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Dokazivanje teorema

Dokazivanje teorema na papiru — Nemamo garancije!
Automatsko dokazivanje teorema — Da/Nel!

Interaktivno dokazivanje teorema — Formalni dokazil!

Cilj: Napraviti sistem koji Ce:
e automatski dokazivati matematicke teoreme
e generisati masinski proverive dokaze
e generisati &itljive dokaze (nalik dokazima u udZbenicima)
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Kombinacija dokazivaca

@ Dokazivat za koherentnu logiku (ArgoCLP)
e automatsko dokazivanje teorema
e generise masinski proverive i &itljive dokaze
o ...ali nije efikasan

@ Rezolucijski dokaziva&i (Vampire, E, SPASS)

e automatsko dokazivanje teorema

e veoma efikasni

o ...ali ne generidu &itljive dokaze niti masinski proverive dokaze
@ Interaktivni dokazivati teorema (Isar, Coq)

e masinski proverivi dokazi
e ...ali automatizacija nije dovoljno razvijena
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Osnovni algoritam

© Rezolucijski dokazivadi pokuSavaju da dokaZu teoremu uz
pomo¢ odredenog skupa aksioma i teorema (u normalnom i
obrnutom redosledu)

@ Ako jedan (ili vide) rezolucijskih dokaziva&a uspe, najmanji
skup aksioma koji je pronaden se upotrebljava ponovo (da bi
dobili sto manji skup)

© Dobijeni skup aksioma se prosleduje koherentnom dokazivacu

@ Ako koherentni dokaziva¢ dokaze teoremu dokaz se eksportuje
u XML formatu, koji moZe biti preveden u Isar, Coq ili u
prirodni jezik
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Opis alata

o

©0 000

Koherentna logika

AL(X) A ANAR(X) = TY(Bi(X, Y) V...V Bn(X,¥)) (ax)
Ulazni format aksioma i teorema: TPTP

Rezolucijski dokaziva&i: Vampire, E, SPASS

Dokaziva¢ za koherentnu logiku: ArgoCLP

Izlazni format dokaza: XML (dijalekt za koherentnu logiku)

Interaktivni dokazivadi teorema: lIsar, Coq
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Knjiga Tarskog

@ Wolfram Schwabhatiser, Wanda Szmielew, Alfred Tarski:
Metamathematische Methoden in der Geometrie (1983)

@ Jedna vrsta objekata — tacka
@ Dva primitivna predikata (izmedu, podudarno)

@ Jedanaest aksioma
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Aksiome
1. VAVB cong(A, B, B, A)
2. VAVB VP VQ VR VS (cong(A, B,P,Q) A cong(A,B,R,S) = cong(P,Q,R,S))
3. VAVB VYC (cong(A,B,C,C) = A=B)
4. YAVBYC VQ 3X (bet(Q, A, X) A cong(A, X, B, C))
5. VAVBVYC VD VAL VB1VC1VD1 (A# B A bet(A B,C) A bet(Al,B1,C1) A

cong(A, B, Al,B1) A cong(B,C,B1,C1) A cong(A,D, Al D1) A
cong(B, D Bl D1) = cong(C,D, Cl,Dl))

6. VA VB (bet(A,B,A) = A— B)

7. VAVBYC VP VQ (bet(A,P,C) A bet(B,Q,C) =

3X (bet(P,X,B) A bet(Q, X, A)))

8. 3A 3B 3C (—bet(A,B,C) N —bet(B,C,A) A —bet(C, A, B))

9. VPVYQ VAVBVYC (P # Q A cong(A,P,A, Q) A cong(B,P,B,Q) A
cong(C,P,C,Q) = (bet(A,B,C)V bet(B, C,A)V bet(C, A, B)))

10. YAVB YC VD VT (bet(A,D, T) A bet(B,D,C) A A#D =

3X 3Y (bet(A, B, X) A bet(A, C,Y) A bet(X,T,Y)))
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Prevodenje u koherentnu logiku

@ 211 teorema u prvih 12 poglavlja

93 ve¢ pripadaju koherentnoj logici (44%)

36 se trivijalno transformiSu u koherentnu logiku (17%)

68 se mogu prevesti/preformulisati u koherentnu logiku (32%)
o 14 se titu n-torki — nismo ih razmatrali (7%)

@ 269 teorema koherentne logike

@ Dokazano oko 1/3 teorema
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Postojeée formalizacije knjige Tarskog

@ Braun, Narboux — interaktivno dokazivanje, Coq

@ Beeson, Wos — polu-automatsko dokazivanje, rezolucijski
dokaziva& Otter

o Ne koriste skupove, teoreme iz knjige su preformulisane
e Linije su predstavljene parovima tafaka, ne koriste dodatne
predikate za predstavljanje relacija nad skupovima
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Uparivanje nase i Coq formalizacije

Razlika u sintaksi

Promena imena

°
°
@ Razbijanje teorema na leme
@ Dodatne leme

°

Fajl zavisnosti
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Nacini dokazivanja teorema

@ Potpuno automatski, bez navodenja — sve aksiome i teoreme
iz knjige koje joj prethode
o Automatski, sa navodenjem:

© Implicitno navodenje — prosirujemo skup teorema dodatnim
lemama (dobijenim iz Coq formalizacije)

@ Eksplicitno navodenje — koristimo taan spisak teorema koje se
koriste u dokazu (liste zavisnosti dobijene iz Coq formalizacije)
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Rezultati
RD | ArgoCLP | Kompletan dokaz
Bez navodenja 48% 37% 17%
Implicitno navodenje | 55% 42% 17%
Eksplicitno navodenje | 63% 40% 22%
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Zaklju¢ak

@ Nas3 sistem moze biti korisan kao pomoc¢ni alat prilikom
formalizacije teorema

e Potpuno automatski, za generisanje odredenog dela
formalizacije
o Interaktivno, za dokazivanje jedne po jedne teoreme

@ MozZe se koristiti sa razli¢itim koli¢inama informacija

@ Dobijene informacije u nekim slu¢ajevima mogu pojednostaviti
interaktivne dokaze
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Dijalekt i matematicki dijalekt

@ Dijalekt, dijalekat ili naredje je varijetet jezika koji koriste ljudi
odredene geografske oblasti

e Matematicki dijalekt, Freek Wiedijk (2000):
It turns out that in a significant number of systems (proof
assistants) one encounters languages that look almost the
same. Apparently there is a canonical style of presenting
mathematics that people discover independently: something
like a natural mathematical vernacular. Because this language
apparently is something that people arrive at independently,
we might call it the mathematical vernacular.
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Dijalekt za koherentnu logiku

@ Ne predstavlja matematicki dijalekt

@ Ne predstavlja format za prevodenje dokaza izmedu razli¢itih
interaktivnih dokazivaa teorema

@ Predstavlja format dokaza u koherentnoj logici
@ Lako moZe biti automatski generisan

@ Lako prevodiv u prirodni jezik i formalni jezik (Isar, Coq)
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Dijalekt za koherentnu logiku )Z(z':/lk:}u(:ak
Pravila — prirodna dedukcija
AE) . AE) AR AL AANR) = FF(BI(R,F) V... V Bn(%, 7))

Bi(3,b) V...V Bn(3, b)

B:E))  [Ba2)]
Bl(a)v,,.vsn(a)P P va
Bi(3, b) 31, A

% efq
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Pravila — racu¢un sekvenata

I, ax,A1(3) A ... A An(3), Bi(3,B) V...V Bn(3,b) - P

mp (modus ponens)

cs (case split)

= as (assumption)
I, Bi(3,b) - 3y(Bi(3,y) V...V Bn(3,y))

FIrp efq (ex falso quodlibet)
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o XML je fleksibilan i stuktuiran

@ Format dokaza je opisan Vernacular.dtd
@ MoZe sadrZati jedno ili vise tvrdenja
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Vernacular.dtd (1)

<I——kkkkrkkk Theory sskkkkiikksokkkk——>

<!ELEMENT theory (theory_name, signature, axiom*) >
<!ELEMENT theory_name (#PCDATA)>

<!ELEMENT signature (type*, relation_symbol*, constant*) >
<!ELEMENT relation_symbol (typex)>

<!ATTLIST relation_symbol name CDATA #REQUIRED>

<!ELEMENT type (#PCDATA)>

<!ELEMENT axiom (cl_formula)>

<VATTLIST axiom name CDATA #REQUIRED>
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Vernacular.dtd (2)

<l——xxkkkkkk Theorem kkskskkskkkkkkskokk——>

<!ELEMENT theorem (theorem_name, cl_formula, proof+)>
<!ELEMENT theorem_name (#PCDATA)>

<!ELEMENT conjecture (name, cl_formula)>

<I=——kxkkokkkk Proof skkskskkokkkkkkkk——>

<!ELEMENT proof (proof_step*, proof_closing, proof_name?)>
<!ELEMENT proof_name EMPTY>

<VATTLIST proof_name name CDATA #REQUIRED>

<I——skskskkkkdkk Proof steps kkkskskkiokkikkkkk——>

<!ELEMENT proof_step (indentation,modus_ponens)>

<!ELEMENT proof_closing (indentation, (case_split|efql|from),
(goal_reached_contradiction|goal_reached_thesis))>
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XML transformacije

Omogucene su transformacije XML-a u:
o Isabelle/Isar
e Coq
@ prirodni jezik (engleski) — HTML
@ prirodni jezik (engleski) — IATEX

Jednostavne transformacije, svaka ima oko 500 linija
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Dijalekt za koherentnu logiku Zakljugak

XML kao izlazni format za ArgoCLP

ArgoCLP

Automated theorem provers

XML == DTD

Interactive theorem provers //\L

Isar Coq ATEX HTML
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Teorema 4.19, NL-IATEX

Theorem (th_4_19)

Assuming that bet(A, B, C) and AB = AD and CB = CD it holds
that B = D.

Proof:
It holds that bet(B, A, A) (using th_3_1).
From the fact(s) bet(A, B, C) it holds that col(C, A, B) (using ax-4-10_3).
From the fact(s) AB = AD it holds that AD = AB (using th-2_2).
It holds that A= B or A # B.
5. Assume that: A= B.
From the fact(s) AD = AB and A = B it holds that AD = AA.
From the fact(s) AD = AA it holds that A = D (using ax-3).
From the fact(s) A= B and A = D it holds that B = D.
. The conclusion follows from the fact(s) B = D.
10. Assume that: A # B.

11. It holds that A= C or A# C.

W N =

© © N o



Teorema 4.19, Isar

lemma th_4_19 : assumes "bet A B C" and "cong A B A
D" and "cong C B C D" shows "(B = D)"

proof -

have "bet B A A" by (rule th_3_1)
from ‘bet A B C‘ have "col C A B" by (rule ax_4_10_3)
from ‘cong A B A D have "cong A D A B" by (rule
th_2_2)
have "A = BV A "= B" by (subst disj_commute, rule
excluded_middle)
show ?thesis
proof (cases "A = B")
case True
from ‘cong A D A B and ‘A = B have "cong A D A
A" by simp
from ‘cong A D A A¢ have "A = D" by (rule ax_3)
from ‘A4 = B and ‘A = D‘ have "B = D" by simp
from ‘B = D show 7thesis by assumption
next
case False



Teorema 4.19, Coq

Theorem th_4_19 : V (A:point) (B:point) (C:point) (D:point), (bet A B C N cong
ABADAcong CBCD)— B=D.
Proof.
intros.
assert (bet B A A) by applying (th-3-1 B A) .
assert (col C A B) by applying (ax-4-10.3 AB C) .
assert (cong A D A B) by applying (th-2.2 ABAD) .
assert (A= BV A # B) by applying (ax-gl AB) .
by cases on (A= BV A # B).
-{
assert (cong A D A A) by (substitution).
assert (A = D) by applying (ax-3 AD A) .
assert (B = D) by (substitution).
conclude.
}
-1
assert (A= C V A # C) by applying (ax-g1 AC) .
by cases on (A= C V A # C).
-1
assert (bet A B A) by (substitution).
assert (A = B) by applying (th-3-4 AB A) .
assert (False) by (substitution).
contradict

}

assert (C #+ A) by (substltutlon)


:type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
False.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic
:type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl3/stdlib/Coq.Init.Logic

Pravila
XML
Zakljucak

Dokazivanje teorema
Dijalekt za koherentnu logiku

Zaklju¢ak i dalji rad

Jednostavan format

Omogucava prevodenje dokaza u IATEX, HTML, Isar i Coq

Jednostavan za generisanje i za prosirivanje (kako formalnih
dokaza tako i dokaza u drugim prirodnim jezicima)

Dodavanje funkcijskih simbola

Pojednostavljenje Isar i Coq dokaza

Sana Stojanovi¢ Automatsko generisanje masinski proverivih i &itljivih dokaza i ¢



	Dokazivanje teorema
	Opis sistema
	Knjiga Tarskog
	Zakljucak
	Zakljucak

	Dijalekt za koherentnu logiku
	Pravila
	XML
	Zakljucak


