
assumes K1 # K2 and KI NS ={}and K2N S = {}
shows (K1, S) N (K2, S) = {}

(proof)

lemma hypercube- UN-Pow:
shows | ((A K. (K, S)) ‘ (Pow K)) = Pow (K U S) (is ?lhs = ?rhs)
(proof)

definition hyper-share where
hyper-share K S Fw X = (3L e (K, S)NF. (wx; L X))
syntax
-hyper-share :: ('a = nat) = 'a set = 'a set = 'a set set = 'a set = int (-
o -+ )
translations
w Oy KSFX == CONST hyper-share K S F w X

lemma family-share-hyper-share:
assumes finite (|J F)
assumes K'U S =(J F)and K'n S = {}
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<sho;\>/s (wap F (U F)) = (0K € PowK'. (wo; KSF (U F)))
PToo.

end

7.4 Frankl’s families characterization using weights

theory WeightsShares-Frankl
imports Main WeightsShares

More.MoreBigOperators
begin

lemma frankl-weight .
fixes w :: 'a = nat
assumes F' # {} and finite (| F) and weight-fun w (|J F) and
2% (wpy F) > (wps (U F)) * card F
shows 3 z. frankl-element x F N wx # 0

{(proof)

lemma frankl-weight'":
assumes frankl F and F # {} and finite (|J F)
shows 3 w::('a = nat). weight-fun w (U F) A
2% (w>y F)>(w>s (J F)) * card F
(proof)

theorem frankl-weight:
assumes F' # {} and finite (J F)
shows frankl F +—
(3 w::'a = nat. weight-fun w (IJ F) A
2% (w>ypF)>(w>s (U F)) * card F) (is ?lhs <— ?rhs)
(proof)

7.5 Frankl’s families characterization using shares

lemma frankl-share’:

assumes I # {} and finite (|J F') weight-fun w ((J F) A (w g F (J F)) >
0

shows 3 a. frankl-element o F N w a # (0::nat)

{proof)

lemma frankl-share’”:

assumes F # {} and finite (J F) and frankl F

shows 3 w. weight-fun w (U F) A (wp F (U F)) > 0
(proof )

Sufficient condition for Frankl using hypershares.

theorem frankl-share:
assumes F' # {} and finite (J F)
shows frankl F <— (3 w. weight-fun w ({J F) A (w >y F (| F)) > 0)
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(proof)

theorem frankl-hyper-share:
assumes F # {} and finite (J F)
assumes weight-fun w (|J F)
assumes K'US =) Fand K'Nn S = {}
assumes V K € Pow K'. (woy KSF (J F)) >0
shows 3 a. frankl-element a F N wa # 0

(proof)

end

8 FC families characterization using shares (Poo-
nen’s theorem)

theory WeightsShares-FCFamily
imports WeightsShares-Frankl
begin

8.1 HyperCube projection

abbreviation hypercube-prj where
hypercube-pri K S F = (AS. S — K) “ (FNopUK ‘PowbS)

syntax

-hypercube-prj :: 'a set = 'a set = 'a set set = 'a set set  ((-, -, -))
translations

(K, S, F) == CONST hypercube-prj K S F

lemma hypercube-prj-union-closed:
assumes union-closed F
shows union-closed (K, S, F)

(proof)

lemma hypercube-prj-union-closed-additional:
assumes union-closed F and Fc C Fand S =|J Fcand K N S = {}
shows union-closed-additional (K, S, F) Fc

(proof)

lemma set-weight-w0:
assumes finite K and finite S
assumes KNS ={}andV z€ K. wez=0and S'C S
shows w > (K U S") =w>g S’
(proof )

lemma hypercube-prj-hyper-share-w0:
assumes finite S and finite K andV z € K. wx = 0
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shows (w ©f K S F X) = (wry (K, S, F) X)
(proof)

8.2 All shares non-negative

abbreviation uce-shares-nonneg where
uce-shares-nonneg Fc w =V F' e {Fc}. (wwp F' (J Fc)) > 0

theorem frankl-uce-shares-nonneg:
assumes F' # {} and finite-union-closed F and weight-fun w (|J F)
assumes FcC FandV z e (U F) — (U Fe). wz =10
assumes uce-shares-nonneg Fc w
shows 3 a € |J Fe. frankl-element a F

(proof)

theorem FC-family-uce-shares-nonneg:
assumes weight-fun w (|J Fc) and uce-shares-nonneg Fe w
shows FC-family Fc

(proof)

end

9 nonFC families characterization using shares (Poo-
nen’s theorem)

theory WeightsShares-NotFCFamily
imports Main WeightsShares-FCFamily
begin

lemma frankl-fun-hypercube:
assumes S =) Fand KNS ={}and a ¢ K
shows frankl-fun a (op U K ‘ F) = frankl-fun a F
(proof)

lemma sum-over-spread:

fixes d ¢ :: nat and f

assumes d # 0

shows (3" s« [0..<d % c]. f (s div d)) = int d x (D s<[0..<c]. [ s)
(proof)

lemma archimedean-negative:
fixes x y :: int
assumes y < 0
shows 3 d. z + intd xy < 0

(proof)

lemma nonFC:
fixes Fc :: nat set set
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assumes length ¢ = length Fs

assumes 3 ¢j € set c. ¢j > 0

assumes finite (|J Fc)

assumes union-closed Fc

assumes V F € set Fs. F' € {Fc}

assumes let F's’ = Fs

in (V a € U Fec. sum-list (map (A (z, y). int z x y) (zip ¢ (map

(frankl-fun a) Fs'))) < 0)

shows — FC-family Fc
(proof)

end

10 SomeShareNegative — combinatorial search for
union-closed extension with a negative share

theory SomeShareNegative
imports Main WeightsShares-FCFamily
begin

According to the theorem
[weight-fun w (|J Fe); YV F'e{Fc}. 0 < w <y F'|JFe] = FC-family Fe

to show that a family is an FC family, it suffices to show that there is no
member of union closed extension of a given family with a negative share.
The function some-share-negative performs a combinatorial enumeration of
union closed extensions of a given family and checks whether it contains a
family with a negative share with respect to the given weight function. We
give a rather abstract (nonexecutable) definition of this function and prove
its main properties. This function will be later refined and a more efficient,
executable implementation will be given.

primrec some-share-negative-auz :: 'a set list = 'a set set = 'a set set = ('a =
nat) = ‘a set = bool where
some-share-negative-auz [| Ft Fe w X = ((w >y Ft X) < 0)
| some-share-negative-aux (h # t) Ft Fc w X =
(if (w >y Ft X) + sum-list (map (A A. (w g A X)) (b # t)) > 0 then
False
else if some-share-negative-aux t Ft Fc w X then
True
else if h € Ft then
Fualse
else
some-share-negative-aux t (insert-and-close-additional h Ft Fc) Fe w X
)

30



lemma some-share-negative-auz-soundness:
assumes some-share-negative-auxr L Ft Fc w X = False and
V Aeset L (wy AX)< 0 and
distinct L and
finite F and F D Ft and
union-closed-additional F' Fc and
VAecF —Ft. (ws AX) <0 — A€ List.set L
shows (w >y F X) > 0
(proof)

definition some-share-negative :: 'a set set = ('a = nat) = bool where
some-share-negative Fc w =
let X = (U Fo);
P = Pow X;
Fec = closure Fc;
N={z.zePA(wxszX)<0}
L = (SOME L. distinct L A set L = N) in
some-share-negative-auzx L {} Fc w X

lemma some-share-negative-soundness’:
assumes some-share-negative Fc w = False and
finite (J Fc) and F € { Fc |}
shows (wpay F (|J Fe)) > 0
(proof)

theorem some-share-negative-soundness:
assumes finite (| Fc)
shows some-share-negative Fc w = False = uce-shares-nonneg Fc w

(proof)

end

10.1 Abstract representation of sets and families with weights
and shares

theory WeightsSharesImpl
imports WeightsShares Familylmpl

HOL— Library. Mapping

HOL- Library. RBT-Mapping HOL— Library. RBT-Impl
begin

locale SetWeightsSharesImpl = SetImpl to-set inv for

v s = bool and to-set :: 's = 'a set +

fixes set-weight :: ('a = nat) = 's = nat

assumes set-weight-set: inv A = set-weight w A = w > to-set A
begin

definition set-share :: 's = ('a = nat) = 's = int where
set-share A w X = 2 x int (set-weight w A) — int (set-weight w X)
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definition family-share :: 's list = (‘a = nat) = 's = int where
family-share F w X = sum-list (map (A A. set-share A w X) F)

lemma set-share-set:
assumes inv r and v X
shows set-share z w X = (w < (to-set z) (to-set X))

(proof)

lemma family-share-set:
assumes distinct F and V [ € set F. inv [ and inv X
shows family-share F w X = (w >y (f-to-set F') (to-set X))

(proof)

end

10.1.1 Implementation by sorted and distinct lists

definition set-weight-1 :: (‘a = nat) = ’'a list = natwhere
set-weight-l w S = sum-list (map w S)

lemma set-weight-l:
assumes distinct A
shows set-weight-l w A = w > set A

(proof)

global-interpretation Set WeightsSharesImpl-lists: Set WeightsSharesImpl A (I::nat
list). sorted I A distinct | set set-weight-1

(proof)

10.1.2 Implementation by natural numbers

definition set-weight-n :: (nat = nat) = nat = nat where
set-weight-n w n = sum-list (map w (nat2list n))

lemma set-weight-n:
shows set-weight-n w A = w > set (nat2list A)

(proof)

global-interpretation Set WeightsSharesImpl-nats: Set WeightsSharesImpl A -. True
set o nat2list set-weight-n

(proof)

10.2 Weight functions implemented by mappings

locale SetWeightsSharesMapImpl = SetWeightsSharesImpl inv to-set set-weight
for

inv :: 's = bool and to-set :: 's = 'a set and set-weight :: (‘a = nat) = 's =
nat +
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fixes set-weight-map :: ('a, nat) mapping = 's = nat
assumes set-weight-map:
[inv A; V z € to-set A. Mapping.lookup wm & = Some (w z)] =
set-weight-map wm A = set-weight w A
begin

abbreviation set-share-map :: 's = (’a, nat) mapping = 's = int where
set-share-map A w X = 2 * int(set-weight-map w A) — int (set-weight-map w X)

end

10.2.1 Representation of sets by lists

definition set-weight-map-1 :: ('a, nat) mapping = 'a list = nat where
set-weight-map-l w S = sum-list (map (the o (Mapping.lookup w)) S)

lemma set-weight-map-I:
[distinct A; ¥ x € set A. Mapping.lookup wm z = Some (w z)] =
set-weight-map-l wm A = set-weight-l w A
(proof)

global-interpretation SetWeightsSharesMapImpl-lists:
Set WeightsSharesMapImpl X\ (l::nat list). sorted I A\ distinct [ List.set set-weight-l
set-weight-map-I

(proof)
10.2.2 Representation of sets by natural numbers
definition set-weight-map-n :: (nat, nat) Mapping.mapping = nat = nat where

set-weight-map-n w n = sum-list (map (the o (Mapping.lookup w)) (nat2list n))

global-interpretation SetWeightsSharesCachedImpl-nats:
SetWeightsSharesMapImpl X -. True List.set o nat2list set-weight-n set-weight-map-n

(proof)

end

11 SomeShareNegative — executable implementa-
tion

theory SomeShareNegativelmpl
imports Main

HOL— Library.List-lexord

More.MoreMap

SomeShareNegative UnionClosedImpl WeightsSharesImpl
begin

In this section we define a refinement of the some-share-negative function in
several steps in order to obtain a more efficient, executable implementation.
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Optimizations are introduced gradually, through separate refinement steps.

11.1 Refinement of SomeShareNegativeFunction

locale SomeShareNegativeImpl =
Set WeightsSharesMapImpl inv to-set set-weight set-weight-map +
SetUnionImpl inv to-set empty union pow
for inv :: 's = bool and to-set :: 's = 'a set and set-weight :: (‘a = nat) = s
= nat and set-weight-map :: ('a, nat) mapping = 's = nat and
empty :: 's and union :: 's = 's = 's and pow :: 's = 's list
begin

11.1.1 Initial version

fun some-share-negative-auz-1 :: 's list = 's list = 's list = ('a = nat) = 's =
bool where
some-share-negative-aux-1 [| F Init w X = (family-share F w X < 0)
| some-share-negative-aux-1 (h # t) F Init w X =
(if family-share F w X + sum-list (map (A A. set-share A w X) (h # ¢)) > 0
then
Fualse
else if some-share-negative-auz-1 t F Init w X then
True
else if h € set F then
False
else
some-share-negative-auz-1 t (insert-and-close-additional h F Init) Init w X
)

lemma some-share-negative-aux-1-some-share-negative-auz:
assumes distinct F'
Vi€ setF. invl
V [ € set L invl
V [ € set Init. inv 1
v X
shows some-share-negative-auz-1 L F' Init w X = some-share-negative-auz (map
to-set L) (f-to-set F) (f-to-set Init) w (to-set X)
{proof )

11.1.2 Passing current family share as a parameter

fun some-share-negative-auz-2 :: ('s x int) list = ('s list x int) = 's list = ('a
= nat) = 's = bool where
some-share-negative-auz-2 [| (F, s) Init w X = (s < 0)
| some-share-negative-auz-2 (h # t) (F, s) Init w X =
(if s + sum-list (map snd (h # t)) > 0 then
Fualse
else if some-share-negative-auz-2 t (F, s) Init w X then
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True
else if fst h € set F then
Fualse
else
let F' = insert-and-close-additional (fst h) F Init;
s’ = family-share F' w X in
some-share-negative-aux-2 t (F', s’) Init w X

)

lemma some-share-negative-auz-2-some-share-negative-auz-1:
assumes L = zip | (map (A F. set-share F w X) 1) ¢ = family-share F w X
shows some-share-negative-aux-2 L (F, ¢) Init w X = some-share-negative-auz-1
LF Init w X

(proof)

11.1.3 Caching set shares

Instead of calculating set share every time from scratch when calculating,
family shares, we shall maintain a mapping from sets to their shares.

abbreviation family-share-cached :: 's list = (’s, int) mapping = int where
family-share-cached F shares = sum-list (map (the o (A A. Mapping.lookup shares
A)) F)

lemma family-share-cached-family-share:
assumes V A. inv A A to-set A C § — Mapping.lookup shares A = Some
(set-share A w X)
V AcsetF.imvANAto-set ACS
shows family-share-cached F shares = family-share F w X

(proof)

lemma family-share-cached-cong:
assumes set F = set F' distinct F distinct F'
shows family-share-cached F shares = family-share-cached F' shares

(proof)

fun some-share-negative-auz-3 :: (s x int) list = ('s list x int) = 's list = ('s,
int) mapping = bool where
some-share-negative-aux-3 [| (F, s) Init shares = (s < 0)
| some-share-negative-aux-3 (h # t) (F, s) Init shares =
(if s + sum-list (map snd (h # t)) > 0 then
False
else if some-share-negative-auz-3 t (F', s) Init shares then
True
else if fst h € set F then
False
else
let F' = insert-and-close-additional (fst h) F Init;
s’ = family-share-cached F' shares in
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some-share-negative-aux-3 t (F', s') Init shares

)

lemma some-share-negative-auz-3-some-share-negative-aux-2:
assumes V A. inv A A to-set A C § — Mapping.lookup shares A = Some
(set-share A w X)
V AecsetF.invANto-set ACS
V A € set Init. inv A A to-set A C S
V A € set (map fstl). inv A A to-set A C S
distinct F
shows some-share-negative-auz-3 1 (F, s) Init shares = some-share-negative-auz-2
I (F,s) Init wX
(proof)

lemma some-share-negative-auz-3-correct:
assumes some-share-negative-auz-3 L (F, ¢) Init shares = False
V (z, y) € set L. y = set-share z w X
¢ = family-share F w X
VA inv AN to-set A C S — Mapping.lookup shares A = Some (set-share A w
X)
YV A€set F. inv A N to-set A C S
YV Aeset Init. inv A A to-set A C S
YV Aeset (map fst L). inv A A to-set A C S
distinct F
mnv X
YV Aeset (map fst L). (w < (to-set A) (to-set X)) < 0
finite F'
UnionClosed.union-closed-additional F' (f-to-set Init)
f-to-set I C F'
VAEF' — fto-set F. ((w <5 A (to-set X)) < 0 — A € f-to-set (map fst L))
distinct L
shows (w >y F' (to-set X)) > 0
(proof)

11.1.4 Passing the sum of shares of elements in the current list
as a parameter

fun some-share-negative-auz-4 :: (('s x int) list x int) = ('s list X int) = 's list
= (’s, int) mapping = bool where
some-share-negative-aux-4 ([], -) (F, s) Init shares = (s < 0)
| some-share-negative-aux-4 ((h # t), Is) (F, s) Init shares =
(if s + s > 0 then
Fualse
else if some-share-negative-auz-4 (t, ls — snd h) (F, s) Init shares then
True
else if fst h € set F then
False
else
let F' = insert-and-close-additional (fst h) F Init;
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s' = family-share-cached F' shares in
some-share-negative-auz-4 (t, Is — snd h) (F', s') Init shares

)

lemma some-share-negative-auz-4-some-share-negative-auz-3:
shows some-share-negative-auz-4 (1, sum-list (map snd 1)) (F, s) Init shares =
some-share-negative-aux-3 | (F, s) Init shares

(proof)

lemma some-share-negative-auz-4-equal-set:
assumes set F' = set F' distinct F distinct F'
shows some-share-negative-auz-4 (1, ls) (F, s) Init shares =
some-share-negative-aux-4 (1, Is) (F', s) Init shares

(proof)

11.1.5 Incremental insert and close operation and calculation of
share of the extended family

fun insert-and-close-additional-cached where
insert-and-close-additional-cached A (F't, s) Fc shares =
(let add = [A] @ union-with-all A Ft Q union-with-all A Fc;
add = filter (A z. z ¢ set Ft) (remdups add)
in (add @Q Ft, s + family-share-cached add shares))

lemma insert-and-close-additional-cached-family-share-cached:
shows let (Ft', s") = insert-and-close-additional-cached A (Ft, family-share-cached
Ft shares) Fc shares
in s’ = family-share-cached Ft' shares

(proof)

lemma insert-and-close-additional-cached:
assumes
distinct Ft
insert-and-close-additional-cached A (F't, family-share-cached Ft shares) Fc shares

(Ft', s7)

shows
set Ft' = set (insert-and-close-additional A Ft Fc) A
s’ = family-share-cached Ft' shares

(proof)

function some-share-negative-aux-5 :: (('s x int) list x int) = ('s list x int) =
‘s list = ('s, int) mapping = bool where
some-share-negative-aux-5 ([, -) (F, s) Init shares =
(if s < 0 then True else False)
| some-share-negative-aux-5 ((h # t), ls) (F, s) Init shares =
(if s + Is > 0 then
False
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else if some-share-negative-auz-5 (t, Is — snd h) (F, s) Init shares then
True
else if fst h € set F then
False
else
let (F', s') = insert-and-close-additional-cached (fst h) (F, s) Init shares in
some-share-negative-aux-5 (t, ls — snd h) (F', s') Init shares

(proof)
termination

(proof)

lemma some-share-negative-aux-5-some-share-negative-auz-4 :
assumes s = family-share-cached F shares distinct F

shows some-share-negative-auz-5 (L, ls) (F, s) Init shares =
some-share-negative-auz-4 (L, Is) (F, s) Init shares

(proof)

11.1.6 Final implementation

definition some-share-negative :: 's list = ('a, nat) mapping = bool where
some-share-negative A w =
let S = Union A;
P = pow S;
A = close A,
U’ = map (A A. set-share-map A w S) P;
U = sort-key snd (zip P U");
shares = tabulate U;
L = takeWhile (X (a, b). b < 0) U;
F=1]in
some-share-negative-auz-5 (L, sum-list (map snd L)) (F, 0) A shares

lemma some-share-negativeFalse-FamilyShare:
assumes
some-share-negative A w = False
A’ = fto-set A
V1€ setA invl
finite F
UnionClosed.union-closed-additional F (closure A’)
VeeF.zCJ A’
V z € |JA" Mapping.lookup w x = Some (w' )
shows (w' >y F (J A7) > 0

(proof)

lemma some-share-negativeSound:

assumes
Vieset A. vl
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A’ = fto-set A

VaxeA'. finite x

VzelJA'. Mapping.lookup w z = Some (w’ x)

shows some-share-negative A w = False = uce-shares-nonneg A’ w’

(proof)

end

11.2 Interpretations
11.2.1 Representation of sets by lists

global-interpretation SomeShareNegativelmpl-lists:
SomeShareNegativeImpl X (l::nat list). sorted | N distinct | List.set set-weight-l
set-weight-map-l [| merge Pow-1

{(proof)

11.2.2 Representation of sets by natural numbers

global-interpretation SomeShareNegativelmpl-nats:

SomeShareNegativeImpl A n. True set o nat2list set-weight-n set-weight-map-n 0
bitor pow-n

defines

insert-and-close-additional-cached-n = SomeShareNegativeImpl-nats.insert-and-close-additional-cached
and

some-share-negative-aux-5-n = SomeShareNegativeImpl-nats.some-share-negative-auz-5
and

some-share-negative-n = SomeShareNegativelmpl-nats.some-share-negative

(proof)

definition some-share-negative where
some-share-negative A w = some-share-negative-n (map list2nat A) w

lemma some-share-negative-soundness-nats:
assumes finite AV X € A. finite X
set (map set A') = A
V X € set A'. distinct X A sorted X
w’ = Mapping.tabulate (sorted-list-of-set (| A)) w
shows some-share-negative A’ w' = False => uce-shares-nonneg A w
(proof)

definition weights2map where
weights2map | = foldl (A w (k, v). w (k:=v)) (A -. 0) 1

lemma weights2map-snoc[simp|: weights2map (xs Q [z]) = (weights2map xs) (fst

x := snd )

(proof)
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definition ssn where
ssn f w = some-share-negative f (tabulate w)

end

12 Isomorphisms of set families

theory IsomorphicFamilies
imports Main
More/MoreSet More/ MoreFun
UnionClosed Frankl
begin

Each injective function f on the domain | J F' maps the set family F to its
isomorphic image op ‘ f ¢ F. Elements of |J F are mapped using f, while
elements of F' are mapped using op ‘ f.

12.1 Properites preserved by injective functions

lemma empty-iso:
shows F = {} «— (op ‘f‘F) = {}
{proof)

lemma inj-on-iso:
assumes inj-on f (J F)
shows inj-on (op ‘ f) F
(proof)

lemma inj-on-iso-strong:

assumes inj-on f (|J F)

shows inj-on (op ‘ f) (Pow (I F))
(proof)

lemma finite-iso:

assumes inj-on [ (|J F)

shows finite F' < finite (op ‘f ‘ F)
(proof)

lemma card-iso:
assumes inj-on f (|J F)
shows card (op ‘f‘F) = card F

(proof)

lemma finite-elems-iso:
assumes inj-on f (|J F)
shows (VSE€F. finite S) «— (VSe(op ‘ f * F). finite S)
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(proof)

lemma card-elem-iso:
assumes inj-on f ((J F) A€ Fcard A > 0
shows card (f ‘ A) = card A

(proof)

lemma finite- Union-iso:

assumes inj-on f (|J F)

shows finite (|J F) = finite (U (op ‘f * F))
(proof )

lemma union-closed-iso:
assumes inj-on f (|J F)
shows union-closed F' <— union-closed (op ‘ f ‘ F)

(proof)

lemma finite-union-closed-iso:
assumes inj-on f (|J F)
shows finite-union-closed F «— finite-union-closed (op ‘f ‘ F)

(proof)

lemma count-iso:
assumes inj-on f (J F)and a € J F
shows count a F = count (fa) (op “f“F)
(proof)

lemma Frankl-iso:

assumes inj-on f (|J F)

shows frankl F <— frankl (op ‘ f ‘' F)
(proof)

lemma closure-iso:
shows closure (op ‘g *F) = op ‘g  (closure F)
(proof)

lemma FC-family-iso:
fixes f :: 'a = nat
assumes inj-on f (|J Fe) FC-family (op ‘ f ¢ Fe)
shows FC-family Fc

{proof )

12.2 Injective embedding

definition inj-embed where
[simp]: inj-embed F' F' <— (3 f.inj-on f (U F) AN F' = (op ‘f) ‘ F)

lemma inj-embed-refl [simp]:
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shows inj-embed F F
(proof )

lemma inj-embed-sym:
assumes inj-embed F F'
shows inj-embed F' F

(proof)

lemma inj-embed-trans:
assumes inj-embed F F' and inj-embed F' F"'
shows inj-embed F F'"'

(proof)

12.3 Isomoprhism definition

There is a bijective mapping between equivalent families.

definition iso where
[simp]: iso F F'«— (3 h. big-betw h (J F) (U F) AN F'=(op “h) ‘F)

lemma inj-embed-iso:
shows inj-embed F F' < iso F F'

(proof)

lemma iso-refi:
shows iso F' F

(proof)

lemma iso-sym:
assumes iso F' I’
shows iso F'' F

(proof)

lemma iso-trans:
assumes iso F' F'' and iso F' F'"’
shows iso ' F'"’

{(proof)

lemma iso-finite:
assumes iso F' F'
shows finite F' +— finite F’

(proof)

lemma iso-insert:
assumes inj-on f (JF U A)
shows iso (F U {A}) ((op ‘f*F)U {f*A})
card (f © A) = card A
frACHUFUA)
A¢F = f‘Adop ‘f‘F
(proof)
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12.4 TIso-representing collections of families

FF’ iso-represents FF if an isomporphic image of each element of FF is in
FE’

definition iso-represents where
iso-represents FF' FF +— (V F € FF. 3 F' € FF'. iso F F’)

abbreviation iso-representing-subset where
1so-representing-subset FF' FF = iso-represents FF' FF N FF' C FF

end

12.5 Non-isomorphic families of sets

theory NonlsomorphicFamilies

imports Main
IsomorphicFamilies
FamilyImpl

begin

In this section we define a combinatorial algorithm (implemented by a func-
tion non-isomorphic-families) that computes non isomorphic families of sets.
Two uniform families (over the same domain) are called isomorphic if one
can be obtained from the other by permuting elements of the domain. This
function is used to remove symmetric cases in verification of FC families.

locale Mapping =
fixes to-fun :: 'm = ('a = 'a)

locale SetPermutations = SetImpl to-set inv + Mapping to-fun for

inv = 's:linorder = bool and to-set :: 's::linorder = 'a set and to-fun ::
('a = 'a) +

fixes permute-set :: 'm = 's = 's

assumes permute-set-set: to-set (permute-set p s) = (to-fun p) ¢ (to-set s)
assumes permute-set-inv: [ing-on (to-fun p) (to-set s); inv s] = inv (permute-set
ps)
begin

'm =

definition permute-family :: 'm = s list = 's list where
permute-family p F = map (permute-set p) F

lemma permute-family-set:
shows f-to-set (permute-family p F') = op * (to-fun p) * f-to-set F
(proof)

lemma permute-family-inj-embed:

assumes ing-on (to-fun p) (|Jf-to-set F)

shows inj-embed (f-to-set F') (f-to-set (permute-family p F'))
(proof)
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function non-isomorphic-families-auz where
non-isomorphic-families-auzx perms fams res =
(case fams of
[| = res
| h # ¢t =
let hp = remdups (h # map (X p. permute-family p h) perms) in
non-isomorphic-families-auz perms (filter (X l. sort I ¢ set (map sort hp)) fams)
(h # res))
(proof )
termination
(proof)

declare non-isomorphic-families-aux.simps [simp del]

definition non-isomorphic-families where
[simp]: non-isomorphic-families perms fams = non-isomorphic-families-auzx perms

fams

lemma non-isomorphic-families-auz-res-mono:
shows set res C set (non-isomorphic-families-auz perms fams res)

(proof)

lemma non-isomorphic-families-aux-subset:
assumes F' D set res F' DO set fams
shows F D set (non-isomorphic-families-auz perms fams res)

(proof)

lemma non-isomorphic-families-subset:
shows set (non-isomorphic-families perms F') C set F'

(proof)

lemma non-isomorphic-families-aux:
assumes V p € set perms. ¥V F € set fams. inj-on (to-fun p) (U f-to-set F')
shows V F € set fams. 3 F' € set (non-isomorphic-families-auz perms fams
res). inj-embed (f-to-set F') (f-to-set F')
(proof)

lemma non-isomorphic-families’”:
assumes V p € set perms. V F € set fams. inj-on (to-fun p) (U f-to-set F)
shows V F € set fams. 3 F' € set (non-isomorphic-families perms fams).
inj-embed (f-to-set F) (f-to-set F')
(proof)

lemma generating-subset-non-isomorphic-families:
assumes V pEset perms. V Feset FF. inj-on (to-fun p) (U f-to-set F)
iso-representing-subset (OFF) FF’
shows iso-representing-subset (O(non-isomorphic-families perms FF)) FF'

(proof)
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end

end

12.5.1 Implementation by sets represented by (sorted and dis-
tinct) lists

theory NonlsomorphicFamiliesImpl
imports NonlsomorphicFamilies
Combinatorics
HOL—- Library. List-lexord
begin

definition list-to-fun :: nat list = (nat = nat) where
list-to-fun l = (A n. 1! n)

definition permute-set-I :: nat list = nat list = nat list where
permute-set-l p A = sort (map (list-to-fun p) A)

global-interpretation SetPermutations-lists: SetPermutations sd set list-to-fun
permute-set-1

defines

non-isomorphic-families-auz-l = SetPermutations-lists.non-isomorphic-families-auz
and

permute-family-l = SetPermutations-lists.permute-family and

non-isomorphic-families-l = SetPermutations-lists.non-isomorphic-families
(proof)

lemma nat-list-to-fun-inj-on”:
assumes distinct p p <~~> [0..<n] X C {0..<length p}
shows inj-on (list-to-fun p) X

(proof)

lemma nat-list-to-fun-inj-on:
assumes
YV p € set perms. p <~~> [0..<n] and
V F € set fams. |J f-to-set-l F C {0..<n}
shows V peset perms. ¥ Feset fams. inj-on (list-to-fun p) (| f-to-set-1 F)

(proof)

lemma iso-permute-family-I:
assumes iso (f-to-set-l F) (f-to-set-l F') sdf F' sdf F
assumes dm F n dm F' n perms = permute [0..<n]
shows 3 p € set perms. set F' = set (permute-family-l p F)
(proof)
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lemmas non-isomorphic-families-soundness = SetPermutations-lists.non-isomorphic-families'| OF
nat-list-to-fun-ing-on]

lemmas permute-set-inv-l = SetPermutations-lists. permute-set-inv| OF nat-list-to-fun-inj-on’|

lemmas iso-representing-subset-non-isomorphic-families-l = SetPermutations-lists.generating-subset-non-ison
nat-list-to-fun-inj-on]

end

13 Expressible sets and irrreducible families

theory IrreducibleFamilies
imports UnionClosed
begin

definition expressible where
expressible AF «— (3 F.F CFANF' #{INA= F')

lemma expressible AF «— A F'CF.F' £{3J NN A eF.ACAANU F’
(proof)

lemma expressible-closurel:
assumes expressible A F
shows A € closure F

(proof)

lemma expressible-closure2:
assumes expressible A F
shows (op U A) ¢ (closure F') C closure F'

(proof)

lemma expressible-closure:
assumes expressible A F finite F
shows closure (F U {A}) = closure F'

(proof)

13.1 Irreducible families

definition reducible :: 'a set set = bool where
reducible F' +—
FAF.Aec FANF CFANF' £{3NA¢F NA= F

abbreviation irreducible :: 'a set set = bool where
irreducible F = — reducible F

lemma reducible F «— (3 A € F. expressible A (F — {A}))
(proof )
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13.2 Removing all expressible sets

function (domintros) remove-expressible where
remove-expressible F' =
(if (3 A € F. expressible A (F — {A})) then
let A= SOME A. A € F A expressible A (F — {A})
in remove-expressible (F — {A})
else
F)
{(proof)

lemma remowve-expressible-dom:
assumes finite F'
shows remove-expressible-dom F

(proof)

lemma remowve-expressible-subset:
assumes finite F'
shows remove-expressible FF C F

(proof)

lemma remowve-expressible-closure:
assumes finite I’
shows closure F = closure (remove-expressible F')

(proof)

lemma remowve-expressible-irreducible:
assumes finite F’
shows irreducible (remove-expressible F')

{(proof)

lemma ex-irreducible-closure:
fixes F
assumes finite I’
shows 3 F' C F. irreducible F' A closure F' = closure F

(proof)

13.3 Uniqueness of irreducible subfamily for the given clo-
sure

lemma irreducible-closure:
assumes irreducible F'' and closure F' = closure F’
shows F/ C F

(proof)

lemma irreducible-closure:
assumes irreducible F' and irreducible F' and closure F' = closure F'
shows F = F’

(proof)
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end

13.3.1 Implementation by sorted and distinct lists

theory IrreducibleFamiliesImpl
imports IrreducibleFamilies UnionClosedImpl Combinatorics
begin

definition ezpressible-l where
expressible-l A F = A € set (map Union-l (all-nonempty-subsets F))

lemma expressible-I-soundness:
assumes expressible-l A F
shows expressible (set A) (f-to-set-1 F)

(proof)

lemma f-to-set-lI-subset-ex:

fixes F':nat set set

assumes F' C f-to-set-l Fl

shows 3 F'l. set F'l C set FI A f-to-set-l F'l = F' A distinct F'l A length F'l
< length Fl

(proof)

lemma expressible-I-completeness-lemma:

assumes F’ C f-to-set-l FI F' # {}

shows |J F' € set (map set (map Union-l (all-nonempty-subsets F1)))
(proof)

lemma expressible-I-completeness:
assumes sd A sdf F
assumes
expressible (set A) (f-to-set-l F)
shows expressible-l A F

(proof)

end

14 Covering
theory Covering

imports UnionClosed Frankl IsomorphicFamilies Irreducible Families
begin

14.1 Definition of Covering

definition FC-covered where
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FC-covered Fc F = 3 Fc'. iso F¢' Fe N Fe' C closure F

definition nonFC-covered where
nonFC-covered Ne F = 3 Nc'. iso Nc Ne' A closure F C closure N/ U {{}}

abbreviation F(Cs-covered where
FCs-covered F FF =3 Fc € F. FC-covered Fc F

abbreviation nonFCs-covered where
nonFCs-covered N F =3 Nc € N. nonFC-covered Nc F

definition covered where
covered F N' F = FCs-covered F F V nonFCs-covered N' F

lemma FC-covered-sound:
fixes Fc :: nat set set
assumes finite F' and FC-covered Fc F and FC-family Fc
shows FC-family F

(proof)

lemma nonFC-covered-sound:
fixes F :: nat set set
assumes finite F'' and nonFC-covered F' F and — FC-family F'
shows = FC-family F

(proof)

lemma FC-covered-mono:
assumes ' C F' FC-covered F F
shows F'C-covered F F’

(proof)

lemma nonFC-covered-mono:
assumes ' O F' nonFC-covered F F
shows nonFC-covered F F'

(proof)

14.2 Covering and empty set

lemma FC-covered-remove-empty:

assumes finite F'

shows FC-covered Fc (F — {{}}) — FC-covered Fc F
(proof )

lemma nonFC-covered-remove-empty:

assumes finite F'

shows nonFC-covered Nc (F — {{}}) — nonFC-covered Nc F
(proof)

lemma covered-remove-empty:
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assumes finite F
shows covered F N (F — {{}}) — covered F N' F

(proof)

14.3 Covering and isomorphic families

lemma FC-covered-iso:
assumes iso F' F'' and FC-covered Fc F
shows FC-covered Fc F'

(proof)

lemma nonFC-covered-iso:
fixes F' F'' :: nat set set
assumes iso F' I/ and nonFC-covered Nc F and
finite (J F’) and finite (|J Nc)

shows nonFC-covered Nc F'

(proof)

lemma covered-iso:
fixes F' F'' :: nat set set
assumes finite (|J F’) and
Y Fc € F. finite ({J Fc) and V Nc € N. finite (|J Nc)
assumes iso F F'
shows covered F N' F = covered F N F'

(proof)

lemma iso-represents-FCs-covered:
fixes FF FFb ::nat set set set
assumes iso-represents FFb FF and V¥V F € FFb. FCs-covered F F
shows V F € FF. FCs-covered F F

(proof)

lemma iso-represents-nonFCs-covered:
fixes FF FFb ::nat set set set
assumes V F € FF. finite ({J F)V F € N. finite (J F)
assumes iso-represents FFb FF'NY F € FFb. nonFCs-covered N' F
shows V F € FF. nonFCs-covered N' F

(proof)

14.4 Covering, closure and irreducible families

lemma closure-covered:
assumes closure F' = closure F’
shows covered F N F +— covered F N F'

(proof)

lemma ex-irreducible-covered:
fixes F
assumes finite (|J F)
shows 3 F’/ C F. irreducible F' A (covered F N F <— covered F N F’)
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(proof)

lemma all-irreducible-covered-all-covered:
assumes V F. irreducible F A |J F C {0..<n:nat} — covered F N F
showsV F.|J F C {0..<n} — covered F N' F

(proof)

end

14.4.1 FC and nonFC covering implementation

theory Coveringlmpl
imports
Covering
FamilyImpl UnionClosedImpl NonlsomorphicFamiliesImpl
More. MoreBinomial
begin

definition F'C-covered-l :: nat list list = nat list list = nat list list = bool where
FC-covered-l Fc F perms <— list-ex (A Fc'. set Fe' C set (close-1 F)) (map (A
p. permute-family-l p Fc) perms)

lemma FC-covered-l-soundness:
assumes V p € set perms. p <~~> [0..<n] dm Fc n
assumes FC-covered-l Fc F perms
shows FC-covered (f-to-set-l Fc) (f-to-set-l F')

(proof)

lemma FC-covered-l-completeness:
assumes sdf F sdf Fc dm Fc n dm F n perms = permute [0..<n]
assumes FC-covered (f-to-set-l Fc) (f-to-set-l F')
shows FC-covered-l Fc F perms

(proof)

definition FCs-covered-l where
FCs-covered-l F F perms <— list-ex (A Fc. FC-covered-l Fc F perms) F

definition nonFC-covered-l where
nonFC-covered-l Nc F perms +—
list-ex (A Nc'. set (close-l F') C set Nc')
(map (X p. (close-insert-empty-l (permute-family-l p Nc))) perms)

lemma nonFC-covered-l-soundness:

assumes V p € set perms. p <~~> [0..<n] dm Nc n
assumes nonFC-covered-l Nc F perms
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shows nonFC-covered (f-to-set-l Nc) (f-to-set-1 F')
(proof)

definition nonFCs-covered-l where
nonFCs-covered-l N' F perms <—
list-ex (A Nc. nonFC-covered-l Nc F perms) N

lemma nonFCs-covered-I-soundness:
assumes V pEset perms. p <~~> [0..<n] dmf N n
assumes nonFCs-covered-I N F perms
shows nonFCs-covered (fs-to-set-l N') (f-to-set-1 F')

(proof)

definition nonFC-covered-l-opt :: nat list list list = nat list list = bool where
nonkF C-covered-l-opt Nc-perms F +—
list-ex (A Nc'. set (close-l F) C set Ne') Ne-perms
definition nonFCs-covered-I-opt where
nonFCs-covered-l-opt N -perms F +—
list-ex (A Nc. nonFC-covered-l-opt Nc F) N -perms

lemma nonFCs-covered-l-opt:

assumes N -perms = (map (A Nc. (map (A p. close-insert-empty-I (permute-family-1
p Nc)) perms)) N)

shows nonFCs-covered-l-opt N -perms F <— nonFCs-covered-l N' F perms

(proof)

end

15 L-partitioned families

theory LPartitioning
imports Main More. MoreSet IsomorphicFamilies
begin

definition is-L-part where
is-L-part n L F +—
U F C{0..<nunat} A
(V A€ F. card A < length L) A
(V n < length L. card {A € F. card A =n} =L ! n)

abbreviation L-part where
L-part n L = {F. is-L-part n L F}

lemma is-L-part-finite:

assumes is-L-part n L F
shows finite 'V A € F. finite A
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(proof)

lemma is-L-part-zero:
shows is-L-part n L F <— is-L-part n (L Q [0]) F
(proof)

lemma is-L-part-zeros:
assumes V k. k' >k Ak’ <length L — L1 k' =0
shows is-L-part n L F <— is-L-part n (take (k+1) L) F
(proof)

lemma is-L-part-zeros-replicate:
is-L-part n (replicate k 0) F <— is-L-part n [| F
(proof)

lemma is-L-part-mem:
assumes is-L-part n L F A e F
shows card A < length L AN L! card A > 0

(proof)

lemma is-L-part-empty-mem:
assumes
is-L-part n L F hd L > 0 length L > 0
shows {} € F

(proof)

lemma is-L-part-remove:

assumes A € Fis-L-part n L F

shows is-L-part n (L[card A :== (L ! card A) — 1]) (F — {4})
(proof)

lemma is-L-part-remove-last:
assumes is-L-part n (L Q [k + 1]) F card A = length L A € F
shows is-L-part n (L @Q [k]) (F — {A})

(proof)

lemma is-L-part-insert-last:
assumes is-L-part n (L Q [k]) FA¢ F A C {0..<n} card A = length L
shows is-L-part n (L Q [k + 1]) (F U {4})

(proof)

15.1 Ordering of L-partitions

definition pwge (infixl = 100) where
L' = L +— (length L' = length L) A (V i. i < length L — L' 4 > L 1)

lemma pwge-Cons:
(a# L= (b#L)+—(a>bANL =L
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(proof)

lemma pwge-Nil:

=1

(proof)

lemma pwge-refi:
fixes L::'a::linorder list
shows [simp]: L = L

(proof)

lemma pwge-trans [trans):
fixes L::'a::linorder list
assumes L > L' L' = L"
shows L = L"

(proof)

lemma pwge-replicate-0:
assumes length X = n
shows X > replicate n (0::nat)

(proof)

lemma pwge-list-update:
fixes L::nat list
assumes n < length L nk < L!n
shows L = L [n := nk]

(proof)

lemma is-L-part-subset:
assumes L' = L is-L-part n L' F'
shows 3 F. F C F' A\ is-L-part n L F
(proof )

lemma is-L-part-subset”:

assumes F'' C Fis-L-part n L F

shows 3 L. L = L'\ is-L-part n L' F'
(proof)

16 Generating all L-partitioned families with some
given properties

abbreviation L-part-P where

L-part-P Pn L = {F € L-part n L. P F}

abbreviation mult-P where
mult-PPFA={fU{A}|f.feFNAEfANPAS}

abbreviation

mult-allkP PFnm= {mult-P PF A| A. card A=m AN AC{0..<n}}
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abbreviation incrementally-checks where
incrementally-checks Pinc P =
(V AF. (finite (lJ FUA) NN A'€ F.card A > card AY N A ¢ F) —
(P(FU{A}) «— PF A Pinc A F))

lemma L-part-mult-P:
assumes incrementally-checks Pinc P
shows L-part-P P n (L @Q [k + 1]) = mult-all-P Pinc (L-part-P P n (L @ [k]))
n (length L)
(is ?lhs = ?rhs)

(proof)

abbreviation inj-preserved where
inj-preserved P =¥ A F f. (inj-on f (J FUA)APAF)— P (f‘A) (op
foF)

lemma L-part-mult-iso-representing-subset:
assumes
incrementally-checks Pinc P inj-preserved Pinc
iso-representing-subset FFb (L-part-P P n (L @ [k])) (is iso-representing-subset
- ?FFk)
length L < n
FFb'" = mult-all-P Pinc FFb n (length L)
shows iso-representing-subset FFb’ (L-part-P P n (L Q [k + 1])) (is iso-representing-subset
?FFb’ ?FFk1)
(proof)

end

16.1 Implementation by sorted and distinct lists

theory LPartitioninglmpl
imports LPartitioning FamilyImpl NonlsomorphicFamiliesImpl
begin

definition mult-P-l where
mult-P-l P F A =
(let F'=[f < F. A¢ setf NP Af]in
map (A z. A # z) F’)

lemma mult-P-l-sorted-distinct:
assumes sdff F sd A
shows sdff (mult-P-l P F A)

(proof)

lemma mult-P-I-domain:
assumes dmf FFb n set A C {0..<n:nat}
shows dmf (mult-P-l P FFb A) n

(proof)
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lemma mult- P-l-correctness:

fixes FFb :: nat list list list

assumes sdff FFb sd A dmf FFb n set A C {0..<n}

assumes \ A F. [sd A; sdf F; dm (A # F) n] = P A F +— P’ (set A)
(f-to-set-1 F)

shows fs-to-set-l (mult-P-l P FFb A) = mult-P P’ (fs-to-set-l FFb) (set A) (is
?lhs = ?rhs)
(proof)

definition mult-all-P-l where
mult-all-P-l P F'n m = concat (map (A A. mult-P-l P F A) (all-mn-subsets n

m))

lemma mult-all-P-l-sorted-distinct:
assumes sdff F
shows sdff (mult-all-P-l P F'n m)

(proof)

lemma mult-all-P-l-domain:
assumes dmf FFb n
shows dmf (mult-all-P-l P FFb n m) n

(proof)

lemma mult-all-P-correctness:
fixes F'Fb :: nat list list list
assumes sdff FFb dmf FFb n
NAF.[sdA; sdf F; dmn (A# F)n] = P A F <— P’ (set A) (f-to-set-l F)
shows fs-to-set-1 (mult-all-P-l P FFb n - m) = mult-all-P P’ (fs-to-set-l FFb) n m
(is 2lhs = ?rhs)
(proof)

definition mult-all-base-P-l where
mult-all-base-P-l P F' n m perms = non-isomorphic-families-l perms (mult-all-P-1
P Fnm)

lemma mult-all-base- P-l-sorted-distinct:
assumes sdff F
shows sdff (mult-all-base-P-l P F n m perms)

(proof)

lemma mult-all-base-P-I-domain:
assumes dmf F'n
shows dmf (mult-all-base-P-l P F n m perms) n

{(proof)

lemma mult-all-base-P-l-correctness:
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assumes A A F. [sd A; sdf F; dm (A # F) n] = Pinc’ A F <— Pinc (set

A) (f-to-set-l F)
incrementally-checks Pinc P ing-preserved Pinc

assumes sdff FFb dmf FFb n V pE€set perms. p <~~> [0..<n]

assumes iso-representing-subset (fs-to-set-l FFb) (L-part-P P n (L @ [k]))

length L < n

FFb' = fs-to-set-l (mult-all-base-P-l Pinc' FFb n (length L) perms)

shows iso-representing-subset FFb’ (L-part-P P n (L Q [k+1]))
(proof)

16.2 Recursive enumeration procedure

For a given list L, find an iso-representing collection of all L-paritioned
families that satisfy some predicate P.

abbreviation dec-last where
dec-last L = butlast L @ [last L — (1::nat)]

function enum-rec where

enum-rec L v0 f =
(if L =[] then v0
else if last L = 0 then enum-rec (butlast L) v0 f
else f (enum-rec (dec-last L) v0 f) L)

(proof)

termination

(proof)

declare enum-rec.simps[simp del]

lemma enum-rec:
assumes P v0 |]
assumes A\ v L. Pv L = P v (L Q [0])
N v L'::(nat list). [L' # [); last L' > 0; length L' < length L; P v (dec-last
Y] = P (ful) L'
shows P (enum-rec L v0 f) L
(proof)

lemma enum-rec-iso-representing-subset:
assumes A A F. [sd A; sdf F; dm (A # F) n] = Pinc’ A F +— Pinc (set
A) (f-to-set-l F') and
incrementally-checks Pinc P and inj-preserved Pinc and
V p€Eset perms. p <~~> [0..<n] and length L — 1 < n
assumes P {} Mult = (A F L. mult-all-base-P-1 Pinc’ F'n (length L — 1) perms)
shows iso-representing-subset (fs-to-set-l(enum-rec L [[]] Mult)) (L-part-P P n
1)
(proof)

16.3 Dynamic programming enumeration procedure

definition pwge-impl where
pwge-impl L L' «— list-all (A (z, y). x > y) (zip L L")

o7



lemma pwge-impl:
assumes length L = length L’
shows pwge-impl L L' +— L = L’

(proof)

function enum-dp where
enum-dp val res k L g stop maxL = foldl
(A rn.letl =incnth L n
in if length | # length maxL V stop | V — pwge-impl mazxL [ then
r
else
enum-dp (g val n) r nl g stop maxL

)

(val # res)

[k..<length L]
(proof)

abbreviation enum-dp-step where
enum-dp-step val res k g stop maxL L = let | = inc-nth L k
in if length | # length mazL V
stop I V
- pwge-impl mazxL |
then res else enum-dp (g val k) res k 1 g stop mazL

definition listdiff where
listdiff xs ys = sum-list (map (X (a, b). a — b) (zip zs ys))

termination

(proof )
declare enum-dp.simps[simp del]

lemma enum-dp-mono:
assumes length L = length maxL
shows set (val # res) C set (enum-dp val res k L g stop mazL)

(proof)

lemma enum-dp-mono”:
assumes length L = length mazxL

shows set res C set (foldl (A r n. enum-dp-step val v n g stop mazL L) res
[k..<length L))

(proof)

lemma enum-dp-lemma;:
assumes
length L = length maxL and
V k" k" >kANE" <length L — L! k" = 0 and
X ={L"L'= LA mazL = L' A take k L' = take k L A = (3 Ls. Ls = L A
take k L = take k Ls A L' = Ls A stop Ls)} and
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P val L and
k < length L and
N\ val L k' [Pwal L; k' < length L; k' < length mazL; ¥V k". k" > k' N k" <
length L — L1 k" = 0] =
P (g val k') (inc-nth L k’)
shows V L' € X. 3 B € set (enum-dp val res k L g stop mazL). P B L’
(proof)

Incrementally build all generating subsets for L-partitioned lists upto the
given bounds

definition enum-dp-mult-P where
enum-dp-mult-P P n perms stops maxL =
enum-dp [[]] [] 0 (replicate (n+1) (0::nat))
(A FFb m. mult-all-base-P-1 P FFb n m perms)
(A L. list-ex (A L'. pwge-impl L L') stops)
mazxL

lemma enum-dp-mult-P-correct:
assumes A\ A F. [sd A; sdf F'; dm (A # F) n] = Pinc’ A F <— Pinc (set A)
(f-to-set-l F)
incrementally-checks Pinc P inj-preserved Pinc
assumes
X ={L" maxL = L' N - (3 S € set stops. L' = S)} (is - = ?lhs) and
P {} and
length maxL = n+1 and
V S € set stops. length S = n+1 and
YV p € set perms. p <~~> [0..<n]
shows V L' € X. 3 B € set (enum-dp-mult-P Pinc’ n perms stops mazlL).
iso-representing-subset (fs-to-set-l B) (L-part-P P n L’)
(proof)

end

16.4 Generating all irreducible families

theory LPartitioninglrreducible
imports LPartitioning Irreducible Families
begin

lemma irreducible-expressible:
incrementally-checks (A A F. — expressible A F') irreducible

(proof)

lemma not-expressible-iso:

assumes - expressible A F and inj-on f (U F U A)
shows — expressible (f < A) (op ‘f ‘F)

(proof )

lemma inj-preserved-not-expressible:

99



shows inj-preserved (A A F. = expressible A F')
{proof)

abbreviation L-part-irreducible where

L-part-irreducible = L-part-P irreducible
abbreviation mult-irreducible where

mult-irreducible = mult-P (A A F. — expressible A F)
abbreviation mult-all-irreducible where

mult-all-irreducible = mult-all-P (A A F. — expressible A F)

lemma L-part-irreducible-mult-irreducible:

L-part-irreducible n (L Q [k+1]) = mult-all-irreducible (L-part-irreducible n (L
@ [k])) n (length L)
(proof)

lemmas L-part-irreducible-mult-irreducible-iso-representing-subset =
L-part-mult-iso-representing-subset[of irreducible A A F. — expressible A F,
OF irreducible-expressible inj-preserved-not-expressible]

end

16.5 Generating all families that are not FCs covered by the
given collection

theory LPartitioningNonFCsCovered
imports LPartitioning Covering
begin

lemma pwge-FCs-covered:
assumes V F € L-part n L. FCs-covered F F L' = L
shows V F € L-part n L'. FCs-covered F F

(proof)

lemma notFCs-covered:

incrementally-checks (A A F. = FCs-covered F (F U {A})) (A F. =~ FCs-covered
F F)
(proof )

lemma notFCs-covered-iso:
assumes - FCs-covered F (F U {A4}) and inj-on f (J F U A)
shows — FCs-covered F ((op “f “F) U {f ‘ A})

(proof)

lemma inj-preserved-not-FCs-covered:
inj-preserved (A A F. - FCs-covered F (F U {A}))
(proof)

abbreviation L-part-notFCs-covered where
L-part-notFCs-covered F = L-part-P (A F. -~ FCs-covered F F)

60



abbreviation mult-all-notFCs-covered where
mult-all-notFCs-covered F = mult-all-P (A A f. = FCs-covered F (f U {A}))

lemma L-part-mult-iso-representing-subset-notFC-covered:
assumes
iso-representing-subset FFb ( L-part-notFCs-covered F n (L Q [k]))
FFb' = mult-all-notFCs-covered F FFb n (length L)
length L < n
shows iso-representing-subset FFb' (L-part-notFCs-covered F n (L @ [k + 1]))
(proof)

end

16.5.1 Implementation

theory LPartitioningNonFCsCoveredImpl
imports LPartitioningNonFCsCovered Coveringlmpl LPartitioningImpl
begin

lemma notFCs-covered-I:
assumes perms = permute [0..<n] dmf F n sdff F dm (A # F) n
sd A sdf F
shows
- FCs-covered-l F (A # F') perms <—
- FCs-covered (fs-to-set-1 F) (f-to-set-1 F U {set A})

(proof)

definition mult-notFCs-covered-l where
mult-notF'Cs-covered-l F F A perms =
(let F' = filter (\ f. A ¢ set f) F;
F"=map N z. A# z) F'
in filter (A X. = FCs-covered-l F X perms) F'’)

definition mult-all-notFCs-covered-l where
mult-all-notFCs-covered-l F F nom perms = concat (map (A A. mult-notFCs-covered-I
F F A perms) (all-mn-subsets n m))

definition mult-all-base-notFCs-covered-l where
mult-all-base-not FCs-covered-l F F n.m perms = non-isomorphic-families-1 perms
(mult-all-notFCs-covered-l F F n m perms)

lemma mult-all-base-notFCs-covered-I:
mult-all-base-notFCs-covered-l F F n m perms = mult-all-base-P-1 (A A F. —
FCs-covered-l F (A # F) perms) F n m perms

(proof)

definition FC-covered-l-opt :: nat list list list = nat list list = bool where
FC-covered-l-opt Fc-perms F <— list-ex (A Fc'. set Fc¢' C set (close-l F))
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Fe-perms
definition FCs-covered-l-opt where
FCs-covered-l-opt F-perms F' < list-ex (A Fc. FC-covered-l-opt Fc F) F-perms

definition FCs-covered-l-opt’ where
FCs-covered-l-opt” F-perms F <+—
(let clF' = set (close-l F)
in list-ex (list-ex (X Fc'. set Fe' C clF)) F-perms)

lemma [simp]: FCs-covered-l-opt’ = FCs-covered-l-opt

(proof)

definition mult-notFCs-covered-l-opt where

mult-notF'Cs-covered-l-opt F-perms F A =

(let F' = filter (\ f. A ¢ set f) F;
F'"=map ANz. A# z) F'
in filter (A X. = FCs-covered-l-opt’ F-perms X) F'')

definition mult-all-notFCs-covered-l-opt where

mult-all-notFCs-covered-l-opt F-perms F'nm = concat (map (A A. mult-notF'Cs-covered-l-opt
F-perms F A) (all-mn-subsets n m))
definition mult-all-base-notFCs-covered-l-opt where

mult-all-base-notFCs-covered-l-opt F-perms F' n m perms = non-isomorphic-families-1
perms (mult-all-notFCs-covered-l-opt F-perms F'n m)

lemma mult-all-base-notF Cs-covered-opt:
assumes F-perms = map (A F. map (A p. permute-family-l p F) perms) F

shows mult-all-base-notF Cs-covered-l-opt F-perms F' n m perms =
mult-all-base-not F'Cs-covered-l F F n m perms

(proof)

abbreviation enum-rec-notFCs-covered-l where

enum-rec-notFCs-covered-l F-perms L n perms =

enum-rec L [[]] (A F L. mult-all-base-notFCs-covered-l-opt F-perms F n (length
L — 1) perms)

lemma enum-rec-notFCs-covered-l-iso-representing-subset:

assumes F-perms = map (A F. map (A p. permute-family-l p F) (permute
[0..<n])) F[] ¢ set F

dmf F n sdff F length L — 1 < n

shows iso-representing-subset (fs-to-set-l (enum-rec-notFCs-covered-1 F-perms L
n (permute [0..<n)))) (L-part-notFCs-covered (fs-to-set-1 F) n L)

(proof)

end
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16.6 Generating all irreducible families that are not FCs cov-
ered by the given collection

theory LPartitioninglrreducibleNonFCsCovered
imports LPartitioninglrreducible L PartitioningNonFCsCovered IrreducibleFamilies
begin

lemma irreducible-expressible-notFCs-covered:
incrementally-checks
(A A F. = expressible A F N = FCs-covered F (F U {A4}))
(A F. irreducible F' N =~ FCs-covered F F)

(proof)

lemma irreducible-expressible-notFCs-covered-iso:

assumes — expressible A F = FCs-covered F (F U {A}) inj-on f (JF U A)
shows — expressible (f * A) (op ‘f *F) A = FCs-covered F (op ‘f‘F U {f ‘A})

(proof)

lemma inj-preserved-not-expressible-notFCs-covered:
inj-preserved (A A F. — expressible A F N = FCs-covered F (F U {A}))

(proof)

abbreviation L-part-irreducible-notFCs-covered where
L-part-irreducible-notFCs-covered F = L-part-P (A F'. irreducible F N = FCs-covered
F F)

abbreviation mult-all-irreducible-notFCs-covered where
mult-all-irreducible-notFCs-covered F = mult-all-P (A A f. — expressible A f N —
FCs-covered F (f U {A}))

lemma L-part-mult-iso-representing-subset-irreducible-notFC-covered:
assumes
iso-representing-subset FFb (L-part-irreducible-notFCs-covered F n (L Q [k]))
length L < n
FFb' = mult-all-irreducible-notFCs-covered F FFb n (length L)
shows iso-representing-subset FFb' (L-part-irreducible-notFCs-covered F n (L @
lk + 1))
(proof)

lemma iso-represents-L-part-irreducible-notFCs-covered:
fixes F N FFb :: nat set set set
assumes iso-representing-subset FFb (L-part-irreducible-notFCs-covered F n L)
VY F € FFb. nonFCs-covered N' F
V N e N. finite (U N)
shows V F € L-part-irreducible n L. covered F N F
(proof)

end
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16.6.1 Implementation

theory LPartitioninglrreducibleNonFCsCoveredImpl

imports LPartitioninglrreducibleNonFCsCovered Irreducible FamiliesImpl CoveringImpl
LPartitioningNonFCsCoveredImpl

begin

lemma irreducible-expressible-notFCs-covered-1:

assumes perms = permute [0..<n] dmf F n sdff F

sd A sdf Fdm (A# F)n

shows — expressible-l A F N = FCs-covered-l F (A # F) perms +— — expressible
(set A) (f-to-set-l F) A = FCs-covered (fs-to-set-l F) (f-to-set-l F' U {set A})

(proof)

definition mult-irreducible-notF'Cs-covered-l where
mult-irreducible-notFCs-covered-l F F A perms =
(let F' = filter (\ f. A ¢ set f N — expressible-l A f) F;
F"=map N z. A# z) F’
in filter (A X. = FCs-covered-l F X perms) F')

definition mult-all-irreducible-notFCs-covered-l where
mult-all-irreducible-not FCs-covered-l F F n m perms =
concat (map (A A. mult-irreducible-notFCs-covered-l F F' A perms) (all-mn-subsets
nm))

definition mult-all-base-irreducible-notFCs-covered-l where
mult-all-base-irreducible-notFCs-covered-l F F n m perms =
non-isomorphic-families-l perms (mult-all-irreducible-notFCs-covered-l F F n
m perms)

lemma mult-all-base-irreducible-notFCs-covered:
mult-all-base-irreducible-notFCs-covered-l F F n m perms =
mult-all-base-P-1 (A A F. = expressible-l A F N = FCs-covered-l F (A # F)
perms) F n m perms

(proof)

definition mult-irreducible-notF Cs-covered-l-opt where
mult-irreducible-notFCs-covered-l-opt F-perms F A =
(let F' = filter (A f. A ¢ set f N — expressible-l A f) F;
F"=map N\ z. A# z) F’
in filter (A X. = FCs-covered-l-opt’ F-perms X) F'')
definition mult-all-irreducible-notFCs-covered-I-opt where
mult-all-irreducible-not FCs-covered-l-opt F-perms F'n m =
concat (map (A A. mult-irreducible-notFCs-covered-l-opt F-perms F A) (all-mn-subsets
n m))
definition mult-all-base-irreducible-notFCs-covered-l-opt where
mult-all-base-irreducible-notFCs-covered-l-opt F-perms F n m perms =
non-isomorphic-families-l perms (mult-all-irreducible-notFCs-covered-l-opt F-perms
Fnm)
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lemma mult-all-base-irreducible-notFCs-covered-opt:
assumes F-perms = map (A F. map (A p. permute-family-l p F') perms) F
shows mult-all-base-irreducible-notFCs-covered-l-opt F-perms F n m perms =
mult-all-base-irreducible-notFCs-covered-l F F n m perms

(proof)

abbreviation enum-rec-irreducible-notFCs-covered-l where
enum-rec-irreducible-notFCs-covered-l F-perms L n perms =

enum-rec L [[]] (A F L. mult-all-base-irreducible-notFCs-covered-l-opt F-perms F
n (length L — 1) perms)

abbreviation enum-dp-irreducible-notF'Cs-covered-l where
enum-dp-irreducible-notFCs-covered-l F-perms n perms stops maxL =
enum-dp [[]] [] 0 (replicate (n+1) (0::nat))
(X FFb m. mult-all-base-irreducible-notFCs-covered-l-opt F-perms FFb nm
perms)
(X L. list-ex (A L'. pwge-impl L L') stops)
maxL

lemma enum-dp-irreducible-notFCs-covered-I:
assumes F-perms = map (AF. map (Ap. permute-family-l p F) perms) F
shows
enum-dp-irreducible-notFCs-covered-l F-perms n perms stops mazxL =
enum-dp-mult-P (A A F. - expressible-l A F N = FCs-covered-l F (A # F)
perms) n perms stops maxL

(proof)

lemma enum-dp-irreducible-notFCs-covered-l-iso-representing-subsets:
assumes

F-perms = map (AF. map (Ap. permute-family-l p F) perms) F

X ={L" mazL = L' A= (3 S € set stops. L' = S)} (is - = ?lhs)

length mazL = n 4+ 1V S € set stops. length S = n + 1

(| & set F perms = permute [0..<n]| dmf F n sdff F
shows V L' € X. 3 B € set (enum-dp-irreducible-notFCs-covered-l F-perms n
perms stops mazxlL).

iso-representing-subset (fs-to-set-1 B) (L-part-irreducible-notF'Cs-covered

(fs-to-set-l F) n L)
(proof)

end

17 Minimal FC(6) families and maximal nonFC(6)
families

theory FC6-Data
imports Main
begin
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nat list list list where

definition FC6 ::
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nat list list list where
2
1
1
2
2
3
3
3
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1
2
1
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1
1
2
2
2
2
2
2
2
3
4
4
4
4
4
3
3
3
3
4
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4
4
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definition nonFC6 ::
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imports Frankl FamilyImpl

theory FranklImpl
begin

context SetImpl

end
begin

end

end

18 Tactics
theory FCTactics

imports FranklImpl SomeShareNegativelmpl

begin
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(ML)

18.1 Tactics for verifying FC families

Tactic relies on applying the SomeShareNegativelmpl.some-share-negative
function.

(ML)

18.2 Tactics for verifying nonFC families

Tactic for checking if a family belongs to the union-closed extension of a
given family

thm SetUnionImpl-nats.union-closed-additional-set
(ML)

Tactic for checking if the given coefficients c satisfy the given system of
inequalities determined by the given families Fs

Lemma that allows to reformulate the statement as a problem over lists and
gain faster executability.

lemma nonFC-is-system-solution-lists:

assumes F's = map f-to-set-l Fs-l set Fc-l =) Fec V F € set Fs-l. distinct F
VY F € set Fs-1.Y A € set F. sorted A N distinct A

shows (let Fs' = Fsin ¥V a € |J Fc. sum-list (map (A (z, y). int z x y) (zip ¢
(map (Frankl.frankl-fun a) Fs'))) < 0) +—

(list-all (X a. sum-list (map (X (z, y). int x * y) (zip ¢ (map (frankl-fun-

a) Fs-l))) < 0) Fe-l)
(proof)

(ML)

end

19 FC status proofs

theory FC6-Status
imports FC6-Data SomeShareNegativelmpl WeightsShares-NotFCFamily FCTactics
begin

lemma [simp]: - FC-family ({{},{0,1,2,5},{0,1,2,4},{0,1,3,4},{0,2,3,4},{0,1,2,3,4},{1,2,8,4,5},{0,1,2,
set set) (is - FC-family ?Fc)
(proof)
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lemma [Slmp]: - FC_famlly ({{}7{07172,3}7{07172,4}7{07173,4}7{071’3,5}7{07172,374}7{071 ,27375}7{0,173’
set set) (is -~ FC-family ?F'c)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2,5},{0,1,2,4},{0,1,3,5},{0,1,4,5},{0,1,2,3,4},{0,1,2,3,5},{0,1,2,
set set) (is — FC-family ?Fc)
(proof)

lemma [Slmp] - FC—fa’ley ({{}7{071?273}7{071?274}7{0717375}7{0727475}7{071727374}7{071 727375}a{071727
set set) (is -~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2,3},{0,1,2,4},{0,1,3,4},{0,2,3,5},{0,1,2,3,4},{0,1,2,3,5},{0,1,2,
set set) (is - FC-family ?Fc)
(proof)

lemma [simp|: = FC-family ({{}.{0,1,2,3},{0,1,2,4},{0,1,8,5},{2,5.4,5},{0,1,2,%,4},{0,1,2,3,5},{0,1,2,
set set) (is -~ FC-family ?F'c)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2,5},{0,1,2,4},{0,3,4,5},{1,3,4,5},{0,1,2,3,4},{0,1,2,3,5},{0,1,2,
set set) (is — FC-family ?Fc)
(proof)

lemma [S’me] - FC—fa’ley ({{}7{0717273}7{0717274}7{0717374}7{2737475}7{071727374}7{071 727375}a{071727
set set) (is -~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2,3},{0,1,2,4},{0,1,3,4},{0,2,3,5},{1,2,3,5},{0,1,2,3,4},{0,1,2,3,
set set) (is - FC-family ?Fc)
(proof)

lemma [simp|: = FC-family ({{}.{0,1,2,3},{0,1,2,4},{0,1,8,4},{0,2,8,5},{2,%,4,5},{0,1,2,3,4},{0,1,2,3,
set set) (is =~ FC-family ?F'c)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2,3},{0,1,2,4},{0,1,3,5},{0,1,4,5},{2,3.4,5},{0,1,2,3,4},{0,1,2,3,
set set) (is — FC-family ?Fc)
(proof)

lemma [simp|: - FC-family ({{},{0,1,2,5},{0,1,2,4},{0,1,3,5},{0,2,4,5},{1,58,4,5},{0,1,2,8,4},{0,1,2,3,
set set) (is - FC-family ?Fc)

(proof)

lemma [simp]: = FC-family ({{},{0,1,2,5},{0,1,2,4}{0,1,3,4},{0,1,3,5},{2,3,4,5},{0,1,2,3,4}{0,1,2,3,
set set) (is -~ FC-family ?F'c)

(proof)

lemma [simp]: - FC-family ({{}.,{0,1,2,3},{0,1,2,4},{0,1,3,4},{0,2,3,5},{1,2,4,5},{0,1,2,3,4},{0,1,2,3,
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set set) (is =~ FC-family ?Fc)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2,5},{0,1,2,4},{0,1,3.4},{0,1,5,5},{0,2,3,5},{0,3,4,5},{0,1,2,5 4]
set set) (is -~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2,5},{0,1,2,4},{0,1,3.4},{0,1,5,5},{0,2,3,5},{0,2,4,5},{0,1,2,5,4]
set set) (is - FC-family ?Fc)
(proof)

lemma [simp|: = FC-family ({{}.{0,1,2,3},{0,1,2,4},{0,1,8,4},{0,2,8,5},{0,2,4,5},{0,3,4,5},{0,1,2,3,4]
set set) (is -~ FC-family ?F'c)
(proof)

lemma [Simp]: - FC—faley ({{}7{071’2}’{07173’4}’{07273’5}7{07172’3,4}7{07172,375}7{172737475}7{07172’
set set) (is =~ FC-family ?Fc)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,3,4},{0,2,3,4},{0,1,2,3,4},{0,1,8,4,5},{0,2,8,4,5},{1,2,3,
set set) (is -~ FC-family ?Fc)
(proof)

lemma [Simp]: - FC_faley ({{}7{07172}7{0’]7374}7{0’37475}7{0’]7273’4}7{071727375}7{071 737475}’{07273’
set set) (is - FC-family ?Fc)
(proof)

lemma [simp|: = FC-family ({{}.{0,1,2},{0,1,2,3},{0,1,8,4}.{0,1,2,8,4},{0,1,2,4,5},{0,1,3,4,5},{0,2,3,
set set) (is -~ FC-family ?F'c)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,3,4},{2,3,4,5},{0,1,2,3,4},{0,1,2,3,5},{0,1,58,4,5},{0,2,3,
set set) (is =~ FC-family ?Fc)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,4,5}.{0,1,2,5,4},{0,1,2,3,5},{0,1,2.4,5},{0,1,5,
set set) (is -~ FC-family ?Fc)
(proof)

lemma [Simp]: - FC_faley ({{}7{07172}7{0’]7374}7{0’27374}7{0’27375}’{0’]727374}7{071727375}7{071 7374’
set set) (is - FC-family ?Fc)
(proof)

lemma [Slmp]: - FC_famlly ({{}7{07172}’{071 7374}’{0727374}’{17374’5}’{071 72’3,4}7{071’37475}7{07273747
set set) (is -~ FC-family ?F'c)
(proof)

lemma [simp|: - FC-family ({{},{0,1,2},{0,1,3,4},{0,3,4,5},{2,%3,4,5},{0,1,2,8,4},{0,1,2,8,5},{0,1,5,4,
set set) (is — FC-family ?Fc)
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(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4}.{0,3,4,5},{0,1,2,3,4},{0,1,3.4,5}.{0,2,5 .4,
set set) (is - FC-family ?Fc)
(proof)

lemma [simp|: = FC-family ({{}.{0,1,2},{0,1,2,3},{0.1,4,5}.,{0,3,4,5},{0,1,2,4,5},{0,1,3,4,5},{0,2,3,4,
set set) (is -~ FC-family ?F'c)
(proof)

lemma [simp|: - FC-family ({{},{0,1,2},{0,1,3,4},{0,1,3,5},{0,%3,4,5},{0,1,2,8,4},{0,1,2,8,5},{0,1,2,4,
set set) (is =~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,3,4},{0,1,2,3,4},{0,1,2,3,5},{0,2,3.4,
set set) (is = FC-family ?Fc)
(proof)

lemma [Simp]: - FC_faml’ly ({{}7{07172}7{0717273}7{0717274}7{0717374}7{0717273’4}7{071737475}7{07273747
set set) (is - FC-family ?Fc)
(proof)

lemma I:Szmp:l: - FC_faley ({{}7{07172}’{0’1 7273}’{0’1 7274}’{0’1 7375}’{0’1 7273’4}’{071727375}7{071 7274’
set set) (is -~ FC-family ?F'c)
(proof)

lemma [Simp]: - FC_faley ({{}7{07172}’{071 7273}’{0717274}’{07173’5}’{07172’3,4}7{071’27375}7{0’1 73747
set set) (is -~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4},{2,3,4,5},{0,1,2,8,4},{0,1,2,8,5},{0,2,5,4,
set set) (is = FC-family ?Fc)
(proof)

lemma [simp]: - FC-family ({{}.{0,1,2},{0,1,2,5},{0,1,5.4}.{2,3.4,5},{0,1,2,3,4},{0,1,3.4,5},{0,2,3 4,
set set) (is - FC-family ?Fc)
(proof)

lemma I:Slmp:l: - FC_faley ({{}7{07172}’{0’1 7273}’{0’1 7475}’{2’37475}’{0’1 7273’4}’{071727475}7{0’27374’
set set) (is =~ FC-family ?F'c)
(proof)

lemma [simp|: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,4,5},{2,3,4,5},{0,1,2,4,5},{0,1,3,4,5},{0,2,3,4,
set set) (is =~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4},{2,3,4,5},{0,1,2,8,4},{0,1,2,8,5},{0,1,2,4,
set set) (is - FC-family ?Fc)
(proof)
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lemma [simp|: - FC-family ({{},{0,1,2},{0,1,2,3},{0.1,4,5}.,{2,53,4,5},{0,1,2,3,4},{0,1,2,3,5},{0,1,2,4,
set set) (is -~ FC-family ?F'c)
(proof)

lemma [simp|: = FC-family ({{}.{0,1,2},{0,1,2,3},{0,8,4,5}.{1,53,4,5},{0,1,2,%,4},{0,1,2,4,5},{0,1,3,4,
set set) (is = FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4},{0,1,3,5},{0,2,4,5},{0,1,2,3,4},{0,1,2,3,5)
set set) (is —~ FC-family ?Fc)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,5},{0,1,5.,4},{0,1,3,5},{2,3,4,5},{0,1,2,3,4},{0,1,2,5,5]
set set) (is - FC-family ?Fc)
(proof)

lemma [simp|: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,8,4},{0,2,58,5},{0,2,4,5},{0,1,2,3,4},{0,1,2,3,5]
set set) (is -~ FC-family ?F'c)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,8},{0,1,3,4},{0,1,4,5},{0,2,4,5},{0,1,2,8,4},{0,1,2,4,5]
set set) (is = FC-family ?Fc)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4},{0,1,4,5},{2,3,4,5},{0,1,2,3,4},{0,1,2,4,5]
set set) (is — FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4}.{0,3,4,5},{2,3.4,5}.{0,1,2,3.4},{0,1,3,4,5]
set set) (is - FC-family ?Fc)
(proof)

lemma [Szmp]: - FC_faley ({{}7{0’172}’{0’1 ,273}’{0’1 ?475}’{0’3?475}’{1’3’475}’{0’1 ?27475}’{071737475}
set set) (is -~ FC-family ?F'c)
(proof)

lemma [Simp]: - FC_faley ({{}7{07172}’{071 7273}7{071 7475}’{0737475}7{27374’5}’{071727475}7{071737475}
set set) (is = FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,3,5},{0,3,4,5},{0,1,2,3,4},{0,1,2,3,5)
set set) (is —~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,5},{0,1,3,4},{0,1,3,5},{0,3,4,5},{0,1,2,5,4}.{0,1,2,3,5]

set set) (is - FC-family ?Fc)
(proof)
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lemma [simp|: = FC-family ({{}.{0,1,2},{0,1,2,3},{0.1,8,4}.,{0,2,8,5},{0,%,4,5},{0,1,2,3,4},{0,1,2,3,5]
set set) (is -~ FC-family ?F'c)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3.4},{0,1,4,5},{0,3.4,5},{0,1,2,3,4},{0,1,2,4,5)
set set) (is — FC-family ?Fc)
(proof)

lemma [simp|: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,3,4},{0,2,4,5},{0,3,4,5},{0,1,2,3,4},{0,1,2,5,5]
set set) (is -~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,8},{0,1,2,4},{0,1,3,5},{2,3,4,5},{0,1,2,8,4},{0,1,2,3,5]
set set) (is - FC-family ?Fc)
(proof)

lemma [simp|: = FC-family ({{}.{0,1,2},{0,1,2,3},{0.1,2,4},{0,1,8,5},{2,%,4,5},{0,1,2,3,4},{0,1,2,3,5]
set set) (is -~ FC-family ?F'c)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,3.4,5},{1,3.4,5},{0,1,2,3,4},{0,1,3,4,5)
set set) (is ~ FC-family ?Fc)
(proof)

lemma [simp|: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,4,5},{0,2,4,5},{0,3,4,5},{0,1,2,3,4},{0,1,2,5,5]
set set) (is -~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,8},{0,1,2,4},{0,1,3,4},{2,3,4,5},{0,1,2,8,4},{0,1,2,3,5]
set set) (is - FC-family ?Fc)
(proof)

lemma [simp|: = FC-family ({{}.{0,1,2},{0,1,2,3},{0.1,2,4}.{0,1,5,4},{2,%3,4,5},{0,1,2,3,4},{0,1,2,3,5]
set set) (is =~ FC-family ?F'c)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,2,5},{0,3,4,5},{0,1,2,3,4},{0,1,2,3,5)
set set) (is — FC-family ?Fc)
(proof)

lemma [simp|: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,53,4,5},{1,3,4,5},{0,1,2,3,4},{0,1,2,5,5]
set set) (is - FC-family ?Fc)

(proof)

lemma [S,me]' - FC_famlly ({{}7{0’172}’{0’1 ?273}’{0’1 ?274}’{0’1 ?374}’{0’2’375}’{0’3’475}’{0’1727374}’{
set set) (is -~ FC-family ?F'c)

(proof)

lemma [simp|: - FC-family ({{}.,{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,2,5},{0,3,4,5},{1,3,4,5},{0,1,2,3,4}{
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set set) (is =~ FC-family ?Fc)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,3,5},{0,1,4,5}.{0,3.4,5},{0,1,2,3,4 }{
set set) (is -~ FC-family ?Fc)
(proof)

lemma [Slmp]: - FC_faley ({{}7{07172}7{0’]7273}7{0’]7274}7{0’]7275}7{0’]7374}7{0’37475}7{0’]727374}7{
set set) (is - FC-family ?Fc)
(proof)

lemma [Slmp]: - FC_fa'mlly ({{}7{07172}’{071 7273}7{071 7274}7{071 7275}7{071 7374}7{27374’5}7{071 72’374}7{
set set) (is -~ FC-family ?F'c)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,3,4},{0,1,3,5},{0,3,4,5},{0,1,2,3,4}{
set set) (is =~ FC-family ?Fc)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,2,5},{0,1,5,4},{0,2,3,4},{0,1,2,3,4}{
set set) (is -~ FC-family ?Fc)
(proof)

lemma [simp|: = FC-family ({{},{0,1,2},{0,1,2,3},{0,1,2,4},{0,1,2,5},{0,1,5,4},{0,2,3,5},{0,1,2,3,4}{
set set) (is - FC-family ?Fc)
(proof)

lemma [simp|: = FC-family ({{}.{0,1,2},{0,3,4},{0,1,2,8,4},{0,1,2,8,5},{0,1,%,4,5},{1,2,3,4,5},{0,1,2,
set set) (is -~ FC-family ?F'c)
(proof)

lemma [Simp]: - FC—famlly ({{}7{071’2}’{07374}7{1727375}7{071’273’4}7{07172’3,5}7{071727475}7{071 72737
set set) (is -~ FC-family ?Fc)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,3},{0,1,2,3},{0,2,4,5},{0,1,2,3,4}.{0,1,2,4,5},{0,1,3,4,5]
set set) (is -~ FC-family ?Fc)
(proof)

lemma [simp|: = FC-family ({{},{0,1,2},{0,1,3},{0,1,2,3},{0,2,4,5},{0,1,2,5,4},{0,1,2,4,5},{0,2,3,4,5]
set set) (is - FC-family ?Fc)
(proof )

lemma [simp|: = FC-family ({{}.{0,1,2},{0,1,3},{0,1,2,8},{2,3,4,5},{0,1,2,4,5},{0,1,3,4,5},{0,1,2,3,4,
set set) (is - FC-family ?F'c)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,3},{0,1,2,3}.{2,3,4,5}.{0,1,2,3.4},{0,1,2,3,5},{0,1,2,4,5)
set set) (is — FC-family ?Fc)
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(proof)

lemma [S’me] - FC—fa’mlly ({{}7{07172}7{07374}7{0717275}7{071727374}7{0117273’5}7{071727475}7{17273747
set set) (is - FC-family ?Fc)
(proof)

lemma [simp|: = FC-family ({{}.{0,1,2},{3,4,5},{0,1,2,8},{0,1,2,58,4},{0,1,2,4,5},{0,1,3,4,5},{0,2,3,4,
set set) (is -~ FC-family ?F'c)
(proof)

lemma [simp|: - FC-family ({{},{0,1,2},{0,1,3},{0,1,2,3},{0,1,2,4},{0,3,4,5},{0,1,2,3,4},{0,1,3,4,5}{
set set) (is =~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,3,4},{0,1,2,3}.{0,1,3,5},{0,1,2,3,4},{0,1,2,3,5},{0,1,3,4,5)
set set) (is ~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,3,4}.{0,1,2,3},{1,2,4,5},{0,1,2,3,4},{0,1,2,4,5},{0,1,2,5 .4,
set set) (is - FC-family ?Fc)
(proof )

lemma I:Szmp:l: - FC_faley ({{}7{07172}’{0’374}’{071’275}7{173’475}7{071’27374}’{0’1 7374’5}’{071727374’
set set) (is -~ FC-family ?F'c)
(proof)

lemma [szmp] - FC—faley ({{}7{071?2}’{0a173}7{071a273}7{0715274}7{0725475}7{0715273a4}a{05172a375}7{
set set) (is -~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,3},{0,1,2,3},{0,1,2,4},{2,3,4,5},{0,1,2,3,4},{0,1,2,3,5} {
set set) (is —~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,3},{0,1,2,3},{0,1,2,4},{2,3.4,5}.{0,1,2,3,4},{0,1,2,4,5}{
set set) (is - FC-family ?Fc)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{0,3,4},{0,1,2,5},{0,1,2,5},{0,1,2,3,4},{0,1,2,3,5},{1,2,3,4,5]
set set) (is -~ FC-family ?F'c)
(proof)

lemma [Simp]: - FC_faley ({{}7{071’2}’{07374}7{0717273}7{1727375}7{0717273’4}7{0717273,5}7{172737475_}
set set) (is -~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,3,4},{0,1,2,3}.{0,3,4,5}.{0,1,2,3,4},{0,1,2,3,5},{1,2,3,4,5)
set set) (is - FC-family ?Fc)
(proof)
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lemma [simp|: - FC-family ({{},{0,1,2},{0,3,4},{0,1,2,5},{0,3,4,5},{0,1,2,3,4},{0,1,2,3,5},{1,2,3,4,5]
set set) (is -~ FC-family ?F'c)
(proof)

lemma [Slmp]: - FC_faley ({{}7{07172}’{37475}7{0717273}7{0717475}7{071727374}7{07172’4,5}7{071’3,475}
set set) (is = FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,3,4},{0,1,2,3}.{0,1,3,4},{0,1,2,3,4},{0,1,2,3,5},{0,1,2,4,5)
set set) (is —~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,3,4}.{0,1,2,5},{0,1,3,5},{0,3,4,5}.{0,1,2,3,4},{0,1,2,3,5}{
set set) (is - FC-family ?Fc)
(proof)

lemma [Szmp]: - FC_faley ({{}’{0’172}’{3’4’5}7{071’2’3}7{071’3?4}7{07133?5}7{071’2’374}’{0’1 ’27375}’{
set set) (is -~ FC-family ?F'c)
(proof)

lemma [simp]: = FC-family ({{}.{0,1,2},{5.4,5}.{0,1,2,3}{0,1.2,4}{0,1,3,4}{0,1,2,3,4}.{0.1,3,4.5}{
set set) (is = FC-family ?Fc)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{5,4,5},{0,1,2,3},{0,1,3,4},{2,3,4,5},{0,1,2,3,4},{0,1,2,3,5}{
set set) (is —~ FC-family ?Fc)
(proof)

lemma [S’me] - FC'famlly ({{}7{07172}7{3a475}7{071ﬂ273}7{071a374}7{273a475}7{071a27374}7{0a1737475}7{
set set) (is - FC-family ?Fc)
(proof )

lemma [Szmp]: - FC_faley ({{}7{0’172}’{3’4’5}7{071’2’3}7{071’4?5}7{273’4?5}7{071’2’374}’{0’1 ’27475}’{
set set) (is -~ FC-family ?F'c)
(proof)

lemma [Simp]: - FC_faley ({{}7{071’2}’{07374}7{0717273}7{0717274}7{0717275}7{071727374}7{07172’375}7{
set set) (is = FC-family ?Fc)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{5,4,5},{0,1,2,3},{0,1,3,4},{0,3,4,5},{0,1,2,3,4},{0,1,2,3,5}{
set set) (is —~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,3,4},{0,1,2,3},{0,1,2,5}{0,5.4,5}{0,1,2,3,4},{0,1,2,5,5}

set set) (is - FC-family ?Fc)
(proof )
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lemma [simp]: = FC-family ({{},{0,1,2},{5.4,5}{0,1,2,3}{0,1.2,4}{0,5.4,5}{0,1,2,3,4},{0.1,2,5.5} {
set set) (is -~ FC-family ?F'c)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{5,4,5},{0,1,2,3},{0,1,2,4},{0,3,4,5},{0,1,2,3,4},{0,1,3,4,5}{
set set) (is — FC-family ?Fc)
(proof)

lemma [simp|: - FC-family ({{},{0,1,2},{0,5,4},{0,1,2,3},{0,1,2,4},{0,3,4,5},{0,1,2,3,4},{0,1,2,3,5}{
set set) (is — FC-family ?Fc)
(proof)

lemma [Slmp]: - FC_famlly ({{}7{0’172}’{3’4,5}7{071’2,3}7{071’2?4}7{071’2’5}7{071’374}7{071’27374}’{0’
set set) (is - FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{}.{0,1,2},{5.4,5}{0,1,2,3}{0,1,2,4}{0,1.3.4}{0,5.4,5}{0,1,2,3,4} {0,
set set) (is =~ FC-family ?F'c)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,3},{0,1,2,3},{0,1,2,4},{0,1,2,5},{0,1,3,4},{0,1,3,5},{0,1,
set set) (is — FC-family ?Fc)
(proof)

lemma [simp|: = FC-family ({{},{0,1,2},{5,4,5},{0,1,2,3},{0,1,2,4},{0,1,2,5},{0,3,4,5},{0,1,2,3,4},{0.
set set) (is -~ FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{3,4,5},{0,1,2,3},{0,1,2,4},{0,3,4,5},{1,3,4,5},{0,1,2,3,4}{0,
set set) (is - FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{}.{0,1,2},{5.4,5}{0,1,2,3}{0,1.2,4}{0,1,2,5}{0,5.4,5}{0,1,2,3,4} {0,
set set) (is =~ FC-family ?F'c)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,3},{0,1,2,3},{0,1,2,4},{0,1,2,5},{0,1,3,4},{0,1,3,5},{0,1.
set set) (is — FC-family ?Fc)

(proof )

]‘emma [S’me] - FC—fa’ley ({{}7{07172}7{0a374}7{071a273}7{071a274}7{071a275}7{071a374}7{073a475}7{071a
set set) (is -~ FC-family ?Fc)

(proof )

lemma [Slmp]: - FC_faley ({{}7{0’172}’{0’1 ’3}7{274’5}’{07172’3}7{07172’4’5}7{071’3’475}’{0’172737475}
set set) (is -~ FC-family ?F'c)

(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,3}{2,4.5}.{0,1,2,3}.{0,1,2,3,4}{0,1,2,3,5},{0.1,2,4.5}{
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set set) (is =~ FC-family ?Fc)
(proof)

lemma [simp]: - FC-family ({{},{0,1,2},{0,1,3},{2.,4,5},{0,1,2,3},{0.1,2,4},{0,1,2,5.4},{0,1,2,4,5} {0,
set set) (is -~ FC-family ?Fc)
(proof)

lemma [simp|: = FC-family ({{},{0,1,2},{0,1,3},{2,4,5},{0,1,2,5},{0,1,3,4},{0,1,2,3,4},{0,1,2,4,5},{0.
set set) (is - FC-family ?Fc)
(proof)

lemma [simp]: = FC-family ({{},{0,1,2},{0,1,3}{2,4.5}.{0,1,2,3}{2,3,4.5},{0,1,2,4,5}{0,1,2,3,4,5}}:
set set) (is -~ FC-family ?F'c)
(proof)

theorem V F € set nonFC6. - FC-family (f-to-set-l F)
(proof)

end

20 Proof that all families are covered

theory FC6
imports FC6-Data LPartitioninglrreducibleNonFCsCoveredImpl
begin

definition FC6-perms where
FC6-perms = map (A F. map (X p. permute-family-l p F) (permute [0..<6]))
FC6

definition nonFC6-perms where
nonF'C6-perms = map (A Nc. map (X p. close-insert-empty-l (permute-family-
p N¢)) (permute [0..<6])) nonFC6

lemma L-part-6:
assumes |J F C {0..<6::nat}
shows 3 n0 nl n2 n3 nj nd né.
is-L-part 6 [n0, n1, n2, n3, n4, ns, n6] F A
n) <1 Anl <6AN2 < I5ANS < 20An4 <15AnS <6 Nnb6 < 1
(proof)
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theorem enum-rec-notFCs-covered-I:

assumes enum-rec-notFCs-covered-l FC6-perms [0, nl, n2, n3, n4, nd, n6] 6
(permute [0..<6]) = |]

shows V F € L-part 6 [0, nl, n2, n3, n4, n5, n6|. FCs-covered (fs-to-set-1 FC6)
F

(proof)

lemma FC-0000560:
shows V F € L-part 6 [0, 0, 0, 0, 5, 6, 0]. FCs-covered (fs-to-set-l FC6) F
(proof)

lemma FC-0000700:
shows V F € L-part 6 [0, 0, 0, 0, 7, 0, 0]. FCs-covered (fs-to-set-l FC6) F
(proof)

lemma FC-0001650:
shows V F € L-part 6 [0, 0, 0, 1, 6, 5, 0]. FCs-covered (fs-to-set-l FC6) F
(proof )

lemma FC-0002060:
shows V F € L-part 6 [0, 0, 0, 2, 0, 6, 0]. FCs-covered (fs-to-set-l FC6) F
(proof)

lemma FC-0003040:
shows V F € L-part 6 [0, 0, 0, 3, 0, 4, 0]. FCs-covered (fs-to-set-l FC6) F
(proof)

lemma FC-0003230:
shows V F € L-part 6 [0, 0, 0, 3, 2, 3, 0]. FCs-covered (fs-to-set-l FC6) F
(proof)

lemma FC-0003300:
shows V F € L-part 6 [0, 0, 0, 3, 3, 0, 0]. FCs-covered (fs-to-set-l FC6) F
(proof )

lemma FC-0004000:
shows V F € L-part 6 [0, 0, 0, 4, 0, 0, 0]. FCs-covered (fs-to-set-l FC6) F
(proof)

lemma FC-0010000:
shows V F € L-part 6 [0, 0, 1, 0, 0, 0, 0]. FCs-covered (fs-to-set-l FC6) F
(proof)

lemma FC-0100000:

shows V F € L-part 6 [0, 1, 0, 0, 0, 0, 0]. FCs-covered (fs-to-set-l FC6) F
(proof)
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definition all-FC-partitions :: nat list list where
all-FC-partitions =

[
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definition notAllFC-partitions where
notAllFC-partitions = {L'. [1, 6, 15, 20, 15, 6, 1] = L' A = (3 S € set all-FC-partitions.
L'»= S)}

lemma notAllFC-partitions-remove-empty:
assumes [1, nl, n2, n8, nj, nd, n6] € notAllFC-partitions (is ?L € -)
shows [0, n1, n2, n3, n4, nd, n6] € notAllFC-partitions (is 7L’ € -)
{(proof)

theorem notAlFC-partitions:

assumes V L F. L € notAllFC-partitions N hd L = 0 N F € L-part-irreducible
6 L — covered F N' F

F = fs-to-set-l FC6

shows V F.|J F C {0..<6::nat} — covered F N' F

(proof)

theorem
shows V F. |J F C {0..<6:nat} — covered (fs-to-set-l FC6) (fs-to-set-l
nonFC6) F

(proof)

definition all-nonFC-partitions where
all-nonF C-partitions =

[
[07 07 0’ 07 37 67 1]7
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